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IIpeancaosue

BocsMmbiM BEITycKOM B cepul «IIIkonbHBIe MaTeMaTHYecKHe
KpyxKH» Bbimuia kHUra A.W.CrubueBa «llesmmocTs M mpo-
cTeIe yHcaa» (B manpHeidmneM MbI Oyaem oGosmauars ee JITY).
B Hefl HecKOJNBbKO IepBBIX B3aHATHH INOCBAIIEHBI BOIpPOCAM
JeJIMMOCTH HATYPAJBLHBIX UHCEeJ, PACCKA3LIBAETCA O CBOMCTBAX
OesleHUsA (B TOM UYHCJIEe JOKasbIBaeTcA Teopema o6 0JHO3HAUHO-
CTH JeJIeHHA C OCTAaTKOM), 4 TaKKe 0 IPU3HAKaX JAeJIMMOCTH, HO
HUYEro He cKasaHo 00 apugmemure ocmamkroe (mModyrapHoil
apugpmemure), TO €CTb 0 TOM MaTeMaTHIeCKOM SISLIKE, IIOSBJIe-
HHE KOTOPOTO B CBOE BPEMSA IPOM3BEJIO HACTOAIYIO PEBOJIIOIHIO
B TEOPHH YHCEJ — pa3fgelie MaTeMaTHKM, H3YYalOIeM IleJble
ypcna. HacToAmada KHMMKKA ABISAETCA JIOTMUYECKHM IIPOXOJI-
skeHueMm [IIY, mosToMy MBI HauMHaeM €€ ¢ pacckasa o0 3Tom
aspike. Ha ciaenyoIinmux 3aHATHAX pacCMaTPHBAIOTCSA TeopeMa
Bunscona, cpoiicrBa (pyHKIMM Jitjiepa, KUTalcKasa Teopema ob
ocraTKax, majasa Teopema Pepma u Teopema IJitnepa. Bee atu
TeMEI IIOYTH HE3aBHUCHMEI APYT OT Apyra M MOTYT U3y4aThCA B
aboM nmopAjgKe (XOTA HEKOTOPLIE PeIlleHuA 3a7ad ONMMpParTCs
Ha TeopeMbl U3 IPeALIIYIIHX 3aHATHIT).

IlocnegHue nBa 3aHATUA MOCBAIIEHBI TEMaM, KOTODHIE A
TEOPHH UHCeJl ABJSITCA OTHOCHTEJILHO HOBBIMHU (2 JJIf KPYK-
KOBBIX 3aHATHH — COBCEM HOBBIMH) — IICEBIOIPOCTHIM YHMCJIAM
1 Kpunrorpa@uy ¢ OTKPHITEIM KJIHOYOM.

Bce ceMb 3aHATHI NpegHasHAYEHE! JJIA YYeHUKOB 7—9 KJjac-
COB, XOTA MOTYT OBITh MCIIOJB30BAHHEI M B KpyxKKax 10—
11 xnaccos.

B To xe BpemA pax O6osee KIACCHYECKHX UHCJIOBBIX Te€M —
KBafpPATHUYHBIE BBIYETHI M HEBbIYETHI, 3AKOH B3aMMHOCTH, pe-
IleHWe pPasHOOGpasHEIX JUOMAHTOBBEIX YpPaBHEHHMH BBICOKHX
cTelleHeH — B Ty KHHTY yXe ABHO He ITOMeIAJIHCEH..

1AB’I‘0p HaJeeTCsA BIIOCJAEACTBHMM BEDHYTBHCA K HHM B CJAeAYIOIIeH KHHMKKe —
«Byku Teopum uncen». Tak xak Gyxsa A ciaBsaHckol asbyku paHblile HASHIBAJIACH
«A3», a OykBa B — «Bykn», IpoJo/sKeHHeM «a30B TEOPHH YHCEJ» JOJKHEI ABIATH"
cs uMeHHO «OyKH», He Tak Ju?



ITopaBnsaomee OONBIIMHCTBO 3amad He HOBBI. MHorme mus
HHUX BCTpeuasiack B PasjMUYHBIX AHIJIOASBIYHBIX yueOHMKax mo
HavajJaM TeOpHH 4YHceJ. ABTOP BhIpa)kaeT NPHU3HATEILHOCTH
A.C. Illtepuy u ocoberro A.B. IllanoBaioBy, NpeAioKHUBIIHM
pPAL HeHHBbIX YIYYIIeHWi TeKcTa KHUTH.

Togopsi 0 unucaax U UX AEJUTENAX, MBI IIOAPA3yMeBaeM Iie-
JBle YHCJIa M HATYpaJibHBIEe genuTenu. ByKBamMuM p M ¢, Kak
IIpaBUJIO, 0003HAYEHEI IIPOCTHIE YHUCIIA.

Bonpniasa yacts 0003HaYeHUH OOINETIPUHATHI U CTAHIAPTHEI.
Cpeznu He caMBIX CTAHJAPTHBIX 0003HAYEHMIT YIIOMAHEM TPH:

n!! — npousBeseHMe Bcex HATYPAJNBLHBIX YHCell, He IPeBOCX0-
OAIMUX HATYPAIBHOIrO YMCJIa N ¥ UMEKIUX ¢ HUM OJHHAKOBYIO
4yéTHOCTH (Hampumep, dll=1-3:5=15);

m | n — obosdHaueHHe NJ1A B3aMMHON IPOCTOTHI YHCEJI:

mln < HOO(m,n)=1;

3TOT e 3HAYOK AJIA IIPOCTOro n fABJAeTCA KpaTKoHd (opmoii
3aIlMCH CJIOB «/M He JeJUTCH Ha n»;
ckoOku AifBepcoHal:

1, ecnu yTBep:KJeHHE UCTUHHO,
[yTBepkaenue] =

0, ecnu yTBep:KAeHHE JOMHO.
C nomombio ckoOOK AIBepPCOHA JIEFKO BHIPAMKATH MHOT'HE HEC-
TaHZADPTHbIE MaTeMaTHUYecKHe (GYHKIHH Uepe3 CTaHAApPTHEIE.
Hanpumep, max(x, y) = x[x > y] + ylx < yl, é; = [i = j] (cum-
BoJ Kporekepa), sgn(x) = [x > 0] — [x < 0]. Cxobru AiiBepco-
Ha BHYTDH CYMM HCIOJb3VIOTCA JJISI CYMMHPOBAHUA TOJBKO IO
TeM WHJIeKcaM, IS KOTODBIX YTBEDPKAeHHe MCTHHHO. Hampn-
Mep,

Y. ap =) ax[P(k)],

P(k)

>, [dLlnl=3[dLnlll1<d<n]l=p(n).

1<d<n

Hna nesoit wacTy YMcIa X MBI HCIIOJIb3yeM 0603HaUeHHe | X |.

106osnauenne mpegnoxeno B 1960 rogy Kemmerom HOmxmHOM AiiBepcoHOM
(1920—2004) — xaHaJCKMM Y4EHBIM H NPOrPAMMMCTOM, aBTOPOM S3bIKA HPOTpaM-
mupoBanus APL.



KpoMe Toro, B KHHIe COJEPXUTCA MHOTO CCBIJIOK Ha YHCJO-
BhI€ IIOCJIEHOBATEILHOCTH H3 OHJANH-DHIMKJIONEINN I[eJI0YHC-
JIEHHBIX MOCJeoBaTeJabHOCTEH http://oeis.org. B wrauecrBe
CCBLJIOK MBI HMCIIOJIb3yeM HOMepa IIoCJefoBaTeNlLHOCTeH B OH-
naH-sHukaoneauu. Hanpumep, A000027 osnauaer cCBLIKY
http://oeis.org/A000027.



