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11-12"" degree

Task 1.

1. W3BecTHO, 4TO ecTh poBHO 22924 crocO6OB BHIOpATH W3 KOHETHOIO MHOZKECTBa A HOIMHOMKECTBO,
cozlepzKallee HeIETHOE YHCJIO 3JeMeHTOB. UeMy paBHO KOJHMYECTBO JIEMEHTOB MHOMKecTBa A?

There are exactly 220% ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?
Answer: 2025

2. U3BecTHO, 9TO ecTh posHO 22924 c0OCOGOB BHIOpATh M3 KOHETHOTO MHOZKECTBA A MOIMHOXKECTBO,
cojlepzKaliee 4éTHOe (BO3MOMKHOE, HY/IEBOE) YUCJIO0 3JIEMEHTOB. eMy DaBHO KOJIMYECTBO 3JIeMeH-
TOB MHOKecTBa, A7

There are exactly 22°2* ways to select from a finite set A a subset containing an even (possibly,
zero) number of elements. What is the number of elements in the set A?

Answer: 2025

3. Ussectno, uto ecth posHo 2% crmoco6oB BLHIGpATh W3 KOHETHOTO MHOMKECTBA A MOIMHOMKECTBO,

coiepzKalee HeIETHOe YHCJIO 3JIeMeHTOB. UeMy paBHO KOJIHYECTBO JI€MEHTOB MHO:KecTBa A7

There are exactly 2!9 ways to select from a finite set A a subset containing an odd number of

elements. What is the number of elements in the set A?

Answer: 102

4. UssectHo, 4TO ecThb posHO 2'°' croco6oB BLIOpATh M3 KOHEYHOrO MHOMKECTBA A MOIMHOMKECTBO,

cojiepzkaltee Y€THOE (BO3MOXKHOE, HYJIEBOE) YHCIO JEMEHTOB. UeMy PaBHO KOJHYECTBO HJIEMEH-
TOB MHOZKecTBa A7

There are exactly 2'°' ways to select from a finite set A a subset containing an even (possibly,

zero) number of elements. What is the number of elements in the set A?

Answer: 102

Pemrenue (RUS). (mpeacrasieno perenne Bapuanta N1, octajabHbIe PENIAIOTCS AHAJIOTHTIHO)
Sadukcupyem HeKOTOPHIH 31eMeHT © MHOXKecTBa A. Tenepb pa3obbeM Bce ero moJMHOZKECTBA HA TaPHI,
OTJIMYAOIINECS] TOJIBKO HasmdueM (nbo orcyTcrBueM) snemedTa . OUeBHIHO, B KaxKIOH mape OIHO
IIOJIMHOKECTBO COJEPIKUT YE6THOE (BO3MOXKHO, HYJIEBOE) YHCJIO FJEMEHTOB, a JPYyroe — HeYETHOe TUCIIO
s1eMeHTOB. TakuMm 00pa3oM, «IETHBIX» MOJAMHOMKECTB CTOJTBKO 2Ke, CKOJBKO U «HEUYETHBIX» — 3HAYUT,
eCJIM MHOYKECTBO A COJEPIKUT N IJIEMEHTOB U, KaK CJeJCTBHE, 2" TOIMHOKECTB (BKIIOUYAs MYCTOE), TO
KOJIMYIECTBO «HEYETHBIX» IOAMHOXKECTB papHo 2" : 2 = 2L Tlo ycaoBuio 310 Komdectso pasao 22924,
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oTKyJa n = 2025.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets fix some element x of the set A. Now we divide all its subsets into pairs that differ only in the
presence (or absence) of element x. Obviously, in each pair one subset contains an even (possibly zero)
number of elements, and the other — an odd number of elements. Thus, there are as many «evens subsets
as «odd» ones — by that, if set A contains n elements and (as a consequence) 2" subsets (including the
empty one), then the number of «odd» subsets is 2" : 2 = 2"~ By the task’s condition, the number is
22024 thus n = 2025.

