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11 kJmacc

Bagaua 1. [lycrs D — Hekoropoe (BPUKCHPOBAHHOE HEIyCTOe MHOXKECTBO, a f(x,y) — dyHKums ABYX
nepeMeHHbIX, TPUHUMAKINX 3Hadenns u3 D. M3BecTHo, 1TO

L. f(z, f(y,2) = f(f(z,2),y) nas q00bIX x,Yy, 2 € D,

2. nag mobbIX 3HAYeHUH x, 2 € D cymectByer Takoe y € D, uro f(x,y) = z.

Hokazkute, 4To cymecrByer takoe t € D, uro f(t,z) = x ans Beex x € D.

Permrenune. Cravana jgokaxem, aro f(z,y) = f(y,z) ans awobeix x,y € D. CornacHo cBOHCTBY 2,

Jis Uy cymectByer takoe d, aro f(x,d) = y; rorma f(x,y) = f(z, f(z,d)) = (B cuny cBoiicrsa 1)
= f(f(z,d),z) = f(y,z). HokazaHo.

HHamee, mycTh p — NPOW3BOJLHBINA 3d7MeMeHT [); cOrmacHo CBOMCTBY 2, cyIecTByeT Takoe t € D,

aro f(p,t) = p. Has sroro t u upoussosbHoro x € D umeem f(t,x) = f(t, f(p,c)), tae ¢ rako-

Bo, uto f(p,c) = x (cm. cpoiictBo 2); Torma f(t,z) = f(t, f(p,c)) = (B cuiay AOKa3aHHOTO BHIIIIE)

= f(t, f(c,p)) = (B cuny croiictea 1) = f(f(t,p),c) = (B cuay mokazannoro seie) = f(f(p,t),c) =
f(p,c) = x (rak kak f(p,c) = ), yro u TPEGOBATIOCH TOKA3ATH.

Kpurepun oneHunBanmd:
® J[0Ka3aHa KOMMYTATHBHOCTH (DYHKIIUH — 2 IMEPBUIHBIX OaJLia;
® 1IPUBEJCHO BEPHOE PEIleHne, CoJepzKaIiee He3HAYNTe/IbHbIEe HeJ049eThl — 4 NePBUYHBIX OaJL1a;

® II0JTHOCTBHIO BepHOE U 0DOCHOBAHHOE pelleHne — 5 MePBUUHBIX OAJIOB.

3amaua 2. [lyctb by, b, . . ., bygos — HEOTPHUIIATEILHBIE YHCIA, U
(x + bl)(ZL’ + bg) s (ZI} + b2025) = CL2025ZI}2025 + (12024.732024 + -+ a1r + Qo

Jlokazkute, uTO a? > a; 10,41 A aoboro i = 1,2,3, ..., 2024,

Pentenne. /lokaxkem unaykiueir 6o/ee odInee yTBepKICHUE:

g maoboro meioro n > 2, ecan by, ...,b, HEOTPHIATEIbHB U Anx" + ap 12" L + -+ + @17 + a9 =
(x+b1) - (x+by), TO a? = a;_1a;41 ang moboro i = 1,2,...,n — 1.

Basa unjykuun (n = 2): B rakoM ciiydae as = 1,a; = by + by u ag = byby, a 3nauur a3 = b3 +2b1by +
b2 > biby = apay — N0Ka3aHO.

MnayKnuoHHas THIIOTE3a: IyCTh JIJIsl HEKOTOPOTO 1 > 2 W JTIOOLIX HEOTPUIATENILHBIX by, . . ., b, ecan
"+ apy 12" V4t awtag = (x+by) - (x+Dby,), TO a? = a;_1a;41 ans moboro i = 1,2,...,n—1.

Hlar uHAYKIAT: PACCMOTPUM MHOTOWIEH (2 + by) -+ (z + b,)(x + b), rne b > 0. Vmeem

(x+b) - (x+bp)(x+b) = (a2 + ap_12" " + -+ a1z +ag)(z +b) =
= 2"+ (anb + A1)+ (An_1b + Ap_g)2™ 4 -+ (agh + a1)2® + (a1 + ag)z + agh
Jlnst 3aBepiiieHnst MHYKIMOHHOIO TAra JOCTATOYHO PACCMOTPETH (/I0KA3aTh) TPH HEPABEHCTBA:
L. (apb+ an_1)* = an(an_1b + a,_2);
2. (a1b + ag)? = agb(azd + ay);
3. (aib+ a;i—1)* = (aip1b + a;)(ai—1b + a;_o) past Beex i = 2,...,n — 1.