3anarue 1

Apuipmernra oCcTaTKOB

Ecnmu m >1 u (a — b) : m, To roBopAaT, uTo a U b cpasHumbL
no modyaio m. CpaBHHMOCTE 3alIMCHIBAIOT TaK: a = b (mod m).
Ecan sHadyenue MOAYJAA OYEBUAHO M3 KOHTEKCTA, TO CKOOKH C
YKazaHueM MOAYJSA OOBIYHO ONYCKAIOT.

HcnoabzoBarue zanucu a = b Bmecto (a — b) { m okazbiBaeT-
CcA OYeHb YAOOHLEIM M MOIIHBEIM HHCTPYMEHTOM B Da3HBIX 3aja-
yax, MOTOMY YTO CO CPABHEHMAMM, KaK MBI ceiluac ybenumcs,
MOJKHO JeHCcTBOBATh KaK C PAaBEHCTBAMH: CKJIAIbIBATH, BBIUH-
TaTh, YMHOMATh, HHOTJA JEJIHUTh.

3amava 1.1. Jloxkakurte, 4yto ecau a = b (mod m) n c =
=d (mod m), To

a)a+c=b+d (mod m);

6) ac = bd (mod m).

Pemrenne. a) (a+c¢) — (b+d) =(a —b) + (c — d). Tax Kax
KaxJaas CKoOKa B NpaBoM YacTH paBeHCTBa HeJHUTCI Ha m,
UX cyMMa (PasHOCTHL CKOGOK B JIEBOM UACTH PABEHCTBA) TAKMKe
KpaTHa m. 9To U 03HAYaeT, yTo a +c=b + d.

6) ac — bd =a(c — d) + d(a — b). U3 ycnoBusa ciaemyer, 4To
a—bimuc—d:m, nosromy ac — bd : m.

3agaua 1.2, JJoxaxmurte, uto ecan a = b (mod m) u k — Ha-
TypaabHoe umcio, To af = b* (mod m).

¥xkazanue. OguH crnocob TOKAa3aTeILCTBA — C IIOMOIIBIO aJl-
redpav4ecKoro TOKIeCcTBa

aF—br=(@-b@"'+a"2+..+ab" %+ b ).

Jpyro#i cmocof — ¢ NIOMOIIBI0 MaTeMaTHYeCKOH HHIYKIHH,
MHOTMOKPAaTHO NPUMEHAA YMHOMKEHNe cpaBHeHnH (3amauy 1.16).

Mgbr 6ymeM roBOpUTb, 4YTO MHOMKecTso M obpasyer no-
HYK cucmemy OCMAamK08 Io MOIYJIO M, €CIH AJA KaxIoro
LeJOro 4YMCJa CYIIeCTBYeT POBHO OAHMH CPAaBHUMBIN € HHM
(mo Mopyaw m) aneMeHT 3TOr0 MHOXKecTBa. Yaime BCero B
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Kapn ®puapux Tayce (1777—1855) — HeMelKHil MaTeMaTHK,
acTpoHOM ¥ ¢msuk. Emeé B eTcTBe NPOABHI APDKHE CIIOCOGHOCTH K Ma-
TeMaTHKe ¥ MHOCTPaHHBIM A3bIKaM. B Bozpacte 19 ner mocTponi ¢ no-
MOIILI0O ONUPKYJS U JUHEeHKH MpaBUIbHEIE 17-yrolsHHK — 2TO cTaNo
HepBbIM TPOABHIKEHHMEM B 3a/laue O MOCTPOSHHH NPaBHIbLHEIX MHOTO-
YroasHHKOB co Bpemén Erknnga. B 24 roga onybnukoBan 3HaMeHHUTEHIE
«ApudMeTHUeCKHe MCCAEOBAHHA», B KOTOPBIX, B YaCTHOCTH, H3JIO-
JKHUJI TEODHIO KBAAPATHYHBIX BBIYETOB M CpPaBHEHHH BTOpOil cremeHu,
BKJIIOUAIOIYI0 «KBaJpPaTHYHLIM 3aKOH B3aMMHOCTH». VIMeHHO B 3TOH
KHHIre BIepBhIe OB IDHMMEHEH COBpeMeHHBIHM SA3BIK CpaBHeHH, ce-
JIaBINHH BOBMOMKHEIM PaboTy € JeJMMOCTBIO YHCeN KaK C PABEHCTBAMH.

B apenom Bospacte I'aycc akTHBHO 3aHMMaJlcA anrebpoit, acTpoHo-
muei, reopesueii, 6611 M30paH MHOCTPAHHBIM YJI€HOM MHOIMX akKame-
MUl HayK, BKJIoyas u Ilerep6yprekyio. Ero HayuHbie HHTepechl GBLIH
CTOJIb PASHOCTOPOHHMMHM, a BKJIajJ, B MaTeMaTHYeCKHe HAYKH CTOJb
BECOMEBIM, YTO €r0 HASBAJIM « KOPOJIEM MATEMATHKOB» .

KauyecTBe NOJHOH CHCTEeMbI OCTATKOB BhIOMPAETCH MHOMKECTBO
{0,1, 2, ..., m — 1} uiu muO*ecTBO {1, 2, ..., m}.
KommenTapuii. B aToM onpejie/IeHNN MOXXHO 3aMeHUTD YCJIO-
BHE eJMHCTBEHHOCTH CPaBHIMOTO 3JIeMeHTa Ha ycaosue [M|=m
wn gase Ha |M| < m. [eficTBUTENBHO, €CIH 1A KaXLO0ro Ie-
JIOTO YHMCIA eCTh XOTA OBl OAMH CPABHUMBIH ¢ HMM 3J€MeHT

7



MHOKECTBA M IIPH 3TOM 00Iljee KOAHYecTBO daeMeHToB M He
foabliie m, TO ABYX PA3IMUYHLIX 3JIEMEHTOB, CDABHHMBIX C Of-
HHM M TEM K€ YHCJIOM, OBITH HE MOJKET.

3agaua 1.3. Ilycte m — HaTypajasHOe umcno. Jlora)kure,
yTo MHOXxectBo M = {0, 3, 6, ..., 3m — 3} ofpasyer mnoIHYIO
CHCTEeMY OCTATKOB TOTZA W TOJBKO TOrzga, Korga m | 3.

Pemenne. Coauana goxkakeM NpoCTyiO (IIOUTH OUEBHIHYIO)
YacTh 3TOT0 yTBep:aeHuda. Ecau m : 3, to m € M, noromy uTo
m<3m— 3, a M comep:XKuT BCe 4MCJa, KpaTHbIe 3 M He IIpe-
Bocxogamue 3m — 3. Ho tak kak m = 0 (mod m), M comepxur
XO0Ta OBI ABa PasMYHBEIX 3JIEMEHTd, CPABHMUMBLIX C YHCJIOM M
(a mmenso, 0 u m). CaegoBarenbuo, M He obpasyeT MOJHOMH
CHCTEMEBI OCTATKOB.

Ecinsxem L 3, tom=38k+ 1 unu m = 3k + 2 nna HekoTo-
poro HaTypanbHoro k. PasGepem mepBrwIil cayyai (BTopoii pac-
CMAaTpPHBAETCH AHAJIOTHYHO):

M ={0, 3, 6, ..., 3k, 3k + 3, ..., 6k, 6k + 3, ..., 9k}.