Task 2.

1. Topox N cocTonT m3 5 X 5 KBapTaJa0B, KaxK/JIbIH U3 KOTOPHIX — KBajpaT co cTopoHoit 100 meTpoB
(CTOPOHBI KBAJAPATOB — 3TO y/auIel). HaiinTe HAMMEHBITYIO BO3MOXKHYIO JJIAHY MYTH, TIPOXOJIsI-
Iero mo Kaxk1oit ysuie ropoga N xorsa Obl 1o ogHomy pasdy. OTBer maiite B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 6700

2. Topox N cocrout u3 5 X H KBapraJioB, KazK/blil U3 KOTOPHIX — KBajipar co croponoii 200 merpon
(cTOpOHBI KBaAPATOB — 3TO y/aulkl). Haiinre HAMMEHBITYIO BO3MOKHYIO JJIHHY MYTH, TTPOXOJIsI-
IMEero 1Mo Kaxk a0 yiuie ropoga N xorst Ob1 10 ogHOMY paldy. OTeer maiiTe B MeTpax.

Town N has 5 x 5 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 13400

3. Topoa N cocrout u3 3 X 3 KBapTaja0B, KaxK/Iblii U3 KOTOPBIX — KBaJpar co croponoii 100 meTpon
(CTOPOHBI KBaJIPATOB — 3TO yJuIbl). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIHHY MYTH, TTPOXOJIsI-
ero 1mo Kaxkaoi yiaure ropoga N xots Obl o ogHOMY paldy. OTBeT maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 100 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.

Answer: 2700

4. Topoa N coctout m3 3 X 3 KBapTaJIOB, KaXKJIblif U3 KOTOPBIX — KBaJipaT co cTroporHoit 200 MeTpoB
(CTOPOHBI KBAJIPATOB — 3TO VJIHIE). HaiinTe HAMMEHBIIYIO BO3MOXKHYIO JJIMHY MYTH, TTPOXOJIsI-
Iero mo Kaxkjaoit yauie ropoaa N xoTsa Obl o ogHomy pa3y. OTBer maiiTe B MeTpax.

Town N has 3 x 3 blocks, each of them being a square with a side of 200 meters (the sides of the
squares are streets). Find the shortest possible length of a path that passes through each street
of the town at least once. Give your answer in meters.
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Answer: 5400

Pemenne (RUS). (upeacrasieno pemenne papuanta N1, ocrajbHbIe DEHIAIOTCS AHAJIONHIHO)

B ropose N ectb 60 orpeskos yuuil jyunoit mo 100 meTpoB kKaxkblii. [IpejgcraBuM ceTh yaui B BHIE
miockoro rpada, rae pebpa — ymoMsiHyThle OTPEe3KH, a BepITHHBI — MePeKPeCTKH (B T.9. MepeKpPecTKH
JBYX OTPE3KOB YJIHUI[ B yIJaX ropoja), U 3aMeTHM, 4TO B 5TOM rpade 16 BeplInH HEYeTHOH CTeleHHn.
JIBe U3 HUX MOTYT OBITH COOTBETCTBEHHO HAYAJIOM U KOHIIOM IIYTH, a OCTaJbHbIe 14 HpUIEeTCS HOCeTUTH
KaK MUHUMYM JBAYK/BI, T.€ IPUIETCS TPOWTH IBAXK/IBI KAK MHHUMYM TI0 7 pebpaM (1o OJHOMY Ha JIBe
«COCeTHHEe» BePIINHBI HEYETHO CTeNeHH), HO3TOMY MHUHUMAJbHOE KOJIMYECTBO MPOiiIeHHBIX pebep He
MOxKeT ObITh MeHbIe 60 + 7 = 67, u Torga obias JJINHA COOTBETCTBYIOIINX OTPE3KOB YJIUIL COCTaB/IAET
ue menbirne 6700 merpoB. CooTBeTCTBYIONUI HTpuMep 00X0/1a MIPUBEIEH HA PUCYHKE.

