Innopolis Open 2024 /25 in Mathematics 2" qualifying round

11-12"" degree

Task 1.

1. Haiinure 1menTp cuMMeTpun Kybmdeckoil mapaboasl y = ax® + bx? — 81z + 3, cymMMa u mpous-
BeJleHUe KODHeHl KOTOpO# paBHBI COOTBETCTBEHHO 9 W —3. B oTBeT 3amumuTte cyMMy KOODJAHHAT
HANIEHHOTO MEeHTPAa CUMMETPHH, TP HEOOXOIUMOCTH OKPYIVINB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? — 81z + 3, the sum and product
of whose roots are 9 and —3, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: —291

2. HaitnmuTe nenTp cumMMerpun Kybmdeckoit mapaborst y = az® + bx? + 24x — 19, cymma n mpous-
BeJleHNe KOpHeil KOTOPOil paBHBI cooTBeTCTBeHHO 9 u 19. B oTBeT 3amnuimure cyMMy KOODJIMHAT
HalIEHHOTO MeHTPa CUMMETPHH, TP HEOOXOTUMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? + 24z — 19, the sum and product
of whose roots are 9 and 19, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 2

3. HaitnuTe menTp cuMMmerpun KyOmdeckoit mapabonst y = az® + bx? + 45x — 51, cymma u mpons-
BeJleHIe KOpHeH KOTOpO#l paBHBI cOOTBeTCTBeHHO 12 m H1. B oTBeT 3ammimure cyMMy KOOpPAHHAT
HaMIEHHOTO IeHTPa CUMMETPHUH, IPU HeOOXOIUMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? + 45z — 51, the sum and product
of whose roots are 12 and 51, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 5

4. HaiianTe meATp CHMMeTPHH KyOmdaeckoil mapabosasl y = ax® + bw? — 45z + 12, cymMa 1 IpounsBe-
JIeHWe KOpHel KOTOPOil paBHBI COOTBETCTBEHHO —3 U —12. B oTBeT 3amuimuire cyMMy KOOPJIUHAT
HalIEHHOTO TEeHTPa CUMMETPHH, TPU HEOOXOTMMOCTH OKPYTJIUB €€ JI0 COTHIX.

Find the center of symmetry of the cubic parabola y = ax® + bx? — 45z + 12, the sum and product
of whose roots are —3 and —12, respectively. Write down the sum of the coordinates of the found
center of symmetry as your answer, rounding it to hundredths if necessary.

Answer: 58

Pemenne (RUS). (upeicrasieno pentenne Bapuanra N1, ocrajbHbie DEaoTcst aHaI0IHYHO)
Ucnonb3ys reopemy Buera jijis Kybuueckoro derbipexwiena suja axr® +br? +cr+d, noayuum —b/a = 9,
—d/a = =3, otkyma a = 1, b = —9.
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O6osnaunm f(r) = 23 —92? — 81z +3, rorma f'(z) = 322 —18x—81, u f'(x) = 0 o3mavaer r = 9 wim

r = —3 — rouku sKkcrpemyma f(x). Kybuueckasi napabosia cuMMETpUIHA OTHOCUTE/NbHO CEPEJMHbL OT-
9+(=3
pe3Ka ¢ KOHIAMHU B TOUYKAX IKCTPEMyMa, MOITOMY adCIUCCa MEeHTPa CAMMETPUN PABHA T, = 3 — 3,

2
Torja ee opauHaTa pasHa y. = f(x.) = —294, 9ro naer z. + y. = —291.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Using Vieta’s theorem for a cubic quadrupole of the form az® + bx? + cx + d, we obtain —b/a = 9,
—d/a = —3, whence a = 1, b = —9.

Let f(z) = 2% — 92% — 81z + 3, then f'(x) = 32? — 18z — 81, and f’(z) = 0 means x = 9 or
r = —3 — the extremum points of f(z). The cubic parabola is symmetric about the midpoint of the
segment with the endpoints at the extremum points, therefore the abscissa of the center of symmetry

is x, = w = 3, then its ordinate is y. = f(x.) = —294, which gives z. + y. = —291.

Task 2.