Bce uucaa or 0 go 3k octaBMM Ha MecTe, a BMECTO YHCEN OT
3k + 3 go 6k BRIDHWIIEM 4YHCJIa, MeHbIIHe MX Ha m (3TO CcO-
XpaHsaeT eJUHCTBEHHOCTh CPAaBHHMOTO 3JIeMeHTa MHOKeCTBa):
nojaydarcs yucaa 2, 5, ..., 3k — 1. TouHo Tak Ke s YHUCEa OT
6k + 3 mo 9k BHIDHIIIEM BMECTO HHX YHCJIa, MEHbIIHEe HX Ha
2m = 6k + 2 — monyuarca uuciaa 1,4, ..., 3k — 2. B urore no-
ayunanck Bce uncaa oT 0 mo 3k (Tto ecTh mo m — 1), rampgoe
YHMCJIO BCTpEUAeTCA POoBHO oguH pas. ClemoBaTelbHO, cHCTEMA
OCTATKOB ABJISETCS MMOJHOMH.

3amaua 1.4. ITocTpoiiTe TabaMIly YMHOMKEHHA 110 MOLYJIIO 5.

Pemenmue.

mod5 |12 |34
1 11234
2 24113
3 3142
4 4132 |1

3amaua 1.5. IlocTpoiiTe TabAHUILy YMHOMeHHS 10 MOIyJI0 6.
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Pemenwne.

mod6 |1 |2 (3|45
1 112|345
2 24|02 |4
3 3013103
4 4120|442
5 543|121

Bomnpocsr no Tabnumam:

1) Ilouemy B meppoit Tabnnune He OBLIO HYJeif, a BO BTOpoil
OHHU €CThb?

2) Ilouemy B KaKJOH CTpoYKe IlepBOM TabaHIbl HHKaKoe
UHCJIO0 He MOBTOPAETCHA ABAKAbI?

3) Ina kaxux MonyJeil B Ipezesiax IIepBOTO AecATKa Tab-
JIAIB YMHOMXKEHHNA OYyAYT MOXO0MXH Ha TabJUIy II0 MOAYJIIO D, a
AJA KaKUX — Ha Tabauiy mo Monyimo 67

4) Croabko B Tabauie mo Mmoayamo 12 TaKUX CcTpPoOUeK, B KO-
TOPBIX HeT HyJe#?

OTBeTHI HA 3TH BOIIPOCHI:

1) Tloromy uTo 5 — mpocroe umcao, a 6 — cocraBHoe. Ko-
rja IIepeMHOXKAaIOTCA JABa UHKCJIa, OJHO W3 KOTOPBIX KPaTHO 2,
a gpyroe KpaTHo 3, To B pe3yJibTaTe (B Tabaume mo monyJiwo 6)
noayuaerca 0.

2) PoBHo 1o Toil :e npruuHe: ecau 0b1 ab = ac 1pu pasHBIX
b ¥ ¢, To B TOH Ke CTpouKe HoJjxeH Ob1a1 661Th 0: a(b — ¢) =0.
Ho mo nmpocToMy MOZYII0 3TO HEBO3MOMKHO.

3) Ilo-Bugumomy, A1 IPOCTHIX MoOAyJel (To ecTh ymucen 2,
3, 7) Tabaunsl OyAyT aHAJOrMUYHBI Tabaume mo moxyaw 5 (Her
HYJIeH, BCe YHCJia B KaXX/JOM CTOJIOIe U KaXKJOH CTPpOKe pasamny-
HBI), a JJIs COCTABHBIX — aHAJOTHYHEI TabJauie o Moaymwo 6.

4) 9rtoT Bompoc chHOpPMYyJIHpPYeM NO-APYroMy: AJNA KaKHX
MHOXKHTeNIeH m < 12 He MOJKeT BEINIOJIHATLCA paBeHCTBO mn =0
HH NpH Kakux n < 12? HeBO3MOMXHOCTH TAKOTO PABEHCTBA
paBHOCcHIbHA yciaosuo m 1 12. Wuaue roesopa, m=1, 5, 7
uau 11. OrBeT: 4 cTPOUKH.



3agauM OJiA caMOCTOATEJIBHOTO pelleHHsA

3amaua 1.6. HaliguTe HamMeHbIINe HeOTpHIlATeJNLHBIE OC-
rarku 41 6% + 1 (mod 17) mpu k=1, 2, 3, 4, 5.

3amaua 1.7. a) IlycTe m — HeuyéTHoe HaATypaJbHOE UHCJIO.
Hokaxure, uro MHOoMxkecTBO {0, 2,4, ..., 2m — 2} — nonHasa cu-
cTeMa ocTaTKOB no Moxysio m. 6) Ilyers B L m. [Jokakure, 94T0
mHOKecTBO {0, kB, 2k, ..., (m — 1)k} — nonHas cucTeMa 0CTaTKOB
no moxyaio m. B) Ilyete kB L m, r — npousBoabHOe uucyo. [o-
Kaxkure, uro {r,k+r,2k+r, .., (m — 1)k + r} — nonHasa cucre-
Ma OCTATKOB II0 MOAYJIIO M.

3amaua 1.8. Ilycte d L m u ad = bd (mod m). Torga a =
=b (mod m).

3amaua 1.9. IIycts d — HaTypajJbHOE UYHCJO, SABJIAIOIIEe-
caA ofLIMM JenuTeneM a, b u m. JlokasKuTe, 4TO CpaBHEHHA
a=b(mod m) ma/d=0b/d (mod m/d) paBHOCHJILHEI.

3amaua 1.10. ITycTe p(x) — MHOTOUYJIEH ¢ IeNLIMH Koadhdu-
mueHTaMH 1 a = b (mod m). Torga p(a) = p(b) (mod m).

3amaua 1.11. JToxaxure, uro 72014 4 92014 : 10,

3agaua 1.12. [TokaxuTe, YTO HH IIPHY KAKOM HATyPalIbHOM N
yucyao 3" + 5" He ABIsAETCA IMOJHBIM KBaIpaTOM.

3anauga 1.13. ITocnemoBaTenbHOCTS (d,) 3ajaHa GopMyIaMu
ay=az=1, ap,2 =a,a,,1 + 1. Hokaxkure, uro a, — 3 — co-
cTaBHOE YHCJO IIpH 1 > 6.

Cwm. Takske 3agaum [J1—]J118.

Pemrennsa u YKa3aHHuA

1.6.61+1=7,62+1=2+1=3 (mod 17). [ansire npoIe
CHHT&TB Cpa3y «B oCTaTKaxX», YYHTBIBAA IIpeAblayIIHe Haﬁp;en-
HbI€ OCTATHKH IOJIdA CTeHeHeﬁ IHeCTépRIfI, nepemMHOMXasd HYXHbIE
M3 HUX M 3aTeM H00aBiAsA K pe3yabTaTy eJUHHILY:

62+1=6-2+1=13,
61+1=2.2+1=4+1=5,
6°+1=6-44+1=7+1=38.

1.7. ¥xazanue. Pemenne BcexXx NYHKTOB AHAJOTMYHO BTOPOH
yacTH pelreHus sagauu 1.3.

10



1.8. Tlo ycnosuw d(a — b) : m u d L m. CnegoBarentHo,
(a — b) i m, a 9170 ¥ 03HauaeT, uTo a = b (mod m).

1.9. Ilycrs a = da’, b =db’, m = dm’. Torga nepsoe cpaBHe-
HHe 9KBUBAJIEHTHO yeoBuIo (a — b) im, To ecTh (da’ —db’) :dm’,
a BTOpOE CpaBHeHHe 3KBUBAJEHTHO ycaosuio (a' — b') i m'. Que-
BHIHO, UTO IBA MOCJHEeIHUX YTBEPIKACHUA PAaBHOCHJILHEI.