PaceMorpum uX Mo MOPSIIKY:
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1. (apb+a,_1)* = a2b*+2a,a, 1b+a>_| > apa, 1b+a>_ | > (AHIYKIHOHHAS THIIOTE3A) = (pGy-_1b+
ApnQp—2 = an(an—lb + an—Z)-

2. (a1b+ ag)? = a?b* + 2a1a0b + a3 > (uEAYKUMOHHAZ TUTOTE3A) > azaph® + ajagh = agb(azb + ay).

3. Tlycre Tenepn @ € {2,...,n — 1} — npousposbHOE Tea0e dncjao. Packpoem CKOOKH B JIEBOH dacTH

nepapencrsa: (a;b+a;_1)* = a?b*+2a;a;_1b+a? |. PackpoeMm cKoOKH B IpaBoii 4acTH HepaBeHCTBa:
(@is1b+ a;)(@i—1b + a;—2) = a;110;-10% + (@105 + @;0;-1)b + a;a;_5.
ITo mpe/mo/0Ke |0 MHIYKIIN TIepBoe caraeMoe U3 JIeBoil YacTH HepaBeHCTBa He MeHbIIe Iep-
BOTO CJIATAEMOTO W3 MPABOH 9aCTH HEPaBeHCTBA: arb® > a;11a;_1b*. AHaTOTWYHO, TOCTEIHEe CIa-
raeMoe W3 JIeBOil YacTH HePAaBEeHCTBA He MEHBINe MOCJeIHEr0 CIaraeMoro 3 IpaBoil 4acTn Hepa-
BEHCTBA: 47 | = ;0 o

Tenepb cpaBHUM CPeJHEE CIaraeMble B JICBOI M IPaBOil 4acTAX HePABEHCTBA: OUEBUIHO, YTO JJId

9TOTO JIOCTATOYHO CPABHUTH Q;Q;_1 W G110 9. [ 3TOr0 yMHOXKUM 00€ BEJMYUHBI HA G;0; 1
2 2 92

(a;a;—1)* = aja; | > (upyknuonHas runore3a) = (a;11a;_1)(a;a;_2) = (a;410;_2)(a;a;_1). Cremo-

BATEJIbHO, Q;A;—1 2= Aj+10;—2, 9TO 3aBEPIIAECT JIOKA3ATEIbCTBO.

[Mar waAyKIUK JOKa3aH, a BMECTe ¢ HUM U yTBepzKJeHue, 00OIAIoNee YTBEPK/ICHIE 33/ Ia4H.

Kpurepun oneHuBaHm:

® [pUBE/IEHA TIJI0A0TBOPHAS HJiest, HO ee peajn3alius Ju00 OTCYTCTBYET, TUOO COMEPAKUT CyIIeCTBEH-
HyI0 omuOKy — 1 nepBuYHBIH GaJT;

e j0Ka3aHa 6a3a WHYKIIMH, HO HET JIOKA3aTeJbCTBA IMara WHAYKIINH — 2 MePBUYHBIX DaJlIa;

e oKa3zaHa 6a3a WHIYKIMH, HO JOKA3aTeIbCTBO MTAara HHAYKINK IPUBEIEHO TOJIBKO I HEKOTOPBIX
a;; OO peann30BaHa WHAsI ILIOAOTBOPHAS Hes, HO C CYIIECTBEHHOH OmMOKOi — 3 MepBUYHBIX
basL1a;

® 1IPUBEJICHO BEPHOE PEIIeHne, cojepzKalliee He3HaYUTe/IbHbIe HeJ0ueTbl — 4 NepBUYHbIX 0aJL1a;

® II0JIHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHrne — 5 MePBUUYHBIX OAJIOB.

3amaua 3. B crpane N ecth 10 1opojioB, KaxKjasg napa KOTOPBIX COeJIWHEHA JIBYCTOPOHHUM aBUa-
MapIIPYTOM, KOTOPBIH obeciieduBaeTcst OJIHON W3 JIBYX aBHakoMnanuit. /lokakute, 9TO OJIHA U3 ITUX
ABMAKOMITAHUI MOZKET MPE/IJIOKUTD CBOUM MACCAKUPAM JIBA MUKJINIECKUX MAPIIPYTa, KaKIbIH U3 KO-
TOPBIX MPOXOJIUT MO HEYETHOMY HHUC/IY TOPOJOB, IIPUYEM HHU OJUH T'OPOJI HE SBJISETCH YaCThIO 00OUX
MapIIpyTOB.