e Flinish

[0}

Start

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

In the town N there are 60 street segments, each 100 meters long. Lets represent the street web as
a planar graph, where the edges are the street segments mentioned, and the vertices are intersections
(including intersections of two street segments at the corners of the city), and note that this graph has
16 vertices of odd degree. Two of them can be the beginning and end of the path, respectively, and the
remaining 14 must be visited at least twice, i.e. it is necessary to traverse at least 7 edges twice (one
for two adjacent vertices of odd degree), therefore the minimum number of edges traversed cannot be
less than 60 + 7 = 67, then the total length of the corresponding street segments is not less than 6700
meters. The corresponding example is shown on the picture above.

Task 3.
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1. PaccMOTpUM peKypCUBHBIH aJroOpUTM JIjIsSI HEOTPHIATEIbHBIX HEIBIX a, b, C:

c, ecim b= 0
F(a,b,c) =< F(2a,b/2,c), ecau b yeTHoe
F(2a,(b—1)/2,c+a), ecau b nederHoe

Pemure ypasrenne: F(x,z,z) = 110.

Consider a recursive algorithm for non-negative integers a, b, c:

c, ifb=0
F(a,b,c) =< F(2a,b/2,¢), if b is even
F(2a,(b—1)/2,c+a), ifbisodd

Solve the equation: F(x,z,x) = 110.

Answer: 10

2. PaccmoTpuM peKypCHBHBIN aJiTOPUTM JJis HEOTPUIATEIBHBIX MEJIbIX a, b, ¢:

c, ectn b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b geTHOE
F(2a,(b—1)/2,c+a), ecan b neuernoe

Pemmure ypasuenne: F(x,z,x) = 240.

Consider a recursive algorithm for non-negative integers a, b, c:

c, itb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F'(x,z,z) = 240.

Answer: 15

3. PaccMoTpuM peKypCHBHBIN aJITOPUTM JJIsi HEOTPUIATEIBHBIX MEJIbIX a, b, ¢:

c, eciim b= 0
F(a,b,c) =< F(2a,b/2,c), ecim b gernoe
F(2a,(b—1)/2,c+a), ecnau b nederHoe

Pemure ypasuenne: F(z,z,x) = 90.

Consider a recursive algorithm for non-negative integers a, b, c:
c, ifb=20

F(a,b,c) =< F(2a,b/2,c), if b is even
F(2a,(b—1)/2,c+a), ifbisodd
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Solve the equation: F'(z,z,z) = 90.

Answer: 9

4. PaccMoTpuUM peKypCHBHBINA aJITOPUTM JIJId HEOTPUIIATEIbHBIX IEJIbX a, b, c:

c, ectn b =0
F(a,b,c) = F(2a,b/2,c¢), ecan b geTHoe
F(2a,(b—1)/2,c+a), ecan b neuernoe

Pemure ypasrenne: F(x,z,x) = 182.

Consider a recursive algorithm for non-negative integers a, b, c:

c, itb=0
F(a,b,c) = F(2a,b/2,c¢), if b is even
F(2a,(b—1)/2,¢+a), ifbisodd

Solve the equation: F(x,z,z) = 182.

Answer: 13

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHIHO)
Hoxkazkem mnaykmueit mo b > 0 ciemyiomiee yreepxkaenune: F'(a, b, ¢) = ab+c. baza unnykmuun: F(a,0,c) =
c=a-0+c=c
[Tycrs st mekoroporo b > 0 mmeer mecro F(a,k,c¢) = ak + ¢ maa Beex 0 < k < b. Beraucaum
F(a,b+1,¢):