1.10. ¥kazauue. 3anHIlluTe MHOTOYIEH B CTAHJZAPTHOM BH-
Jle, TIOCJIe Yero BOCIIOJIb3yiTecs pesyabraTamu 3azagd 1.1 u 1.2
M METOLOM MaTeMaTHYeCKOH HHIYKIIHUH.

1.11. Ha¥ifeM HeCKOJbKO NEPBHLIX CTelleHel CeMEPKH II0 MO-
mymo 10: 71 =7,72=49=9,73=7.49=7.9=3, 7 =7-3=1.
Tak xax 2014 = 4 - 503 + 2, nonyuaem 72014 = (74)503 .72 =
=159 .9 = 9 (mod 10). AHanOrHYHO AJIA CTeleHeil AeBATKM:
92 = 81 = 1, u nostomy 92014 = (92)1007 = 11007 — 1 (Cnegona-
TensHo, 72014 4 92014 =9 4 1 =0 (mod 10).

KommenTapuii, CopceM HeTpyAHO yOeoUTBHCSH, YTO CTENEHM
HaATYPaJbHBEIX YHCeJl BCcerja «3aluKJIHBalOTCA» (MO JHOG0MY
MOZYJ0). JTO cjlenyeT U3 TOr0, YTO KOJMYECTBO PA3JIHUYHBLIX
OCTATKOB KOHEYHO, a TAK KaK KOJHMYEeCTBO HATYPAaJLHBIX CTelle-
Hell DeCKOHEYHO, KAKOM-TO OCTATOK 00sA3aTejIbHO BCTPETHTCS
BTOpoii pas. [lasee M3 cBOMCTBa IPOU3BENEHUA CPaBHEHHH
cJlegyeT, UTO BCe IIOCHeNVIOIIHe OCTATKH TOXKe OyAyT IOBTO-
peHbI, T.e. BO3HHMKHET IHKJ OCTATKOB. B pelneHuu 3agadu
MBI (PaKTHYECKH HAINAM TaKoW IHKJI (M ANA CeMEépKH, W AJs
JeBATKH) M BOCIIOJB30BAJINCh TEM, YTO B HEM €CTh OCTATOK 1.

1.12. ITonauany cCoOBepII€HHO HEIIOHATHO, KAKOe OTHOIIeHHEe
3Ta 3a7a4a UMeeT K CPaBHEHHMAM II0 Moayiio. IlosTroMmy HauHEM
¢ TOro, YTO IIPOCTO COCYHTAEM HECKOJBKO IEePBBIX UYHCEJ BHIA
3" + 5":

31 +51=8, 32+52=84=2.17, 33+5°=152=8.19,
3*+5'=706=2-853, 3°+5°=3368=8-421.

Bosuukaer runoresa: 3" + 5” npH HeUETHBHIX MOKa3aTeNAX CTe-
IeHu AeJUTCA Ha 8, HO He AeauTcA Ha 16, a Ipu YETHBIX —
JenuTcA Ha 2, HO He JenHuTcA Ha 4. A Tak Kak JBOHKa B pas-
JI0KeHMe TIOJIHOTO KBaZpaTa BXOAUT BCEra B YETHOM CTelleHH,
BeIpaxkeHue 3" + 5” mosHBIM KBajgpaToM ObITh He MoxkeT. Ocra-
JIOCh 3TO JOKA3aTh C IIOMOINbLIO CpaBHeHuH 1o Moayaw. Temepnb
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yiKe IOHATHO, YTO BHIOHMPATE HYIKHO MOoAyabk 16, uTobbl mO-
JVUHTE II0 HeMY 8 i Hed4€THBIX CcTeleHell M KakHe-TO ellé
He KpaTHble 4 umcaa niasa 4éTHbIX. IIUKA pasa crenmeHed 3 1o
moxymnio 16:1,3,9,11, 1. Iluxn gna creneneii 5: 1,5,9, 13, 1.
O6a nuknaa UMeoT AAUHY 4, moatomy 3" + 5" Toxe HAET MUK
IJIUHBL He Gotee 4: 1 4+1=2,3+5=8,9+9=2,11+13=8,
1+ 1 = 2. BeiacudeTcd, 4TO AJHHA 3TOr0 MUKJIA HA CAMOM JieJie
paBHa 2, U OH COCTOHMT TOJIBKO M3 ABOEK M BOCBMEDOK, OTKYZA
U IOJIYYAEeTCH YTBepIKIeHue 3aJadn.

1.13. 9ra 3ajzauya Ka)kercsa emié OoJiee NANEKOH OT TeMBI,
uyeM mpepbigymias. TeM He MeHee, BBIIMINEM HECKOJLKO IIep-
BbIX 3HAYEeHHMH H nonpobyem pasobparscsa: a; = 1, as = 1,
az = 2, ay = 3, as = 7, ag = 22, ar = 155, ag = 3411, dg =
= H28706. (A007660)

Ilns a7 1 ag OYEBUIHO, YTO PE3YABTAT NOCJIe BBIYMTAHUA 3
He GyOeT MPOCTHIM UHCJIOM: B Pe3yJbTaTe MIOAYYAJIHCh YETHBIE
yucaa. OgHAaKo To, 4TO dg — 3 = 528703 He ABIAETCA HPOCTHIM,
Kak MHHUMYM He OYeBUIHO. A JaJbllie 4JeHbl I0oCAe0BaATEb-
HOCTH HAYMHAIOT PACTH TAK, UTO Ja’Ke BBIYMCJIEHHE NeCATOro
uneHa 6e3 KAJIbKYJATOpPa ViKe 3aTPYAHHUTENbHO. M310MHHKA
9TOI 3amayM COCTOMT B TOM, UTO TAKHE I'DOMO3JKHE BBIYKC-
JTeHuda BoBce He HYkKHBI! [locTaTouHO TOro, YTO MBI JIETKO
MOXKEM CYHMTATh YJIEHBbI 3TOH IOCIeN0BATENbHOCTH 10 MOAYJIO,
PABHOMY OZHOMY M3 IPEABIAYIIHX YJIEHOB: @,,.1 = 1 (mod a,),
a,,s =1 (mod a,), mosromy a,,3=1-1+1= 2 (mod a,),
an s =2-1+1=3(mod a,), ¢,.5=3-2+1=7(mod a,).
Jroro y»xe XxBaTaer, Ja)e ¢ 3aIlacoM: Tak Kak a,.4=3 (mod a,),
nojydaeM, 4To (@p.4 — 3) i ap, npuuem a, > 1 mpu n > 2.
A 3HAUUT, @, 4 — 3 ABIAAETCSA COCTABHBLIM UHCJIOM.
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3anarue 2

Pemenue cpaBuennii. Teopema Bunscona

9TO 3aHATHE IIOUTH IEJHKOM IIOCBSAINEHO PEHIeHHIO0 IIPO-
CTeHNIMX CPaBHEHMH, TO eCTh HAXOMIEHHIO OCTATKOB, KOTOPEIE
VIOBJIETBOPSAIOT JAaHHOMY cpaBHeHHIO. Kak mpaBmjo, MbI He
OyzmeM BBEIXOAUTE 38 PAMKU CpaBHeHHI epBOM CTelleHH ¢ OJHOH
IepeMeHHOMH, TO eCTh TAKHX, B KOTOPHIX JIeBasd M IIpaBas d4acTH
CPaBHEHUSA ABJAIOTCA JHHEHHBIMHM MHOTOYJCHAMMU.