Pertenne. [Tocrpoum rpad (K1), BepuuHbl KOTOPOTO — ropojia, a pebpa — aBHAMAPIIPY Tl MEZK LY
ropogamu. bynem Kpacuth pedpa B KpacHBIfl U CHHUIT 1[BeTA B 3aBUCHMOCTHU OT TOI'0, KAKOi aBHAKOM-
NAHUW MPHHAJJIEKUT COOTBETCTBYIONMUNl MapiipyT. TpedyeTcd nokKa3aTrb, 9TO B MOCTPOEHHOM TIpade
CYIIECTBYIOT JIBA HETlePeCceKANNXCsd HeTeTHBIX ITUKIa OJHOTO IBETA.

JIemma 1. Eciim kaxioe pe6po nosnoro rpada Kg (rpad ¢ 6-10 Beprimuamu, KaxKias mapa u3
KOTOPBIX COeJIMHeHa peOPOM) HMOKDACHTh B OJMH U3 JIBYX I[BETOB, TO HAiiIeTCs TPEYroJbHUK (KA
JJTHHBL 3), Bce CTOPOHBI (pebpa) KOTOPOro HMEIT OJUH IBeT.

lokaszaresncrso. Ilycts v, v, . . ., Vs — Bepuunbl rpada. Ecau pebpa v;v; 1 v;v;, OKpallleHbl B OJUH
1Ber, To OyJeM CUUTATb, YTO B 3TOT IBET OKPaIleH «yroJ» v;v;Vg. IllycThb 7, b; — KosmdecTBa COOTBET-
CTBEHHO KPACHBIX U CUHHUX pebep, BBIXOISAIINX U3 BEPIIUHbBL v;, Toraa r; + b; = 5 (1u1st Beex i) u obiee
YUCJIO OKPAIIEHHBIX YIVIOB

> (Cfi + Cli.) > Z (Cg + C§) =24

6 6
i=1 =1
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C Apyroit cTOpOHBI, B KaXKIOM «OIHOIIBETHOM» TPEYTOJbHUKE BCe TPHU YIJIa JOJKHBI OBITH OKpaIlleHbI
B OJIMH IIBET, & B KAyKJ/IOM «HEO/HOIBETHOMY» TPEYIOJIbHUKE €CTh TOJbKO OJIMH OKPAIeHHbIH yIoJl.

Beero ecrb C3 = 20 TpeyroJbHUKOB, U IIYyCTh M W3 HUX OJHOUBETHbI, Toraa 3m + (20 —m) > 24,
OTKyJIa m = 2 > 1, 9To 3aBepriaet J0Ka3aTeJhCTBO JeMMBI 1.

JIemma 2. Ecsin kaxaoe pe6po nosnoro rpada Ks (rpad ¢ 5-10 BeprimHaMu, KazxKas mapa u3
KOTOPBIX COeJINHEHA Pe6POM) MOKPACUTh B OJWH U3 JABYX IIBETOB, U B 9TOM Tpade HeT OIHOIBETHOTO
TpeyroabHuKa (IUKJIa JIUHB 3, Bce pedpa KOTOPOro OKpPAIeHbl B OJUH IBET), TO B 9TOM Tpade ecThb
JIBa HEMepeceKaronuxcs (He MMemux obnux pebep) NuKIa, KaxkK/pil W3 KOTOPBIX OKpAIleH B OJNH
MBET W UMeEET JIJIUHY O.

HokazarenpctBo. Ilycts vy, vs, . .., v5 — BepiinHbl rpada. Paccmorpum pebpa vivs, U103, V104, V1U5 —
eCJIM TPU M3 HUX UMEIOT OJUH M TOT Ke IBeT, TO HaliIeTcs OJHOIBETHBIA TPEYrOJIbHUK, YTO MPOTHBOPE-
YUT YCJAOBHUIO: JeHCTBUTEIBHO, IIYCTD U1V, U1V3, U1U4 — KPACHBIE, TOTIA BCe peOpa Va3, U3y, Vsl JTOJIAKHBI
OBITH CHHUME (MHAYE TIOJIyYUM KPACHBI TPEYrOIbHUK ), HO TOI/IA Mbl HMeeM CHHUI TpeyrobHuK. MTak,
M3 KayKJI0M BEPITMHBI BHIXO/IST 10 JIBA KPACHBIX M JBa CHHUX pebpa.