1. Jlano ypasuenue ax + 97y = c. Haiijgure naumenbliiee mnejioe MOJIOKUTEJTHLHOE @, TIPH KOTOPOM
cyIecTByeT 1esioe ¢ > 2025, /i KOTOPOro JJaHHOe YpaBHEHHe He UMeeT pPellleHUil B IeJIbIX HeoT-
PUIIATETBHBIX X, Y.

Given an equation ax 4+ 97y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 22

2. /lano ypasuenne ar + 83y = c. Haiiaure HamMeHbIlee Ieaoe MOJOKATETbHOE @, TTPH KOTOPOM
cymecTByeT 1esioe ¢ = 2025, A KOTOporo JJaHHoe ypaBHEHHE He MMeeT peleHuil B 1MeibiX HeoT-
pULATEJbHBIX T, Y.

Given an equation ax 4 83y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers z, y.

Answer: 26

3. /lano ypasuenue ar + 137y = c. Haiigure HanMenblee 1ejoe MoJ0KHUTEILHOE @, TTPU KOTOPOM
cyIecTByeT 1esioe ¢ > 2025, /i KOTOPOro JJaHHOe YpaBHEHHe He UMeeT pPellleHUil B IeJIbIX HeoT-
PUTIATETBHBIX X, Y.

Given an equation ax + 137y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers x, y.

Answer: 16

4. Jlano ypaBuenue ax + 79y = c. HaiiaiuTe HamMeHblee 1mesoe MOJOKHUTEJTHHOE @, TPH KOTOPOM
cymecTByeT 1esioe ¢ 2= 2025, A KOToporo JJaHHoe ypaBHEHHE He UMeeT pelleHuil B 1MeibiX HeoT-
pULATEJbHBIX T, Y.
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Given an equation ax 4+ 79y = c. Find the smallest positive integer a such that there exists an
integer ¢ > 2025 for which the given equation has no solutions in non-negative integers z, y.

Answer: 27

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajbHbIe PENIAIOTCsT AHAJIOTHIHO)
Joxkaxkem Teopemy CrabBecTpa: ypaBHeHHE ar + by = ¢ 115 TOJ0KUTENIBHBIX IIEJBIX B3AUMHO IIPOCTHIX
a,b mMeeT pellleHHe B IEJBIX HEOTPHUIATEIbHBIX X,y /s JII0O0To meyaoro ¢ > ab — a — b, HO He UMeeT
npu ¢ = ab —a — b.

Heiicteuresnbro, ypasaenune ar + by = ab — a — b umeer pemenune (b — 1, —1), mosromy Bce ero
pemenns umeror Bug (b — 1+ kb, —1 — ka) aa nenvix k, oqaako npu k > 0 umeem y = —1 — ka < 0,
anpu k < 0 umeem x = b — 1+ kb < 0, T.e. pelrennii B ImeJabIX HEOTPUIIATEIbHBIX T,y YpPaBHEHHE He
umeer. [Ipu ¢ > ab — a — b cymecTByer perenue (g, Yo), A1 KOTOPOro 1esoe xg € [0,b — 1], mpu 3rom
byo = c—axg = c—a(b—1) > —b. Orciona yo > —1, 1.e. Yo > 0 — HalijeHO pellleHre ypaBHEHUs B
HeOTpUIaTeJIbHBIX HEJIbIX YHUCJIaX. ZLOKa3aTeJIbCTBO 3aBepIIeHoO.

Nrak, pursg ncxoganoro ypasuenus tTpedyercs 97a — a — 97 > 2025, orciona mnesoe a > 22.

a = 22 nogxoaut: TeopeMa CHIbBecTpa K HEMY NPHUMEHUMA, IOCKOJIBKY 22 B3aUMHO IIPOCTO ¢ 97.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Lets prove the theorem: the equation az + by = ¢ for positive integers with mutual co-prime a,b has
a solution in non-negative integers x,y for any integer ¢ > ab — a — b, but does not have one for
c=ab—a—0b.