Ecau b+ 1 wérno, To b+ 1 = 2k, tne 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k,c¢) = F(2a,k,c) =
20-k+c=ab+1)+c
Ecmu b + 1 meuérno, o b+ 1 = 2k + 1, e 0 < k < b. Torma F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Cnenosaresnno, F(a,b,c) = ab+ ¢ nus seex b > 0, u noromy F(a,a,a) = a® + a. 3uauur, ypasne-
nue F(x,r,z) = 110 npusogurca K Buay x> + x = 110, 1 eJIMHCTBeHHBIA ero Ne/blii HeoTpUuIaTe LHbIi
KopeHb — yncyao 10.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)

Lets prove the following statement by induction on b > 0: F(a,b,c) = ab + c. Base of the induction:
F(a,0,c) =c=a-0+c=c.
Let for some b > 0 we have F'(a, k,c) = ak + ¢ for all 0 < k < b. We calculate F(a,b+ 1,c¢):
If b+ 1 is even, then b+ 1 = 2k, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k,c) = F(2a,k,c) =
20-k+c=ab+1)+c
If b4+ 1is odd, then b+ 1 = 2k + 1, where 0 < k < b. Then F(a,b+ 1,¢) = F(a,2k + 1,¢) =
F(2a,k,c+a)=2a-k+c+a=alb+1)+c.

Therefore, F(a,b,c) = ab + c for all b > 0, thus F(a,a,a) = a® + a. By that, the equation
F(x,z,2) = 110 is reduced to the form z? + 2 = 110, and its only non-negative integer root is 10.

Task 4.
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1. HasoBem n-3Be€3/0fi 3aMKHYTYIO JIOMAaHYIO C 7 PABHBIMU 3BEHbAMH M BEpIIMHAMHU B BEPIIMHAX
PaBUIILHOTO n-yrojbauka (n > 3). Ckoubko cymecrByer 40-38e317

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 40-stars are there?

Answer: &

2. HazoBem n-3Be3/10ff 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BEHbSIMH M BEPIIMHAMU B BEpPIIMHAX
PABUIBHOTO n-yroabauka (n > 3). Ckoabko cymecrByer 50-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 50-stars are there?

Answer: 10

3. HazoBem n-3Be3/10if 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BEHBSIMH W BEPIIMHAMU B BEPITHHAX
NpPaBUIbHOTO n-yroiapauka (n > 3). Ckoabko cymecrByer 80-3Be31?

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 80-stars are there?

Answer: 16

4. HazoBeM n-3Be370ff 3aMKHYTYIO JIOMAHYIO C 7 PABHBIMU 3BeHbsIMHU W BepIINHAMH B BepPIIHHAX
NPABUILHOTO N-yroabauka (n > 3). CKOIbKO cyiiecTByer 72-3Be317

Lets call a closed polyline with n equal links and vertices at the vertices of a regular n-gon (n > 3)
an n-star. How many 72-stars are there?

Answer: 12

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCS AHAJIOTHYIHO)
[Tycrs AB — 0jHO U3 3BEHbEB JIOMAHON-«3BE3/bl» U3 YCJOBUS, HA30BEM «IAIOM» 3BE3/bl KOJIMYECTBO
BEPIIUH N-YIOJbHUKA Ha MeHbIned jyre AB onucaHHON OKOJIO HEr0 OKPYYKHOCTH, YBEJIHYEHHOE Ha
1 (mampmmep, ecaim A, B — cMeyKHbIe BepINHHBI, TO TMar 3pe3abl paseH 1). O4eBnaHo, 9TO N-3BE37a
OJHO3HAYHO 33J1a€TCs CBOMM IIAIOM, IPHIEM 3BE3JIbl JIJId Iaros k u n — k OJIMHAKOBBL.

OcTanoch HOHATH, IPH KAKUX k KOJIUYECTBO 3BEHBbEB JIOMAHOU-<«3Be3IbI» OYIeT PABHO N: CHO, YTO
ectnt HO/l(n, k) = d > 1, To u3 d mofpsia uIyIuX BEPITHH N-YTOTBHUKA TOJBKO OJHA OYIeT BEePITHHON
3BE3JIBI, ¥ [IOTOMY KOJUYECTBO €€ 3BEHBbEB Oy/eT MEHbIIE Nn.