Pacemorpum rpad, cocrogdiiuii u3 5 BepIIMH U TOJBKO KpacHLIX pebep — B TaKOM rpade CTeleHb
KazKJIOH BEPIIMHBI PaBHA 2, & 3HAYUT, OH JIKOO SABJISETCS MUKJIOM JJIMHBI 5, JJUO0 pa3duBaeTcss HA MEHb-
mue MuKJabl. Eciu pa3outh rpad Ha 5 BepIIMHAX CTEINEHH 2 Ha MEHBIIHE IUKJbI, TO JUO0 IOJIYIHM
IMKJI 13 1 BEPIIUHBL (B HAIMX YCJAOBHSIX 9TO HEBO3MOKHO), JTHOO OJHOIBETHBIN TPEYTOIBHUK, YTO TAK-
JKe MCKJIYeHo (cM. Bbime). Vrak, rpad Ha KpacHbIX peOpax — IHKJ JUIMHBL D, aHAJOIHIHBI BBHIBOJL
nenaem g rpada Ha cuHuX pebpax. Jlemma 2 jgokazaHa.

Bepnemcsa k 3amade: mycrb vy, vs,...,010 — BepmuHbl rpada Kig B IycTh v U203 — OJHOIBETHBII
TPEYrOJbHUK B HeM (ero cymectBoBanue ciaeayer u3 Jlemmvsr 1). B rpade Kig \ {vi,vq,v3} Takxke
eCTh OJHOIBETHBII TPEyTrOJbHUK, T.K. KOJIMYECTBO €r0 BEPIIMH He MeHbine 6 (jaxke 7) — mycTh 310
TPEYTOJILHUK Uy U5Vq. [NCJIM 9TH TPEyroJbHUKU OKPAIIEHBI B OJUH IBET, TO pelleHue 3aBepiieno. Kcn
JKe HeT (JOIyCTHM, ¥U2U3 — CHHHUIL, & U4U5U¢ — KPACHBIIT), TO paccMOTpUM pebpa v;v; mist ¢ = 1,2, 3,
Jj = 4,5,6 — Bcero 9 pebep u, coryacHo npunnuny lupuxie, cpejau HUX HaiijayTca 5 pedep OIHOTO
upera (6e3 orpaHmdeHust OOMIHOCTH OyJeM CIUTaTh, 4To cuHero). Torma mias wekoroporo k € {4,5,6}
HAMIYTCS JABa CHHUX pedpa m3 TPOHKHU U1V, UaUk, U3V, T.€. MBI HUMeeM OJIUH CUHHA W OJUH KPACHBII
TPEYTOJLHUKHU C ODOIIel BepIIMHONl V.

Urax, «yroms v1vev3 — CHHHAI, a «yTOJI» v30405 — KpacHbiil. Pacemorpum rpad Ko\ {v1, vovs, vy, v5} =
K5. Ecn B HeM ecTh OJTHONBETHBIH TPEYTOJBHUK, TO pelleHre 3aBepIIeHo: OepeM ero U COOTBETCTBYIO-
MU eMy 110 IIBETY v1U2U3 WIH U3U4VUs5. Eciim B K5 HeT 0JIHOIBETHOTO TPEYTOJbHUKA, TO, COIJIAcHO Jlemme
2, B Heil HAMIyTCs ABa pa3HOIBETHBIX ITUK.IA JIUHBL D — B 9TOM CJIydae OepeM HYKHBIH U3 9THX IUKJIOB
B KQUeTCBE BTOPOIO MUKJIMYECKOro MapiipyTa. Jloka3arebCTBO yTBEPAKIEHUS 33/0a41 3aBEPIIEHO.

Kpurepuu onennBanus:
® JIOKA3aHBI BCIOMOTaTeIbHBIE JJeMMBI JINOO UCIOIb30BaHa TeopeMa Pamces — 2 mepBUYHBIX Gasia;

® NIPHUBEIEHO B IIEJIOM BEpHOE pelleHHne, HO JONYIIeHa He3HAUNTeIbHasd OMHOKA B PACCYXKICHAIX —
3 mepBUYHBIX OAJLIA;

® JIOJIHOCTBIO BEPpHOE JOKa3aTEeJIbCTBO — 5 IIepBUYIHBIX 0aJIIOB.