Indeed, the equation ax+by = ab—a—>b has a solution (b— 1, —1), therefore all its solutions have the
form (b— 14 kb, —1 — ka) for integers k, however for k > 0 we have y = —1 — ka < 0, and for & < 0 we
have x = b—1+kb < 0, i.e. the equation has no solutions in non-negative integers x,y. For ¢ > ab—a—b
there is a solution (zo, yo) for which the integer zo € [0,b — 1|, while byy = ¢ — azg = ¢ —a(b—1) > —b.
Thus yg > —1, i.e. yp = 0 — the solution of the equation in non-negative integers has been found. The
proof is complete.

By that, for the original equation 97a — a — 97 > 2025 is required, thus the integer a > 22.

a = 22 suits us since it is co-prime with 97, and by that the theorem can be applied.

Task 3.

1. [Happ BemaeT Ha CYH/IYK C TOCYJAQPCTBEHHONW Ka3HOM n 3aMKOB U pa3/aeT Koun cBouM 10 coBeT-
HHKaM Tak, 9TOOBl HUKAKHe b M3 HUX HE MOIJIH OTKPBITh CYHJIYK, HO Jt06bie 6 — Morau (y mapst
eCcTh MHOXKECTBO KJII0Uell OT KaXKJI0T0 3aMK4, U COBETHUK MOYKET MOJYIUTh KJII0YN OT HECKOJTbKUX
3aMk6B). Hafiinre nanmenbiiee n, mpu KOTOPOM Iaph CMOZKET JOOUTHCS JKEJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 252

2. apn BermmaeT Ha CYHIYK € TOCYJaPCTBEHHOM Ka3HON n 3aMKOB U pa3jaeT Kjio4un ceouM 11 coser-
HHKaM Tak, 9TO0Bl HUKAKHe D M3 HUX HE MOIJIH OTKPBITh CYHJIYK, HO Jt06bie 6 — Morau (y mapst
€CTh MHOYKeCTBO KJII0Ueil OT KazKJI0T0 3aMK4, B COBETHUK MOXKeT TMOJYYUTh KJIIOUYN OT HECKOJIBKUX
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3aMk6B). Haiiinre HauMeHblIee n, mpu KOTOPOM TAPb CMOYKET JTOOUTHCST YKEJIAeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 5 of them can open the chest, but any 6 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 462

3. llapp BemaeT Ha CYHAVK C FOCY/IapCTBEHHON Ka3HOU N 3aMKOB W pa3jgaeT KJI09u cBouM 10 coBeT-
HHKaM Tak, 9TO0Bl HUKaKWe 4 M3 HUX HE MODJIM OTKPBITH CYHJIYK, HO Jt00bie 5 — Morau (y mapst
eCTb MHOKECTBO KJII0Yeil 0T KaxK/J0T0 3aMK4, U COBETHUK MOKET HOJYYUTh KJIIOUU OT HECKOJbKUX
3aMk6B). Haifiinre HanmeHblee n, mpu KOTOPOM Taph CMOZKET JOOUTHCS JKEJTaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 10
advisors so that no 4 of them can open the chest, but any 5 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 210

4. Ilappb BemaeT Ha CYHIVK ¢ TOCYTapPCTBEHHON Ka3HOW 1 3aMKOB U pa3jaeT KJIo4un cBouM 11 coet-
HUKaM Tak, 9TO0bl HUKaKHe 7 W3 HUX He MOIJIM OTKDBITH CYHJYK, HO Ji00bie 8 — Morau (y mapsi
€CTh MHOZKECTBO KJII0Uell OT KazK/I0TO 3aMKd, M COBETHUK MOYKET TOJYIUTH KJIIOYN OT HECKOJbKUX
3aMk6B). Haiiyinte HauMeHblIee n, mpu KOTOPOM Taph CMOZKET JTOOUTHCsT YKEJIaeMOro.

The king hangs n locks on the chest with the state treasury and distributes the keys to his 11
advisors so that no 7 of them can open the chest, but any 8 can (the king has many keys to each
lock, and an advisor can receive keys to several locks). Find the smallest n at which the king can
achieve the goal.