Nrak, k u n gojKEB OBITH B3aUMHO HPOCTBIMH, PHYEM 3BE3/bl pa3dbUBAIOTCH HA Tapbl PABHBIX,
09TOMY TpebyeMoe KOIuIecTBO paBHO ¢(n)/2, tie p(n) — dyHknusg Diiepa duciaa n, T.e. KOJTHIECTBO
HATYPAJbHBIX YHCEN, HE NPEBOCXOISIINX 7 U B3AUMHO HPOCTHIX C N.

[Tockonbky ¢(40) = 16, koamaectBo 40-3Be31 paBHO 8.
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Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Let AB be one of the links of an n-star from the task’s formulation; we will call the star’s «step» the
number of vertices of the n-gon on the smaller arc AB of the circle described about it, increased by
1 (for example, if A, B are adjacent vertices, then the step of the star is 1). Obviously, the n-star is
uniquely determined by its step, and the stars for steps k£ and n — k are the same.

It remains to understand for what &£ the number of links of an n-star will be equal to n: it is clear
that if GCD(n, k) = d > 1, then out of d consecutive vertices of the n-gon, only one will be a vertex of
the star, and therefore the number of its links will be less than n.

So, k and n must be relatively prime, and the stars are divided into pairs of equal ones, so the
required number is p(n)/2, where ¢(n) is the Euler function of n, i.e. the number of positive integers
not exceeding n and relatively prime to n.

Since ¢(40) = 16, the number of 40-stars is 8.

Task 5. Cpean Bcex OpTOrOHATBHBIX TPOEKIINN TPEYTOTBHON MUPAMUILI P Ha TIOCKOCTH CaMyIo O0JIb-
IIYIO IJIONIA/Ib UMEET IIPOEKIMS Ha IJIOCKOCTD (v, SBJILIONIAICSH YeThIPEXYTOJbHUKOM M MMEIOIAs 1110~
mab 12, Haiiaure odbem nupavuanl P, eciau pacCTOdHHE MEXKY €€ CKPElNUBAIONIMMUCH pedpaMi,
napaJiieTbHbIMU v, paBHO 2. OOocHY#Te CBOIT OTBET.

Among all orthogonal projections of a triangular pyramid P onto a plane, the projection onto the
plane o, which is a quadrilateral of an area 12, has the largest area. Find the volume of the pyramid P
while the distance between its edges parallel to « is 2. Explain your answer.

Answer: &

Pemrenue (RUS). [Iycrs ckpemnuBaoriuecst pebpa, 0 KOTOpbIX rooputcs B yeaosuu — AB, CD, a
UX IPOEKIMK Ha II0cKocTh o — A’ B, C' D', coorBercTBerHo. Beuay napasurensnocru umeem AB = A'B’,
CD=CD.
Kpowme roro, miomaap S gerbipexyroabuuka A’ B'C' D' moxer ObiTh Hajigena Kak %-A’B’-C’D’-sin ®,
rae p — yroua mexay A'B’ u C'D'. B cBoto odepenn, o6bem V' nupamugbl ABC'D MOXHO HallTh Kak
% -AB-CD - h-sinp, tne h — paccrositane mex ity npameivu AB u C'D. Otciona moaydaem

1

1
S h==
3

V = .12.2 =218
3

Kpurepuu onennBanus:
e JlaH BepHbIil orBeT Oe3 obocHoBanuit — () OA/LIOB;

e JIaH BepHBI OTBET U IPHUBEIEHA IMOTEHINAILHO ILJIOAOTBOPHAS UIes J0KA3aTeIbCTBA — 2 MepBUU-
HBIX DaJLIa;

® JIaH BEPHBIN OTBET, IPUBeJleHA U YACTUIHO peaju30BaHa MOTEHIHAJIBHO ILJIOJOTBOPHAS Hjed J0-
Ka3aTebCTBa — 3 MEPBUYHBIX OAJLIA;

® JJOKa3aTeJIbCTBO COACPZKUT TOJILKO HE3HaYUTEeJIbHbIe ook — 4 IIEePBUYIHBIX 6aﬂﬂa;

® TIOJTHOCTBIO BEPHOE JJOKA3aTeIbCTBO — O MEPBUYHBIX OAJIIOB.