3amaua 4. /lan ocrpoyroabubiii TpeyroibHuK ABC, 0K0I0 KOTOPOro OnucaHa OKPYKHOCTH {2 U B KO-
topom tiporeienbl BicoThl AA1, CCY. Kacarenbusie x {2, mpoBeiennbie B Toukax A u C, mepecekaroTcs
B Touke D, n npamas A;C nmepecekaer npsmbie C'D, AD B Toukax F, F, coorBercrBenno. /lokazkure,
YTO ONHMCAHHAs OKPYKHOCTH Tpeyroabuuka DEF kacaercs §2.

Pemenne. Ilycts By — ocnoBanue Bbicorbl AABC, nmpoBemennoit u3 touku B, a I — cepeanna
AC. Bamernm, uro LFAC, = LACB = LAC, By, otkyna B,Cy || AF, anamoruuno u A1B; || CE.
Us LACLF = ZACiB = ZACB = ZFAC, crenyer FA = F(C4, orkyna Beuay IA = IC] nmeem
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ANAIF = ANCL{IF, u3 gero cienyer, uro F'I — 6uccekrpuca yriua DF E. Axamorudno noaydaem, 9to £1
— ouccekrpuca yriua DEF, 1.e. [ — nenrp Buucanuoii okpyzkuoctu ADEF.

Benomunm o/1HO 3aMedaTeibHOE YyTBEPK/IEHNE: OTPE30K, COEUHSIIONIAN TOUKI KACAHUS TIOIY BIUCAHHOH
OKPY>KHOCTH TPEYTOJhHUKA C €70 CTOPOHAMH, COJEPKHUT IeHTP BITHCAHHOH OKPYKHOCTH 3TOT0 TPEYTOIh-
ruka. O4eBHIHO, BEPHO U 0OPATHOE: €CJIH OKPYXKHOCTH KacaeTcsl JBYX CTOPOH TPEyrOJbHUKA TaK, ITO
OTPE30K, COCTHHSIONHI TOYKH KACAHHSI, COACPXKHUT IIeHTP BIHCAHHOIH OKPYXKHOCTH 9TOTO TPEYTOJIbHH-
Ka, TO MepBasti OKPY>KHOCTh SIBJISIETCS TOJIYBIHCAHHON (T.e. KACAGTCS JIBYX CTOPOH TPEYTOJbHUKA U €ro
OIMCAHHOI OKPYZKHOCTH).

B nameii 3a1a1e okpyKHOCTH §) Kacaercs cropon Tpeyrobanka DEF B toukax A, C', mpuuem oTpe-
30k AC', KaK ObLIO JIOKA3aHO panee, COACPKHUT MeHTp | BIUCAHHONW OKPYKHOCTH Tpeyrojabuuka DEF —
3HAYHT, {) ABJASETCS MOJIYBIUCAHHON OKPYKHOCTBIO Tpeyroybiuka DEF| T.e. KacaeTcs ero onucaHHoil
OKPY?KHOCTH, UTO U TPeOOBATIOCH TOKA3ATD.

Tenepnb jokazkeM UCIOAB30BAHHOE YTBEpIK/IeHUE, Ha3biBaeMoe JjeMMoil Beppbepa:

Otpe3ok, coemunsiomuii touskn A, C' kacanus nostysnucanuoii okpyzuocta ) Tpeyroapauka DEF ¢
€ero CTOpOHaMH, COACPXAKHUT IEHTD BIHCAHHOH OKDY>KHOCTH 9TOI'O TPEYTIOJIbHUKA.

JlokazaTeibcTBO 9TOTO YTBEpXKJIEeHUsI MPUBOJUTCI B 00pPAa30BATEJIBHBIX IEJSIX, H OT yIaCTHHKOB
OJtnminajibl OHO He TPebOBAJIOCh: JJOCTATOYHO ObLJIO YHOMSIHYTH COOTBETCTBYIONIEE CBOHCTBO IIOJIYB-
HHCAHHOH OKPYZKHOCTH.

JlokazaTeahCTBO TPOBEIEM B HECKOJBKO ITATIOB.