Answer: 330

Pemrenue (RUS). (npeacrasieno perenne Bapuanra N1, octajibHbIe PENIAlOTCsT AHAJIOTHIHO)
[lockoJsibKy HUKaKHe 5 COBETHUKOB He MOTYT OTKDBITh BCeX 3aMKOB, Y HUX HeT KJI04Ya OT HEKOTOPOTro
3aMK4, HO 9TOT KJII0OY €CTh y BCEX OCTAJIBLHBIX COBETHUKOB. 3HAYUT, KJIIOUN OT KayKJIOTO 3aMK4, TOJTKHBI
ObITH poBHO y 10 — 5 = 5 COBETHUKOB, TOTJIa KOJUYECTBO 3aMKOB HE MOkKeT ObTh MeHbine Cf, = 252.
Ocraercst TOIBKO pa3aaTh MO 5 KJIOYEH 0T KayKJI0TO 3aMKd COOTBETCTBYIOIIEH MITEPKe COBETHUKOB, B
pe3ysIbTaTe 4ero mapb J00beTcsd KejaaeMoro. Ecam pa3maTh KJIIOYH OT KaxKI0TO 3aMKA He 0ojiee deM
4 coBeTHHWKAaM, TO He BBINOJHUTCS YCJOBHUe 33JIa4u, T.K. HAlAyTcd 6 COBETHUKOB, KOTODBbIe HE CMOTYT
OTKPBITH ONpeJieeHHbIi 3aMOK. Ecan ke pa3aarTh KJIIOYH OT KayKJIOTO 3aMK4 OoJiee 1eM 5 COBETHUKAM,
TO HE BBIIOJHUTCSH YCJIOBHE «HHUKAKUE D HE CMOI'YT OTKPBITH CYHJLYK>.

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
Since no 5 advisors can open all the locks, they do not have a key to some lock, but all the other advisers
have such key. This means that exactly 10—5 = 5 advisors must have keys to each lock, then the number
of locks cannot be less than C7, = 252. It remains to distribute 5 keys to each lock to the corresponding
five advisors, and by that the king will achieve what he wants. If the king distributes the keys to each
lock to no more than 4 advisors, then the task’s requirements will not be fulfilled, because there will be 6
advisors who will not be able to open a certain lock. If the king distributes the keys to each lock to more
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than 5 advisors, then the requirement «no 5 advisors will be able to open the chest» will not be fulfilled.

Task 4.

1. Pemnre ypaBuenue
(4sinx + 3cosx)(2.5cos 2z + 8sinx + 20.5) = 131

U 3aIUIIATE B OTBET CYMMY TAHTE€HCOB Te€X KOPHE 9TOr0 ypaBHEHUs, KOTOPBIE MPHHAJITeKAT OT-
pesky [0; 27|, npejcTaBUB €e B BUJE MEJOI0 YUCJA HIH AECATUIHON ApOOH, IPpHU HEOOXOANMOCTH
OKPYyTJIeHHO# /10 coThixX. Ecan 3Ta cymma 6eckonedHa, 3aMUNIATEe B OTBET YNCJI0 —1.

Solve the equation
(4sinz + 3cosx)(2.5cos 2z + 8sinz + 20.5) = 131

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
2. PemmTe ypaBHeHTE
(3sinz 4+ 4 cosx)(2.5cos 2z + 6sinx + 16.5) = 104

" 3allUIIUTE B OTBET CYMMY TaHI'€HCOB TeX KOpHeﬁ 9TOI'0 ypaBHEHUA, KOTOPbIE IIpHUHA/AJIEeKaT OT-
pesky [0; 27|, npejcTaBUB €e B BUJE MEJOI0 YNCJAA HJIH AECATUIHON APOOH, IPpH HEOOXOANMOCTH
OKPYTJIEHHO! 10 cOThIX. Eeam ata cymma OecKoHedHa, 3alUTINATEe B OTBET 4nciao —1.

Solve the equation
(3sinz 4+ 4cosx)(2.5cos 2z + 6sinx + 16.5) = 104

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75
3. Pemmure ypaBHenne
(4sinz + 3cosx)(2.5cos 2z + 8sinx + 23.5) = 146

M 3AIUIINATE B OTBET CYMMY TaHI'€HCOB T€X KOPHEil 3TOro ypaBHEHUSI, KOTOPbIe TPUHAJIIEKAT OT-
pe3ky [0; 27|, npejcTaBUB ee B BHJE MEJOT0 YNCJAA WIN JECATHIHON JAPOOH, TPU HEOOXOANMOCTH
OKPYTIJIEHHO#R 710 cOThIX. Ec/in 3T1a cymMMa OecKOHeYHa, 3aIUIIUTe B OTBET YUCI0 —1.