Solution (ENG). Let the edges mentioned in the task’s formulation be AB,CD, and their
projections onto the plane a be A'B’,C'D’, respectively. Due to parallelism, we have AB = A'B’,
CD=CD.
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In addition, the area S of the quadrilateral A’B’C’D’ can be found as % -A'B"-C'D’ - sin ¢, where ¢
is the angle between A’B’ and C’D’. Moreover, the volume V of the pyramid ABCD can be found as
% -AB-CD - h-sinp, where h is the distance between the lines AB and C'D. By that,

1

V=5 S h=5-122=8

1
3

Criteria:

the correct answer is given without explanation — 0 points;

the correct answer is given and a potentially fruitful idea for proof is given — 2 pre-points;

the correct answer is given, a potentially fruitful idea for proof is given and partially implemented
— 3 pre-points;

the proof contains only minor errors — 4 pre-points;

a completely correct proof — 5 pre-points.

Task 6. /lanbl gamedHble BeChl: OHE MOI'YT aOCOIIOTHO TOYHO IIOKA3bIBATH PABEHCTBO MACC I'PY30B HA
Jalnax BeCOB, a eCJM MACChl TPY30B PA3JIMYHBI, TO MOKA3BIBAIOT, HA KaKOil Jalie rpy3 Tskejaee (HO He
MOKA3BIBAIOT, HA CKOJIBKO I'py3 Tsxkesee). Takxke maH HAGOP U3 N TP, MACCa KaXKIOH M3 KOTOPBIX —
[EJI0€ MOJOKHUTEIHHOE UHCJIO TPAMM, YTOOBI ONPEIEJHTb C IMOMOINBIO YTUX THPh M YAIleYHBIX BECOB
a0y Maccy m < M(n) (m — 1nenoe moOAOKUTETHHOE THCIO TPaMM) Tpy3a, Tae M(n) — MakcuMaabHO
BO3MOZKHOE Jijist JanHoro n. Haiimure Boipazkenue st M (n). OBocuyiiTe cBOii OTBeT.

A scale is given: it can show absolutely accurately the equality of the masses of the loads on the scale
pans, and if the masses of the loads are different, it shows on which pan the load is heavier (but does
not show how much heavier the load is). Also given a set of n weights (the mass of each is a positive
integer number of grams) in order to determine with the scale any mass m < M(n) (m is a positive
integer number of grams) of the load, where M (n) is the maximum possible for the given n. Find an
expression for M (n). Explain your answer.

Answer: 3"

Pemrenune (RUS). /lng Havana 3aMeTHM, 9TO THPH He 3alpENeHO (2 3HAYUT, MOXKHO) KJACThH
Ha 00e Jalu BecoB. Ec/im MbI MOXKeM OIpeIenTh, 9TO BeC w rpysa Menbine t + 1, Ho 6osabire ¢t — 1
(171sT HEKOTOPOTO TIEJIOTO TOJIOKUTEIBHOTO ), TO, KOHEYHO, w = ¢, T.K. [0 YCJOBUIO Macca Tpy3a —
eJI0e YHCJIO0. 3HAYMT, He 00s3aTe/IbHO UMETh BO3SMOXKHOCTD «B3BEIIUBATLY BCE IOJIOKUTEIbHBIE IeJIbIe
w < M(w), a 1ocTaTOYHO B3BEIUBATE Bee 4éTHBIE w 0T 2 710 M (w)—1 (M (w) 1071KHO OBITh HEYETHBIM,
9100bI OBITH MaKCHMaIbHBIM: ecan w > M(w) — 1, To w = M(w)).