Vreepxkaenne 1. Jlan tpeyroabauk ACT, 0K0JIO KOTOPOTO OIHUCAHA OKPYKHOCTS §2, mpsimbie AD, C'D
— KacarejibHble K 9T0i OKpy:kHocTH, | — cepeauna AC. Torga npsamast T'D cummerpuuna npsmoit 11
orrOcuTebHO OuccekTpuchl yriaa L ATC, 1.e. cogepxut cumenunany ANACT, mpoBeIeHHY IO U3 BEPITHHBI
T.

Jlokazarenscrpo. Ilycrs PK — nuamerp (), neprnenukysspusiii AC' (cm. puc.), u Touka 17" cummer-
puuna Touke T orHocuteabno PK. Orioxum /NIK (N nexur Ha (), paubiit /TP B 0JHOU ¢ HUM
noJymiaockoctn ornocuresibio PK. Beuny /T'IP = /TIP = /NIK noayunMm, ato Touka N JeKUT
Ha npsmoit T7'1. lanee ZITK = /IT'K = /NT'K = Z/ZNTK, r.e. upsamas TN conepKuT cuMeuany
ANACT, nockonbky T'K — duccekrpuca ZATC Beumy pasenctsa nyr AK n CK.
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ITycts O — nentp €. Yerbpexyroasuuk TOIN — nucanusblii, mockoabky ZINT = /T'NT = %LT’OT =
ZTOP = 180° — ZTOI. Octanoch 3aMeTUTh, YTO NPH HHBEPCHH OTHOCHTEIBHO ) OMUCAHHAST OKPYZK-
HOCTh derbipexyrosibauka T'OIN uepeiiner B npamyio T'N, a touka [ nepeiiger B Touky D — 3Ha9uT,
touku 1', N, D nexar Ha onuoit npamoii, T.e. T'D copep:KuT cuMeuany, 94To u TpeboBaIoCh J0KA3aTh.

Vreepxkaenne 2 («remva Apxumenas). Ilyerb Ay, Cy — COOTBETCTBEHHO CepPEIMHBI MEHBINUX YT
DF, DE onucanHoit okpy:kHocTd Tpeyronbanka DEF. Torna touku As, Cy nexkar Ha npaMbix T A, T'C,
COOTBETCTBEHHO.

JokazarenpcTBo. O4ueBuIHO, KacaTe bHas K onucanuoit okpyxuoctu AT AyCy, npoBeaeHHast B TOU-
ke Ay, mapastenbaa DF. 3HAYUT, TOMOTETHST ¢ TIEHTPOM 1, TePEBOIAIIASA OKPYKHOCTH () B ONMUCAHHYIO
okpyxkHOCTE AT A5Cy, nepeBoaut npsmyio DF B yIOMAHYTYIO KacaTeIbHYIO, a TOUKY A Kacanus () ¢
DF — B Touky As, T.e. Tourn T, A, Ay JeKaT Ha OXHOH mpsMOii. AHAJIOTHIHO TOKA3BIBACTCS [IJIs TOUEK

T,C,Ch.

Vreepxkaenne 3. llpsvas T'D comepxkur cumennany tpeyroabanka AsCyT', TpoBeIeHHYIO U3 BEp-
muubl T (31ech T — ToYKa Kacauus onucaHHbiXx okpyzxHocTeli AABC u ADEF, 1.K. lepBas U3 HAX
siBJIsieTcst nostyBiucannoit ayiss ADEF).

JlokazarenapcTBo. J1oCTATOYHO MPOBECTH TOMOTETHUIO, TEPEBOJMIIYIO OMUCAHHYIO OKPYXKHOCTL Tpe-
yroabanka AC'T B onucanHyo OKpPYKHOCTH Tpeyroabauka AsCoT. VTBepKaenne 10KA3aHO.

Vreepxaenne 4. [lycrs D' — cepenuna nyru EF (He comepzarieit T') onmucaHHOR OKPYKHOCTH Tpe-
yronbauka DEF'. Torma npsmas T'D’ conepxut meauany 1T'M tpeyroabauka AsCoT.