Solve the equation
(4sinx + 3cosx)(2.5cos 2z + 8sinz + 23.5) = 146

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 1.33
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4. Pemmute ypaBHeHUE
(3sinx +4cosx)(2.5cos2z + 6sina + 21.5) = 129

1 3allUIATe B OTBET CYMMY TaHT€HCOB Te€X KOPHeil 9TOTO ypaBHeHU:d, KOTOPble IMPUHAIeXKAT OT-
pe3ky [0; 27|, mpeacTaBuB ee B BHE MEJOTO YHCIA WIN JACCITHIHON APOOH, TPU HEOOXOIUMOCTH
OKPYIJIEHHO# 710 cOThIX. Fc/in 31a cymMMa ODeCKOHEYHA, 3aIUIIUTe B OTBET YUCI0 —1.

Solve the equation
(3sinx + 4 cosx)(2.5cos 2z + 6sinz + 21.5) = 129

and write down the sum of the tangents of those roots of the equation that belong to the segment
[0; 27], representing it as an integer or a decimal fraction, rounded to hundredths if necessary. If
the sum is infinite, write down the number —1 as your answer.

Answer: 0.75

Pemenne (RUS). (mpeacrasieno pemenne papuanta N1, ocrajabHbIe DEHIAIOTCS AHAJTOTNHIHO)
ITpeoOpasyem ypaBHEHHE K BUILY 5(;—1 sinx + %cos r)(=5sin®z + 8sinx + 23) = 131 u 3ameTnmM, 9TO
‘51 sin x+g cos x = cos(x—arccos %) < 1. g nocaeaero MHOXKATENS JeBOH YaCTH paBeHCTBA 0O03HATIM
f(t) = —5t* + 8t + 23 (3nech t = sinx € [—1;1]), Torma f(t) moNOKUTETbHA U IPHHAMAET HAKOOJIbIIEE

3HAUEHUE f(z-(_—85)) = Bl q1ng sing = 2

=5 5
Urak, JeBag 4acTh paBeHCTBA He IIPEBOCXOIUT 5«1 - % = 131 1 npuHEMAaET 3TO 3HAYEHHE TOJbKO IIPU
x = arccos 2 + 27n (n € Z) (na orpeske [0: 27| ecTh TOJBKO OIHA Takas Touka). Torna tegz = 2 ~ 1.33.
5 ) 3

Solution (ENG). (given a solution to version 1 of the task since others are solved similarly)
We transform the equation to the form 5(%sinz + £ cosz)(—5sin®z + 8sinz + 23) = 131 and note
that Zésinx + gcosx = cos(x — arccos %) < 1. For the last factor on the left side of the equality, we
denote f(t) = —5t> + 8t + 23 (here t = sinw € [—1;1]), then f(¢) is positive and takes the largest value
f(2.(185)) = 11 when sinz = ;.
So, the left side of the equality does not exceed 5 -1 - % = 131 and takes this value only for
x = arccos £ 4+ 2mn (n € Z) (there is only one such point on the segment [0; 27]). Then tgz = 3 ~ 1.33.

Task 5. Yucaa 1,2,3,...,2024 3anucanm B HEKOTOPOM MOPSIKE, MOJYYUB MOCAEI0BATEILHOCTD
a1,032,03, ..., A24. HaiiguTe HAMOOIbIIIEE BOZMOKHOE 3HAYECHUE BBHIPAYKEHUS

la; — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024
ObocHyiiTe CBOIT OTBET.