Bes orpannuenns obmuocT Oy1eM CYUTaTh, 9TO B3BENIMBACMbIH TPY3 JICKUT Ha JIEBOIi Jale BeCOB.
OueBUIHO, I/ KayKJI0# M3 M IUPb €CTh POBHO 3 BO3MOXKHOCTH: JIMOO OHA JIE?KUT Ha IPaBOil dalie
BECOB, JIUOO Ha J1eBoii, 1160 BOOOIIE He YIACTBYET BO B3BEIIHBAHUM — 3HAYUT, KOJUIECTBO YETHBIX MACC,
KOTOPBIE MBI MOZKEM OTMEPHTD, He IIPEBOCXOUT 2——1: KOHYECTBO CIOCOGOB PACIONIOKHTD 7 THPb MEHYC
OHO (COOTBETCTBYET CHTYAIMH, KOIJa Mbl BOOOIIE He KJaJeM HMPU Ha BeChl), JEJICHHOe Ha /B, T.K.
KayKJIOMY DACIOJOKEHUIO COOTBETCTBYET HEHYKHOE — «IIPOTHBOMOJIOKHOEY (JIeBas Jalma MeHsIeTCsT Ha
npaByio, n HA06OpoT), Wit Koroporo w < 0, orkyaa M(n) < 3™

Bribepem tupu ¢ Maccamu 2,2 - 3,2 -32,2-3%,...,2-3""! rpaMM 7 HOKazKeM, KaK ¢ UX IOMOIIBIO
OIIPeIeINTh 000 MOJI0KUTENBHBIN 1eblil Bec w < 3".

Herpyano nonsith, 4o j1060e (1e10e mogoKuTeIbHOe) 9UCI0 B TPOUIHON CUCTEeMEe CUUCICHHS MOZK-

HO IIpeACTaBUTL B BHUAEC PA3HOCTH HEJbIX ITOJOZKHUTEJIBHLIX YUCEJI, B TpOI/I‘IHOfI 3allUCH KOTOPbIX HE
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UCTIOJIb3yeTcs Tudpa «2». Eciu w 49éTHOE, TO MpejcTaBUM ero B TaKOM BHIe: w = a — b, TJe ducia
@, b 3aMuCHIBAIOTCS B TPOUYHOMN cucTeMe cuucenus 6e3 mudpbl «2», u mudpol «1» cTOAT B 9TUX 4YUC-
JaX B pa3HBIX paspsaax (mHade 5TH nudpPbl MOKHO 3aMeHHTh Ha Hy/H). fcHo, 410 a,b < 3", T.e. B
MX TPOMYHOIT 3aliCH HCMOJIB3YIOTCsT He Gostee n 3uavanux mudp (y kaxaoro). Temneps mycrh enxnHuIe
B k-M paspsie COOTBETCTBYeT rmps Mmaccoil 2 - 3 (k =0,1,2,...,n — 1), npudeM paspsapl 4ucIa a
COOTBETCTBYIOT IpaBOil dalle BecoB, a pa3psiabl b — JjeBoit. Takum obpaszom, pasHocTu a — b cooTBeT-
CTBYET PACMOJIOYXKEeHWe TUPDh HA JIBYX YalllaX BECOB, TOTJa a — b MpUHUMAET Bce YETHBIE 3HAUCHUS OT 2
710 (3" — 1), T.e. MBI MOXKEM B3BECHTD JII000€ TIOJOKATEIbHOE deTHoe w < 3".

Ecan ke w He4éTHO, TO ONHCAHHBIM BBIIIE CHOCOOOM ompegennm dernsre w + 1 (ecom w < 3") u
w — 1 (ecam w > 1) — Tak MBI OIPEJEJUM W ¢ YIETOM TOIO, YTO OHO IeJI0e.