Jlokazarenscrpo. Ilycrs L — cepenmna ayru A;Coy (He comepwkarieit T) OMUCAHHON OKPY:KHOCTH
tpeyrosibauka DEF | torna T'L — 6uccexktpuca LA TCY.
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Beuny pasencrsa qyr ED' u FD' umeem caenyiomniee pasencrso jd ayr: ED — DD = DF + DD/,
orkyna ED = DF +2-DD' uw ECy, = FAy + DD’ = FAy, + DL + LD'. Janee uz AyL = CyL
noaydaem A,D + DL = CyD — DL = ECy — DL, te. ECy = AsD +2- DL = FAy +2- DL =
(kak ormeveno Beime) = FAy + DL + D'L, orkyna nosydaem pasenctso ayr DL u D'L, 1.e. nps-
mast T'D" cummverpuuna (orHOcHTeNbHO GuccekTpuckl 1'L) upamoit T'D, comep:katieil cuMeuany, T.e.
npsamast T D' conepxut megnany AA;CoT', IpoBeIeHHYIO W3 BepITUHB 1, 9T0 1 TPeOOBAJIOCH JT0Ka3aTh.

Vreepxkaenne 5. Ilycts J — menTp okpyxKHOCTH, Buucanuoit 8 ADEF. Torna Touka J JeKuT Ha
upsimoit T'D’.

Jlokazarenscrpo. U3 paencrsa ayr CoD' u DAy cienyer pasencrso myru Co D' n F'Ay, re. Ay D' ||
FCy, ananornano u Cy D' || EAs, 1.e. A3 JCy D' — napamiaenorpamm. [Tockosbky Touka M — cepenHa
ero guaronayaun A,Cs, To u auaronanb JD' npoxoaur depes Touky M, T.e. rouku J, M, D’ nexar Ha
OJHOM MPSMOH, a IMOCKOJBKY Ha npsmoil M D' jnexxut Touka T, moaydaem Tpedyemoe.

Vreepxkaenne 6. Yervipexyroavuuku T ECJ, TFAJ — Buucaunbie, u npsmbeie F'Cy, KAy cooTBet-
CTBEHHO KACAIOTCS WX OMMCAHHBIX OKPYKHOCTEIA.

JlokaszarenpcrBo. U3 papencra ayr CoD' u DA, cnenyer /CEAy, = ZCTJ, 1 4eThIpexXyroJbHIK
TECJ - Bnucanubiii. AHaJOrM4HO, BOUCAHHBIM sBisercs u TFAJ. lanee mig ayr nmeem ED' =
ECy + FA,, orkyna ZETD' = ZCyJE, nociie 1ero npuMeHeHneM 0OpaTHOR TeopeMbl 00 yIjie Me:KIy
KacaTeIbHON 1 XOopoit moygaem Tpedyemoe. /i gersipexyronbuuka T'FAJ u npavoit E'Ay noka3bi-
BAETCS AHAJOTUIHO.

Haxoner,
Vreepxkaenne 7. Touka J coBnagaer ¢ Toukoil .
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HoxkazareapcrBo. I3 gokazannoro panee ciaenyer /CyJC = /CEJ = /FEJ = /ZFTA; = /FJA, T.e.
rouku F, J, Cy jexkar Ha npsimoii. Anasoruano u toukn F, J, Ay mexar Ha npsaMoii, T.e. TOYKa J JIEKAT
Ha AC' u, Kak ObLIO JOKa3aHO paHee, Ha T'D’, — 3HAYMT, OHA COBIAJAET C TOYKOH [, 4TO U TPeDOBAJIOCH
JIOKa3aTh.

Kpurepumn oneHuBaHmd:

® CCTDh NPOJBHKCHHSI B PEIICHUH 3aa9H — | IePBUYHBIH OaJLT;

® JCIIOJIB30BAHO W YIOMSAHYTO (HO He 06s3aTebHO J0Ka3aHo), uro nentp [ srnucannoii 8 ADEF
OKpyzKHOCTH JiesKUT Ha AC' — 3 mepBUYIHBIX 0aJIIa;

® TIOJTHOCTBIO BEPHOE JOKA3aTeIbCTBO — O MEPBUYHBIX OAJIIOB.

Bamaua 5. anbr negoe a > 0, He gBiasionieecs neaoi cremenbio uncaa 10, u nemoe b > 0. Bepro
JIM, 9YTO CYIIECTBYeT Takoe 1esoe n > (), 9T0 B JIECATUYHON 3alUCH YUCIa 4’ BCTPEYAELTCS JleCATUuIHAS
samuch unciaa b? Hampumep, gig a = 2 u b = 19 moxxnao BRIOpaTh n = 13, T.x. 213 = 8192, B 3anmcn
KOTOpOro ecTh 19.

OTBeT: j1a, BepHO.