Kaxnmoe cpaBuenune ax — ¢ =0 (mod b), KaK Jierko BHAETH,
SKBHUBAJIEHTHO YPaBHEHHIO ax + by = ¢, KoTopoe HeoOXoxumo
PEIIUTh B IEJNbIX YUcJaX. PelleHWsAMH X TAKOr0 CPaBHEHHUA
MBI OyZeM CUHMTATH BCE pasiMuHBIe ocTaTKU (1o Moxmyxaio b),
KOTOpbIE€ YIOBJIETBOPAIOT 3TOMY cpaBHeHHI0. Ho mpexze uem
ero pemaTh, MBI IIOCTapaeMcsa COKpPaTHTh umcia a, b, ¢ Ha ux
obmumit genurensnl.

Cayuait 1. Eciu HOH(c,b) =d > 1 u a pgenmrtca Ha d,
TO cpaBHeHHe ax = ¢ (mod b) PaBHOCHIILHO CPaBHEHHIO a'x =
=c¢' (mod ¥'), rme (a', ', ') = (a/d, b/d, c/d).

3amaua 2.1. Ilycte d = HOJl(c, b). Ilokaxxure, uro aroboe
pelrteHHe cpaBHeHus x = ¢ (mod b) genurcs Ha d, TO eCTh X =
=0 (mod d). IIpu sTom x/d ABAAeTcA pelIeHHEM CpPaBHEHUA
x/d =c/d (mod b/d).

Pemenne. Yciaosue d = HOJII(b, ¢) o3Hagaer, uro ¢ = dc’ u
b=db, npuuém ¢’ L ¥'. Tak xak x — ¢ = by, uMeeM x = ¢ +
+ by = d(c¢’ + b'y), uro paBHOCHIBHO x = 0 (mod d) u x/d =
= ¢’ (mod &').

Yro Oyzer ImocJie COKpalleHus Ha d, TO eCcTh KOTja yiKe
HOH(c, b) = 1?7 Moxer okasartbcsa, uro HOI(a,b) =d > 1.
ITOT caydai caMbIi ITPOCTOM: JieBasd YacTh YPaBHEeHUA

ax +by=c

!Touyno Tak e MBI MOCTYHANHM B IIKOJE C JIOGHIMH ADYTHMH YPaBHEHHAMH.
Hanpumep, BMecTo ypaBHeHus 14x = 77 Bcerga pemaroT ypaBHeHue 2x = 11, mo-
JIY4eHHOE B pe3yJbTaTe COKpalleHus Ha 7.
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oeJuTcss Ha d, a mpaBad HeT, IO3TOMY ypaBHEHHEe He MOXKeT
MMeTh eJbIX pemenunii. Takum o6pasoM, MMeeT MECTO

Cayyat 2. CpaBHenue ax = ¢ (mod b) Hepaspemiumo, €cJIHu
HOI(a, b) > 1, a HOI(c, b) =1.

Temneps paszbepemcsa co cayyaem 3, B koropom HOl(a, b) =1,
vOo HO/l(a, c) =d > 1. Yro genars B TAKOH CUTYAI[HH, MBI IIPO-
JeMOHCTPHUPYEM B ABYX CJeAYIOIMMX 3a7aYax.

3agaua 2.2, ITycts b — HeueTHOE uncyio 1 2ax = 2¢ (mod b).
JokaxkuTe, 4To ax = ¢ (mod b).

Pemenne. Yciaosue o3HavaeTr, 4To 2ax — 2c¢ : b, TO ecTb
2(ax — ¢) = bq, roe ¢ — nenoe yucyo. Jlepaa yacThb BEIpAKEHHA
yéTHa, 3Ha4YUT, U [IpaBaa dyacTh uétHa. Ho Tak Kak b HeuéTHoO,
YETHEIM JOMKHO OBITH ¢. SanumeM q = 2¢’, 2(ax — ¢) = 2bq’.
Orcroma ax — ¢ = bq’, To ectb ax — ¢ = 0 (mod b).

3amaua 2.3. Ilycrs b L k (T.e. HOL(k, b) = 1). dokaxure,
uT0 cpaBHeHue axk = ck (mod b) MoKHO coxpaTHTh HA k: M3
axk = ck (mod b) cnenyer, uto ax = ¢ (mod b).

Pemenne. JIokazaTenbCTBO YTBEPXKAeHHS 3TOM 3aJa4M IOJI-
HOCTBIO AHAJIOTHYHO NPEeNBIAYIIEeMY.

3amaua 2.4. Jloxkaxkure, uro ecau d = HOI(a, b) > 1, To
cpaBHeHue ax = 0 (mod b) uMeeT HeHYJIEBOE PeIlIeHHE.

Pemenne. ITo ycrnosuio b = db’ u a = da’, npuuém 0 < b < b.
Torga ab’ = a’b genurca Ha b, Tak uTo b’ — MCKOMOe pellleHue.

Kommentapuii. M3 3amau 2.2—2.4 BeITeKaeT clenymoliee
yTBep:KIAeHMe: 0be uacTu cpaBHeHHA ak = ck (mod b) MoxKHO
COKpamiaTh Ha k Torga 4 TOJBLKO Torna, Korma b L k.

3agaua 2.5. [loka)xure, YTO €CAH P — IPOCTOE YHMCJIO, TO:

a) B KaXK/I0H CTpoKe TAbJAMIBI YMHOMXKEHHA OCTATKOB II0 MO-
IV P BCTpeuYaeTcsa POBHO OJHA e€JHHUIA;

0) eqUHMIA MOXKET CTOATDH HA AUATOHAJH TOJbKO B IEPBOH H
IOoCJeHeN CTPOKAaX;

B) uymcJja, cpaBHuUMEIE Cc 2, 3, 4, ..., (p — 3), (p — 2) MoxHO
pasbuThL Ha IMaphl TaK, YTO IPOMU3BEJeHHEe YHCe B KA I0H mape
OyIeT cCpAaBHHMO ¢ eIUHHIIEH II0 MOAYJIIO P;

r) (p—1)!=-1 (mod p).

Peurenme. a) 1o yacTHBIN caydail yTBepKIeHHA O TOM, 4TO
B Ka)KJOM CTPOKe 3alHcaHa ITOJHAS CHCTEMAa OCTATKOB — CM.
szagauy 1.76.
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J:xon Bunscon (Yuicon) (1741 —1793) — aurnmiickuii MaTeMaTHK U
1opuct. Teopema, HOcALAA HbIHE €eT0 UM#A, BepBhle 6bl1a chopmyu-
poBaHa 0e3 JOKasaTeJLCTBA €ro yuyuTesneMm Jasapnom Bapunarom (Vo-
purTOoM) B 1770 rogy B Tpyme «Meditationes Algebraicae». Ilepsoe
JOKAa3aTelbCTBO Teopembl Bunbcona gan B 1771 roxy Hosed Jlym
JlarpaH.

6) Ha guaroHau cToAaT uncaa a-a. Ecou a®? = 1 (mod p), To
(@a—1)(a@a+1)=0(mod p), orkynaa—1=0wmm a+1=0.
Ilepsoe cpaBHeHUE COOTBETCTBYeT NnepBoil crpoke (a = 1), BrO-
poe — mocaegHel (a =p — 1).