Kpurepun oneHnBaHusd:
e [IpHBeJIEHA MMOTEHIINAJIBHO TJIOJ0TBOPHAA UJiest peleHns — 1 nmepBuIHbIil OaJLT;

e NpHUBEIEHA W YACTUIHO PEATIM30BaHA MOTEHIUAJIBHO [IJIOIOTBOPHAS HIes PEIIeHNs — 2 TePBUIHBIX
baJL1a;

e NpHBEJEHA UJlesl C TPOMYHOM cHCTeMOl (B TOM MM HHOM BUJIE), HO HET JOCTATOYHOTO OOOCHOBAHMYSI
— 3 MepBUYHBIX OaJsLIa;

® pelneHue IOYTH IHOJHOCTBIO BEPHO 3a MCKJIIOYEHHEM He3HaYUTe/IbHbIX OIHI/I6OK, Jnbo He Y4TeHo,
9TO HeYeTHbIE BECa MOXKHO H€ YpaBHUBATL ABHO — 4 IEePpBUYIHBIX 6am1a;

® II0JTHOCTBHIO BEpHOE pelieHne — 5 MePBUIHBIX OaJIIO0B.

Solution (ENG). Note that it is not prohibited (and therefore it is allowed) to place weights on
both scale pans. If we can determine that the weight w of the load is less than t 4 1, but greater than
t — 1 (for some positive integer t), then, of course, w = t, since by the condition the mass of the load
is an integer. It means that it is not necessary to be able to «weigh» all positive integers w < M (w),
but it is sufficient to weigh all even w from 2 to M(w) — 1 (M (w) must be odd to be maximal: if
w > M(w) — 1, then w = M(w)).

Without loss of generality, we assume that the load lies on the left scale pan. Obviously, for each
of the n weights there are exactly 3 possibilities: either it lies on the right pan of the scale, or on the
left, or does not participate in the weighing at all — this means that the number of even masses that we
can measure does not exceed %: the number of ways to arrange n weights minus one (corresponds to
the situation when we do not put weights on the scale at all), divided by two, since each arrangement
corresponds to an unnecessary one — the «opposite» (the left pan changes to the right, and vice versa),
for which w < 0, whence M(n) < 3™.

Lets choose weights with masses 2,2-3,2-32,2-33,...,2-3""! grams and show how to use them to
determine any positive integer weight w < 3".

It is easy to see that any (positive integer) number in the ternary notation can be represented as
a difference of positive integers, in the ternary notation of which the digit «2» is not used. If w is
even, then we will represent it in the following form: w = a — b, where the numbers a, b are written in
the ternary notation without the digit «2», and the digits «1» are in different places in these numbers
(otherwise these digits can be replaced with zeros). It is clear that a,b < 3", i.e. in their ternary notation
no more than n significant digits are used (for each). Now let the k-th digit correspond to a weight of
2-3% (k=0,1,2,...,n— 1), where the digits of a correspond to the right scale pan, and the digits of b
correspond to the left. Thus, the difference a — b corresponds to the arrangement of the weights on the
two scale pans, then a — b takes all even values from 2 to (3" — 1), i.e. we can weigh any positive even
w < 3",

If w is odd, then we will use the method described above to determine even weights w+1 (if w < 3")
and w — 1 (if w > 1) — this is how we will determine w taking into account that it is an integer.

Criteria:
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a potentially fruitful solution idea is given — 1 pre-point;

a potentially fruitful solution idea is given and partially implemented — 2 pre-points;

e an idea with a ternary system (in one form or another) is given, but there is no sufficient
explanation — 3 pre-points;

the solution is almost completely correct except for minor errors, or it is not taken into account
that odd weights do not need to be explicitly equalized — 4 pre-points;

a completely correct solution — 5 pre-points.