Pemenune. /Tokaxem, 9ro jis jwboro neaoro a = 2 (a # 1 = 10°) u mo6oro nesoro b > 0
Hafizercs nemoe n > 0, JjIg KOTOPOro JeCATHYIHAS 3alUCh YUCIa @ HAYMHAETCS C II0CJIEI0BATENIbHO
3alUCAHHBIX UMD Yucaa b — HHBIME CJIOBAMH, HAMIYTCA TAKHE HEJble HOJOKUTENBLHBIC 171, 1, 9TO

10m-b<a”<10™-(b+1)
[TposiorapudMupyeM nocjeaHee JBORHOE HEPABEHCTBO ¢ ocHOBaHHeM 10:
m+lgb<n-lga<m-+lgb+1)

lgb<n-lga—m <lg(b+1)
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JokaxkeM, 9To lg @ MppanuoHaJbHO: eCJIH 3TO He TakK, To lga = § JIJIST HEKOTOPBIX MEJIBIX TOJIOKUTE b~
HBIX B3aMMHO HPOCTBIX P, ¢, Torja 107 = a?, yro nesozmoxkuo. Nrak, lg a uppanuonaibho.

J7s 3aBepIiieHUs pereHns 3aJa9i MOXKHO J0Ka3aTh, YTO [ J000ro mppannoHaabaoro r > 0 u
06010 BHIOpaHHOTO nHTepBata (u,v) (0 < u < v) HalyTCs TaKue Hesble TOJOKATEIbHBIE 1M, 1, YTO

u<<nr—m<uv

Bamerum, 9To 1 J1000r0 1eaoro n > 0 MoyKHO BBHIOpaTh Takoe 1eaoe m, > 0, aro 0 < nx —m,, < 1.
Ilycrs k = [ﬁ}, T.e. 0Tpe30K [0; 1] MOKHO pa3buTh Ha k PABHBIX OTPE3KOB, JIJTHHA KaXKOTO M3 KOTOPBIX
OysieT MeHblIle JJINHbL HHTepBasia (u, v). PaceMoTpum GecKOHETHBINH HAGOD TucesT T —my, 22— My, 3T —
ms3, ... ¥ BBIOEPEM U3 HETO JBa YMCJa, MONATAIONIE B OIUH M TOT K€ U3 YIOMAHYTHLIX Ak OTPE3KOB —
IyCThb 3TO 4uCaa i —m; 1 jr — m; (6e3 orpamndenns oOIHOCTH OyIeM CUUTATL, 9TO HEPBOE MEHBIIE
sroporo). Torma jo —m; — (ix —m;) =t € (0;1/k).

Jns waiinernoro t paccmorpuM uucia t,2t,3t,... — Buay ¢ < 1/k cpeaum HUX HageTCs IHUCIIO,
Jexkariee Ha uHTepBaje (u,v), 9TO U TpeGOBAIOCH JOKA3ATh.

OcTanoch 3aMeTHTh, 9TO B YCIOBUAX HAIel 3a1a49u T = lga — UPPaIMOHANBLHOE MOJOKATEILHOE
ancio; (u,v) = (1gb,lg(b + 1)) — nosoxkuresbubiit narepas (ecam b =1 = lgb = 0, T0 B KadecTBe U
MOKHO BBIOpATH Jit060e qucsio u3 narepasa (0;1g(b+1))). rak, HaiiayTcs rakue mesbie MoI0KHTe b-
Hble M, n, 910 Igb < n - lga —m < lg(b + 1), r.e. necaruvynas 3amuch ducia a” GyIeT HAYHHATHCS C
nudp gucaa b.

Kpurepumn oneHnBaHmd:

® ICIIOJIb30BaHA HJlesl HppaloHaabHocT 1g(a) — 1 nepBuanbil 6as;

® B TOM WM WHOM BHJE UCIOJIB3YETCS UJEes, UTO sl JI00ro mpparmuonaabaoro x > 0 u 106010
BBIOPAHHOIO WHTEepBasa (U, v) HAliyTCsa TaKue Tesible NOJOKUTETbHBIE M, N, 9T0 U < NT —m < v
— 3 HepBHYHBIX DaJLia;

® BepHOE pellieHue, cojepzKaliee He3HAYUTE/IbHbIE OMMUOKN — 4 NePBUYHBIX DaJLIa;

® II0JIHOCTBIO BEPHOE JIOKA3aTeJbCTBO — D MEPBUYHBIX OAJIIOB.