B) U3 nyHKTA a) cileAyeT, 4TO B KaXKA0# cTpoke 2, 3, ..., p — 2
BCTpeYaeTcsd POBHO OJHA €IWHMUIIA, a4 U3 MyHKTa §) cienyer, 4To
OHA He HAXOMUTCH Ha NUATOHAJH, TO €CTh HOMED eé cToJIbIa He
COBIaJaeT ¢ HOMepoM cTpoKu. Ecinu B i-ii CTpOKe eIMHUIIA CTO-
HUT B j-M cToabLe, TO B j-# CTPOKe egwHHIIA OyAeT B i-M cTONG-
me (B CHIy CHMMETPHYHOCTH TabOJUIBI YMHOMKeHuA). A aTo u
03HAYAET, YTO COOTBETCTBHE, IPH KOTOPOM YHCIY i CTABUTCA B
COOTBETCTBHE UHCJIO j, 3afaéT pasOHeHHe BceX YHCeJ Ha Maphl.

r) BmecTo nepeMHoxeHus Bcex ymces oT 1 go p — 1 mogpsp
MBI IEPEMHOKHUM BCce HaiifleHHble B II. B) Mapsl YHceJl APYr Ha
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opyra (KaxIslil pesyJbTaTr npu aToM paBeH 1). Torpa mpomsse-
menue cpappumoc 1-1-...-1.(—=1)=-1.
3amgaua 2.6 (reopema Buarcona). [lokaxkure, 4To

(p—1!+1:p < (p— npocroe 4YHCJI0).

Pemenne. B 3azaue 2.5r gokasaHa JOCTATOYHOCTL YCJO-
BHA «p — npocToe». Ocrajloch JOKasaTh ero HeoOXOAHUMOCTB.
IIpexmonoxum npoTuBHOEe: p — cocTaBHoe. Torga cpeau umcesn,
MEHBIINX p, ecThb Jenutenu p. Eciwm n ¥ p/n— gBa Tarux
HeJuTeNdA, TO OHH 00a BXogAT MHoMutenamu B (p — 1)!, a
gHauuT, (p — 1)!: p. Ilosromy (p — 1)1+ 1 L p.

Mpger pazobpanu Bce CIy4Yau COKPATHMOCTH K03(dHuIHeHTOB
cpaBHeHud. Teneps caMoe BpeMs pasodpaThCs ¢ HECOKPATHMBIM
cay4yaeM.

OcraTox a (mod b) HazsoBEM oOpamumbim, eCIH CYIIECTBY-
eT o6pamuslil K HEMY OCTATOK, TO €CTh TAKOH a’, A KOTOpo-
ro aa’ =1 (mod b). s a’ Mme1 6ygeM HCIOAb30BAThL 0603HAYE-
Hue 1/a.

3amaua 2.7. a) Hoxaxwure, uyTo ecau a | b, To ocraror a
obparumM.

6) Hokakmre, uTo ecam ocraTok a (mod b) obparum, TO
alb.

B) Jlokaxmure, uTo ecau a | b, To pemieHHeM CpaBHEHHHA
ax = c (mod b) asnserca c/a (mod b), To ecTh ¢ - (1/a).

Pemenne. a) Eciu a 1L b, To (110 OCHOBHO¥M JleMMe U3 3aHA-
Tusa 6 kauru JII19) cymiecTBYIOT Takue 1ieable YHCaa X U Y, 4YTO
ax + by = 1. 9ro 3HaunT, uro ax = 1 (mod b), To ecTs x = 1/a.

6) Eciu aa’ = 1 (mod b), To cymiecTByer 1esoe k, I0A KOTO-
poro aa’ — 1 = kb, aa’ — kb = 1. JIo060ii 0011l AeaUTEb YHCE
a u b genur u Beipakenue aa’ — kb, a sgauur, HOIl(a, b) =1,
To ecTb a | b.

B) lomHOXHM 00e yacTy cpaBHeHud Ha 1/a. [Tonyuyum pas-
HOCHJIBHOE CpaBHeHHe (KCTaTH, II0UueMy OHO PaBHOCHJILHO, a He
ABAAETCA HEPABHOCHJILHEIM CJIe[cTBUeM?):

(1/a)ax = (1/a)c (mod b),
TO €cTh X = ¢/a (mod b).
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33}13‘{]{ JAJaA CaMOCTOATEJBHOTO pellleHnA

3amaua 2.8. HaiiguTe Bce pelleHHA CpaBHEHUH: a) 4x =
=9 (mod 13); 6) 3x =12 (mod 15); B) 20x = 30 (mod 55).
3anaua 2.9. PeminuTe cucTeMy cpaBHeHUH
6x+5y=1 (mod 11),
{ 4x + 3y =2 (mod 11).

3amgaua 2.10. a) Joxaxkute, uro (p — 2)! = 1 (mod p) npm
n06om mpoctom p. 6) [okasmkuTe, uto ecan (n—2)!=1 (mod n),
TO n — IIPOCTOE.

3amaua 2.11. a) okasxkure, uto ecnu p = 4k + 1 — npo-
croe yucao, 1o x = ((p — 1)/2)! ymoBnerBopAeT CpaBHEHHIO

x% = —1 (mod p). 6) Hajigure xoTsi 6BI OZHO HATYpAIbHOE

pelrenne cpaBHeHHA x° = —1 (mod 29), He mpeBocxoadAIee 28.
3amaya 2.12. C nomoiblo TeopeMbi BUnbcoOHA AOKaXKHUTE,
470 cpexu umces Buga n!+ 1 GeCKOHEYHO MHOTO COCTABHBIX!.
3amaua 2.13. Ilycts k£ > 3. HailiguTe Bce pemieHus cpaBHe-
HuA x° =1 (mod 2%).

Cm. Takxe zagauu [[19—]122.

Peurennsa u ykasaHusa

2.8. a) Haiiném ocraTok, obparusiii K 4 (mod 13). Ilnsa aToro
IepenuIeM HCKOMOe CpaBHeHHe B BUe ypaBHeHua 4m — 13n =
=1. Tak Kak 4-3 — 13 = —1, B KauecTBe M MOXHO B3ATb
—3 = 10. Tenepr (cMm. samauy 2.7TB) moMHOXUM o0e UacTH
cpasHeHud Ha 10: 40x = 90 (mod 13), uau x = 12 (mod 13).
Otger: x = 12 (mod 13).

0) Tak kak 3, 12 u 15 umeror HOJI, paBusiii 3, Ha HETO MOXKHO
COKpAaTHUTh, TIOJIVYHB PABHOCHJIBHOE cpaBHeHHe X = 4 (mod 5).
9T0 U ecTh OTBET.

B) CHauama cokpaTum Bcé (BKJ4Yada 55) Ha H, mepeigs
K cpaBHeHHIO 4x = 6 (mod 11). Tenepr cokpatum 4x u 6 emé

1Mo cux mop HeM3BeCTHO, KOHEYHO JM KOJHMYECTBO MPOCTHIX YHCeN BHAA
n! + 1 (A038507). Bcero wuaspectHo 22 raxmx uyucna (A002981), un. mHanboias-
MM M3BECTHHIM 1, JaoluM npocroe sHauenwe n! + 1, saBaserca n = 150209
(safigeso B 2011 r.). 9To OrpoMHOe YHCJO COZepHT 712355 aecaATHUYHBIX
3HAKOB M BXOJZHT B cnHcoK 500 HanGOJBIIMX H3BECTHBIX MPOCTHIX THCEN
(http://primes.utm.edu/primes/lists/short.txt).
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Ha 2: 2x=3 (mod 11). OcTanock 3aMeTUTh, YT0 1/2=6 (mod 11),
MO3TOMY pemreHmeM cAyKHUT x = 3 - 6 (mod 11). Oter: x =
=T (mod 11).