The numbers 1,2, 3,...,2024 being written in some order form a sequence ay, as, as, .. ., asgey. Find
the greatest possible value of the expression

la1 — as| + |ag — as| + |ag — aq| + - - - + |a2023 — 2024

Explain your answer.
Answer: 2048287

Pemrenune (RUS). Ormernm Ha uncsioBoil npsamoii rouku 1,23, ... ,2024. Kax oMy pacnosozxke-
HUIO 9MCE B MOJYYEHHOI MOCIe10BATEIHHOCTH MOYKHO MTOCTABATH B COOTBETCTBHE 3aAMKHYTYIO JJOMAHYIO
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C BepIIMHAME B YKa3aHHBIX TOUKAX, M HA00OPOT, KaxKJ0H TaKOU JIOMAHOH COOTBETCTBYET IIOC/IEI0Ba-
TEJBLHOCTL., YKA3aHHOE B YCJIOBUM 3aJla4d BbIPAXKEHUE — 3TO JIMHA TAKOW JIOMAHOM, T.e. cymma JJIMH
OTPE3KOB MEYK/ly COCEJHUMH TOYKAMU C yI6TOM KPATHOCTH MOKPHITHSA 3BEHbAMMU.

Otpesok [a, a+ 1] MOkKeT TTOKPHIBATHCST TOJBKO 3BEHbSIME, OJNH KOHEI| KayKJI0T0 13 KOTOPBIX JIEZKHUT
B MHO}kecTBe {1,...,a}, a npyroii — B muOKecTBe {a + 1,...,2024}, npuduém Kazk10il ToUKe JTH06Or0 U3
ITHX MHOXKECTB OTBedaeT He Gojiee JIBYX 3BEHBbEB, a 3HAYWUT, MOKPHIBATH OTPE30K [a,a + 1] MoxkeT He
oonee 2 - min{a, 2024 — a} 3BeHBEB.

Urax, orpesok [1, 2] mokpeIT He GoJsiee deM aByMs 3BeHbsiMU (Kak u oTpe3ok [2023,2024]), orpesok
[2,3] — werwippMs (kak u [2022,2023]), n T.a. TTockoabKy JOMaHas He 3aMKHYTa, XOTsl Obl OIUH U3
OTPE3KOB [a, a + 1] GyeT HOKPBIT HEYeTHBIM YHCJIOM 3BeHbeB. Torjaa JinHa JOMAHON He MPEeBOCXOIUT

2-(1+2+3+---+1011 4+ 10124+ 1011+ --- +3+2+ 1) — 1 = 2048287
[IpuBenem mpuMep JJOMaHOM, Ha KOTOPOH JOCTHTAETCA OMUCAHHBIM MAaKCHUMYM:

1012, 2024, 1,2023, 2,2022, 3,...,1013

Kpurepunu onennBanus:

® JIaH BepPHbI OTBET M YKA3aHO, YTO HY2KHbII IIpUMED JOCTUIaeTCs, KOIJla PA3HOCTU MEXKJLy COCejl-
HUMY YJI€HAMU TOC/IeJ0BATETbHOCTH OJIM3KH K MAKCHMAJHLHO BO3MOYKHBIM, HO CaM IPUMEpP SIBHO
He TpUBeJIeH — | TePBUYHBIH OaJLT;

® JlaH BEPHBIIl OTBET W NPHUBEJIEH BEPHBI NpHUMED, HO J0KA3aTEIbCTBO HEBEPHO — 2 MEePBUYHBIX
basLta;

® JlaHA BepHas OLEHKA JIJIMHbI JIOMAHO, HO HET BEPHOI'O IIPUMEPA — 3 HEPBUYHBIX OaJLIa;

® NIPHUBEIEHO KOPPEKTHOE JOKA3aTeIbCTBO OIEHKH, HO JIOIYINeHA BEIYUCIUTEIbHAS OMMUuOKa — 4 mep-
BUYHBIX OaJLIa;

® II0JTHOCTBHIO BEpHOE U OOOCHOBAHHOE pEIIeHNEe U BEPHBIH OTBET — 5 MEPBUYHBIX OAJIIOB.

Solution (ENG). Lets mark the points 1,2, 3,...,2024 on an axis. Each arrangement of numbers
in the resulting sequence can be assigned a polygonal chain with vertices at the points mentioned, and
vice versa, i.e. each such polygonal chain corresponds to some sequence. The expression specified in
the task’s formulation is the length of such chain, i.e. the sum of lengths of the segments between the
points, taking into account the multiplicity of the link coverage.

The segment [a,a + 1] can be covered only by those links with one end lying in the set {1,...,a}
and the other end in the set {a + 1,...,2024}, and each point of any of these sets corresponds to
no more than two links, which means that the segment [a,a + 1] can be covered by no more than
2 - min{a, 2024 — a} links.

Thus, the segment [1,2] is covered by no more than two links (as is the segment [2023,2024]), the
segment [2, 3] is covered by no more than four links (as is [2022, 2023]), etc. Since the chain is not closed,
at least one of the segments [a, a + 1] will be covered by an odd number of links. Then the length of the
broken line does not exceed

2-(1+2+3+---+1011+ 10124+ 1011+ --- +3+ 2+ 1) — 1 = 2048287
Lets give an example of a polygonal chain which the described maximum is reached on:

1012, 2024, 1,2023, 2,2022,3, . ..,1013

Criteria:
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e the correct answer is given and it is mentioned that the required example is achieved when the
differences between adjacent members of the sequence are close to the maximum possible, but the
example itself is not explicitly given — 1 pre-point;

the correct answer and correct example are given, but the proof is incorrect — 2 pre-points;

the correct estimate of the length of the polyline is given, but there is no correct example — 3
pre-points;

e a correct proof of the estimate is given, but a computational error was made — 4 pre-points;

a completely correct and explained solution and the correct answer are given — 5 pre-points.

Task 6. /lan ky0 ¢ pedpoMm 1, HeHTp KOTOPOro COBIaJAaeT ¢ BepirmHoi () IpaBUIBHOI TPeyroJbHOM
HHPaMHU/JIBI, OOKOBBIE pebpa KOTOPOM paBHBI 2, U BCe IIOCKHUE VIVIbI IpHu Bepiune O — npsamMbie. Moxer
JI1 OBITH TAaK, UTO BCe BEPIIMHBI KyOa JexkaT BHe nupaMuabl! OOocHyiiTe cBOit OTBeT.

Given a cube with edge 1, the center of which coincides with the vertex O of a regular triangular
pyramid, the lateral edges of which are equal to 2, and all the plane angles at the vertex O are equal to
90°. Is it possible for all the vertices of the cube to lie outside the pyramid? Explain your answer.

Answer: [la, rakoe Bo3amoxkHO / Yes, it is possible

Pemrenue (RUS). OTmernm, 4T0 OCHOBAHHE MUPAMEJIBI PACIIONOKEHO BHE KyDa, MOCKOJIbKY TI0-

JlyiiaroHaJib Kyba pabHa \/75 < 1, 9T0 MeHbIIle BBICOTHI IHPAMHU/IbI, UMEOIIeN JTIHHY 4/ 22 —% > 1.

3aMeTnM, 4TO MOYKHO OJHOBPEMEHHO PA3MECTUTh 8 HelepeceKaIoNuXcs TUPAMU, YIOBIETBOPSIONIHX
VCJIOBHSAM 33JIa4¥, MPOCTO <«ITPOJJIUBY ILJIOCKOCTH OOKOBBIX T'DaHeil OJHOM MUpaMUIbI 3a ee DOKOBBIE
pebpa, a 3areM JOCTPOUB OCHOBAHHS OCTABIINXCS 7 HUPAMHJ. 3HAYUT, €CJAU Mbl CMOXKEM MOBEPHYTD
ONMMMCAHHYI KOHCTPYKIUK BOKpPry Todkun () Tak, 9TOOBl BHYTPU OMHONH W3 THPAMHJ OKA3AJNCH [BE
BepIuHbl Kyba, TO Cpe/id OCTAJIbHBIX 7 MHUPAMUJ HaJAeTCs Ta, KOTOpas He COJAEPYKUT HU OJHOW u3
OCTaTBHBIX 6 BepIIuH KyO0a.