2.9. Belpa3uM y B3 NePBOT0 CPaBHEHUA U MOJCTABUM Pe3yiib-
Tar Bo Bropoe: 5y =1 — 6x. Tak kak 5-2=—1, 105+ (-2) =1,

roecth Yy = —2(1 —6x) = 12x — 2 = x — 2. IlopcrasiaeM BO BTO-
poe cpaBHeHue: 4x + 3(x — 2) = 2, orkyza 7Tx = 8. [JomuOKHEM
Ha —3: x = —24 =9 (mod 11). Tenepr moacraBuM HalifeHHOE

3HAYEHHEe X U moaydyuM y = 7 (mod 11).
2.10. a) ITo Teopeme Bunecona

@-D!=@-2)!p-1)=-1 (mod p).

Tak xak p — 1 = —1 (mod p), To nmocie JOMHOXMeHHA Ha -1
nosyuaeMm (p — 2)! =1 (mod p).

6) Ecau n umeer mpocroil menutens 1 < p < n, TO H 3TOT
IEeIUTeNb, H N/p BXOAAT MHOMUTeasMu B (n — 2)! (Tak Kak
06a onu mensme n, a (n — 1) L n). Torga (n — 2)! cpaBEHMO
¢ 0 mo Moaymao n, 3HAYKUT, IPEJIIONIOMKEHHNE O CYIIECTBOBAHUY
[IPOCTOr0 AEJUTEJIA HEBEPHO, U 71 — IIPOCTOEe HHCJIO.

2.11. a) 3amerum, 4TO

@-1D@-2)(P+1)/2) = (-1)(~2).(~(p—1)/2) =
=((p- D/2U-1)*=(p-1)/2)

Otcioga (p — 1)! = [((p — 1)/2)!]°. Teneps yTBepkAeHUe 3a8aUK
MoJy4aeTca HeloCpPeACTBeHHLIM IpHMEHEeHHEeM TeopeMbl Buib-
coHa.

6)x=14!=(2-3)(4-5)(6-7)(8-9)(10-11)(12-13)-14 =
=6-(—9)-13-14-(-6)-11-14=4-8-(-8)-14=3-4=
= 12. OcTasocs BO3BeCTH B KBaJApaT U NpoBepHTh: 122 = 144 =
= —1 (mod 29).

2.12. Ecnu n + 1 — npocroe uncio, 6oapmee 3, To n! + 1 ge-
AUTCA Ha Hero u pu atom nl+1 > n + 1, r.e. n! + 1 apadgerca
cocraBHbIM. Tak Kak IpocThIX uMces GeCKOHEeYHO MHOIO, Cpeau
yuces Buga n! + 1 6ecKOHeYHO MHOT'O COCTABHBIX.

2.13. Haiiném Bce x < 2F, ana xotopeix (x — 1)(x + 1) : 2%,
fAcHo, 4TO XOTA OBl OAMH M3 MHOMKHTeNeH NOJKeH OBIThL 4ET-
HbiM. Ho Tak Kak Apyroii MHOMUTENb OTJIHYAETCHA HA 2, TO OH
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roxxe yéteH. A tak Kak HO(x — 1, x + 1) = 2, To ogHa cKoOKa
JenuTca Ha 2, a Bropaa kpatHa 2% 1. CnepoBarenrHo, 3pech
BO3MOXKHBI 4 cnydasa: 1) x—1=0;2)x+1=0; 3) x — 1 = 2%,
4) x + 1 = 2F1, Kaxaplit cnydail 5aéT cBOé pelneHue cpaBHe-
musi. Oreer: 1, 281 — 1, 2k-1 1 1 2k _ 1,
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3anarue 3

Jleonapna Jiinep u ero pyHKIMA

IlycTe m — BaTypanbHoe uncio. KojguuecTBo yncel, B3aUM-
HO IIPOCTHIX C M ¥ He DOJBIIUX M, 0D0o3HAUYaeTCsa (m) U Ha3LI-
Baercsa yHkyuel Jiaepa. 3HaUeHHe (M) PABHO KOJIHUIECTBY
[IPABHJIbLHBIX HECOKPATHMEBIX Apo0Oeii co 3HaMeHaTeJIeM M, II0TO-
MY 49TO KaXXIBII YHCJIHNTENb TaKoM apo0H B3aMMHO IIPOCT C M.
B Horamuum Aiisepcona: p(m) = > [i L m].

1<i<m

ITpusedénnoii cucmemoll ocmamikos no mModynw m Ha3bIBA-
eTcA TaKo# HaGop YMCces, B KOTOPOM BCe YHCJIa BBAXMMHO [IPOCTHI
¢ m u Jioboe B3aMMHO IPOCTOe ¢ m Ilejioe YHCI0 CPaBHHMO
POBHO ¢ ONHHM YHCJIOM M3 Habopa.

HNHuaue roeops, IpUBeLEHHAA CHCTEMA OCTATKOB — 9TO Iepe-
ceueHMe TIOJIHOM CHCTEeMBI M MHOXKECTBA 4MCeJ, B3AUMHO IIPO-
cTeix ¢ m. Takike 3amMeTHM, 4UTO Bce IIPHBeJEHHBIE CHCTEMBI
OCTATKOB COAEpP:KaT OZHO M TO ¥Ke KOJHMUYECTBO 3JIEMEHTOB, a
UMeHHO p(m).

3amaua 3.1. Ilycte a | m wu uwmcna ki, ks, ..., k- obpasyior
[IPUBEAEHHYIO CHUCTEMY OCTATKOB II0 MoxyJaio m. Ilna kakux b
ypcsa ak; + b Takke o06pasyioT IPHBEAEHHVIO CHCTEMY OCTAT-
KOB II0 MOAYJII0 m?

OTBeT: HEOOXOAMMO H JOCTATOYHO, UYTODOLI b meanI0ChH Ha BCE
[IPOCTHIE AEJIHUTEJIH Yucjaa m.

Hokaszareascrso. Heo6xoqumocts. Tak kaxk a lm, To —b/a —
Kaxoii-To octaTtok. Ecnu b | p gnA HEKOTOpPOro p — IPOCTOrO
JeJIUTeNA M, TO STOT OCTATOK B3aUMHO IIPDOCT C p, & 3HAa-
YUT, DOJIMKEH COBMNAZAThL ¢ KaKkHM-To M3 k; (mod p). Ho Torama
ak; + b =0 (mod p), a ciaegosarensHo, HOHI(m, ak; + b) > 1.
IT0 HPOTHBOPEUHT TOMY, UTO ak; + b BXOZHUT B IPHUBEAEHHYIO
CHCTEMY OCTaTKOB.

Jocrarou”octs. [Iycth b genuTcss Ha Bce IMPOCTHIE MHOMKHU-
Ten m. Ecau Kakoe-To U3 uuces ak; + b He B3aMMHO IIPOCTO
¢ m, To HOIl(ak; + b, m) > 1, To ecTh AeJUTCS Ha HEKOTODOE
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Jleonapn Jiinep (1707—1783) — penunuaitimmmii maremaruk XVIII Be-
Ka, yueHuk Horanna Beprynau. Boapmasa gacTs ero pa6Gor Obina
HanucaHa B CaaxT-IleTepbfypre M onyOonuMKoBaHa B aKaJeMHUYECKHX
uznanuax Ilerep6yprekoit AH. B Teopun uncen Ditnep OB OHHM U3
NepBHIX, KTO OLEHMJI MaTemMaTHdecKHil reauit Ilrepa @epma u cymen
JOKAa3aTh PAJl OCTABJIEHHBIX KM TEOpPEM.