OmnureM, Kak MOCTPOUTH MHUPAMUIY, BHYTPH KOTOPOH OKaKyTcsd JIBe BEPIIMHBI KyOa: JIsT 9TOTO
oBepHeM ee BOKpyr Touku O Tak, 4r00bl JiBe (buKCHpOBaHHBIE CcMezKHble Bepiiuabl A, B kyba oka-
3aJINCh B ODOKOBOW T'PAHM NUPAMUILI — ITO BO3MOXKHO, OoCKoabKYy ZAOB < 90°. Ocrasoch HEMHOTO
«TOTIEBEJINThY MHPAMEILY TaK, 9To0bl 00e Toukn A, B oka3ajanuch BHyTpH Hee.

Kpurepunu onennBanus:

e 1puBejieHbl I'padudeckue NpuMepbl 0€3 aHaJIuTUYecKux 000CHOBaHUN ux KoppekTnoctu — 0 nep-
BUYHBLIX OAJLIOB;

® JI0OKa3aHO, YTO OCHOBAHUE IMUPAMUJbI JEKUT BHE KyDa — 2 MepBUYHBIX Da/LIa;

® IPUCYTCTBYET IJIOAOTBOPHAS HIEs ¢ IMPUHIUIOM Jlupuxie, HO O 3HAUYUTEIbHBIM HEJOIETOM — 2
[EePBUYHBLIX OaJiia;

® II0OKA3aHO, YTO eCJIM OCHOBAaHHUE MHPAMUIBLI Mapa/iiebHO TpaHu Ky0a, TO BEpPIIMHBI ITOH I'paHU
1 TOYKH OCHOBAHMS IHPAMHUIBI JI€KAT HA OIHOM OKPYKHOCTH IPH HPOEHHPOBAHMHM TOUEK — 2
MEePBUYHBIX OaJsLia;

® MPHUCYTCTBYET IJIOJOTBOPHAs MJIesd ¢ TPUHIUNOM JIupuxie, HO He JOKA3aHO, YTO OCHOBAHUE IIH-
paMu/ibl JIEKUT BHE Ky0a, b0 JIpyrue HeJ0YeThl — 3 MePBUYHBIX OasLIa;

® pelleHue MOYTH BEPHOE, HO eCTh HeDOJIbINe HeJ09eThl, TAKNe KaK OTCYTCTBUE IPUMEPA MOTPY ZKe-
HU¢ JIBYX BEPIIUH Ky0a BHYTPb NUPAMUIbI — 4 TEPBUYHBIX OaJLIa;
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® IIOJTHOCTBHIO BepHOE U OOOCHOBAHHOE pelleHrne — 5 MePBUUHBIX OAJIIOB.

Solution (ENG). Note that the base of the pyramid is located outside the cube, since the half-

diagonal of the cube is \/75 < 1, which is less than the height of the pyramid, which has a length of

\/22 — % > 1. Note that it is possible to simultaneously place 8 non-intersecting pyramids that satisfy
the conditions of the task by simply «extending» the planes of the lateral faces of one pyramid beyond
its lateral edges, and then completing the bases of the remaining 7 pyramids. Therefore, if we can rotate
the described construction around point O in such way that two vertices of the cube are inside one of
the pyramids, then among the remaining 7 pyramids there will be one that does not contain any of the
remaining 6 vertices of the cube.

Lets describe how to construct a pyramid that will contain two vertices of the cube: to do that, we
rotate it around point O so that two fixed adjacent vertices A, B of the cube will be in the lateral face
of the pyramid — this is possible because ZAOB < 90°. All that remains is to «wiggle» the pyramid a
little so that both the points A, B will be inside of it.

Criteria:
e graphical examples are given without proper proof — 0 pre-points;
e it is proven that the base of the pyramid lies outside the cube — 2 pre-points;
e there is a fruitful idea with Dirichlet’s principle, but with a significant mistake — 2 pre-points;

e it is shown that if the base of the pyramid is parallel to a face of the cube, then the vertices of the
face and the points of the base of the pyramid lie on the same circle when projecting the points
— 2 pre-points;

e there is a fruitful idea with Dirichlet’s principle, but it is not proven that the base of the pyramid
lies outside the cube, or other mistakes — 3 pre-points;

e the solution is almost correct, but there are minor mistake(s) like there is no example of how to
place two vertices of the cube inside the pyramid — 4 pre-points;

a completely correct and explained solution — 5 pre-points.