DyuKIua Jitnepa OGblla BHOepBHEIe HCMOJB30BaHa B 1760 rogy mna
IoKasaTenbcTBa Manoil Teopembl Pepma, a 3aTeM M ANA AOKasaTelb-
cTBa Gosnee oOIjero yTBepakAeHHA — TeopeMbl Jitnepa. CoBpeMeHHOE
obosHaueHme @(m) npexnoxun nospHee layec. B samangsoil nurepa-
Type 2Ty GYyHKIHIO HHOrAA HaseBalT «totient function»s.

npocroe p. Ho b : p, moaromy ak; : p, 3HauuT, 1 k; | p, 4T0 HEBO3-
MOXKHO AJIA IPUBEJEHHOTO OCTATKA. A TaK KaK YMHOMeHUe Ha
a 1 m u npubasieHue b — onepanuu o6paTUMBIE, TO OHH KOJIH-
YeCTBO OCTATKOB He MEHSIOT, IMoaToMy ak; + b — npuBenéaHasn
cHCTEeMa OCTaTKOB.

3anmaua 3.2. a) Yemy paBuo ¢(1)? 6) Yemy paBHO ¢(p), eciu
p — npocroe uucao? B) Jokaxmure, uro ¢(p?) = p(p — 1) nasa
IIPOCTOTO P.

Pemenne. a) ¢ (1) =1, moTromMy 4TO CyHmeCTBYET POBHO OJHO
HATypajJbHOe 4Hciio, He Oonbmiee 1 ¥ B3ammHO Ipoctoe ¢ 1.
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6) ¢(p) = p — 1, DoTOMy 4YTO BCe YMCJA, MEHBIIHE IIPOCTOro
Y@cia p, B3aHMHO IPOCTHI ¢ HUM. B) Cpeau HATYpaJLHBIX YH-
cen or 1 g0 p? He B3AMMHO NPOCTHIMH C p° ABJIAIOTCA JHIIb
yucaa, KpaTHEIE P, TO €CTh P, 2P, ..., P°. DTHX 4HUceJ] POBHO p, a
ocTanbHBIE p2 — p uKces B3aMMHO NPocTHI ¢ p°. Takum obpaszom,
(@) =p@-1).

3amaua 3.3. Jokaxure, uro ¢(p") =p" 1 (p — 1) npu 1060M
HaTYypPaJBHOM 7l B IPOCTOM p.

¥xkazanaue. PellleHHe IIOJHOCTHIO AHAJIOTHYHO PElIeHUIO 3a-
nauu 3.2B).

3amaua 3.4. [loxaxure, uTo GyHKIHUA Jiaepa My bmuniu-
kamuéna: npu a | b BeimonneHo paBeHCTBO @(ab) = p(a)p(b).

Pemenwne. Ilpy a =1 nmu b = 1 ara dopmyna, odyeBuaHO,
BepHa. Ilyers @ > 1 1 b > 1. Pacnono:xkum yuciaa or 1 go ab
B BHe TaOJMHIEI a X b;

1 2 e | T e | @

a+1 a+2 wja+tr . | 2a
2a+1 2a+ 2 w | 2a+T . | 3a
@b-1a+1 | b-1Da+2|..1b-—NDa+r)|..| ba

3Hauenue (ab) paBHO KOJHUYECTBY 4Hces B aTOH Tabiuune,
B3aHMHO IIPOCTBHIX ¢ ab. OTH uucia DOMKHEI OBITH B3aMMHO
NpocTHIMU ¥ ¢ a, ¥ ¢ b. Tak xak HOI(qa + r, a) = HOI(r, a),
TO YHUCJA B I'-M CTOJIOIE TAOGJAMIIBI B3SAHMHO IIPOCTHI C @ TOr/Aa
M TOJIBKO TOrAAa, KOorja 4ucio r (TO ecTh YHCJI0 M3 IIepBOH
CTPOKH 3TOro cToybia) B3auMHO mpocTo ¢ a. Takux croabios,
04Ye€BHIHO, POoBHO p(a). Ocranoch BBIICHUTB, CKOJIBKO B TAKHX
cronbumax uuces, B3aUMMHO OpocThix ¢ b. Paccmorpum uucia
r-ro cronbua: r,a+r,2a+r, .., (b — 1)a + r. Cpegu HUX Her
IBYX CPaBHHMBIX II0 MOAYJII0 b, T.e. oOHM 006pasyioT IOJHYIO
CHCTEMY OCTATKOB II0 moayawo b (cM. zagauy 1.7B). A sHaumT,
cpeau HUX POBHO ¢(b) B3amMHO npocTeix ¢ b. Takum obpasom,
B KaXKJ0M U3 ¢(a) cTonbIoB, B KOTOPEIX CYIIECTBYIOT B3aMMHO
npocThie ¢ ab uucia, Takux ymces poBHO (b). Orcroxa momuy-
gaeM, 4TO 00Imee MX KOJIUYECTBO paBHO p(a)yp(b).
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3amaga 3.5. Ilycte
n= H P

— KaHOHHYECKO€e pa3jIoiKeHHe YHCJA 71 Ha IIPOCThHIE MHOMKHTE-
au. BeiBegure u3 3agay 3.3 u 3.4, uto
o) =T1@i - DpF " =nT1(1- %1)
L L
(B obonx BapuaHTax (GopMyJbl Mpou3BeAeHne OGepéTca 1Mo BeeM
[IPOCTBIM AeJHUTENAM 7).

VYkazaawe. Bce MHOXXHTEIM B BRIMUCAHHBIX ITPOU3BEAeHUAX
OOMADHO B3aHMHO IIPOCTEI. JIJIA KaXAOro M3 HHUX NMpHMeHAEM
pesyasTaT 3amadyd 3.3, a 3aTeM AJIA NPOHU3BeAeHHS B3AHMHO
MPOCTBIX YHCEJ HCIOJb3yeM Pe3yJbTaT 3aadu 3.4.

3ajaua 3.6. a) Muma BeIinucan Bce IpaBHJIBHBIE APoOH coO
sHameHaTesneM 30 M NPHUBEN HX Bce K HECOKPATHMOMY BHAY.
Jlia xaxgoro sHaMeHaTeNnA HaWIWTe, CKOJBKO Apobeii ¢ aTUM
s3HaMeHaTesieM oH monyumi. [Jokamxure, uro 30 = (1) + ¢ (2) +
+ 9(3) + ¢(5) + ¢ (6) + ©(10) + ¢ (15) + ¢(30).

0) (ToxmecTso I'aycca) [lokaxuTe, uro aoboe HaTypaabHOE
YHCJIO PABHO CyMMe 3HA4YeHMH (QYHKIUH Jilepa AJA BCeX €ro
menuteneii: n =73 p(d) =) ¢(d)[nid].

nid

Pemenne. a) ¥ Mumu nonxyyuaucs xpobu 1/30, 1/15, 1/10,
2/15, 1/6, 1/5, 7/30, 4/15, 3/10, 1/3, 11/30, 2/5, 13/30,
7/15,1/2, 8/15, 17/30, 3/5, 19/30, 2/3, 7/10, 11/15, 23/30,
4/5, 5/6, 13/15, 9/10, 14/15, 29/30. Ho6aBuM K HHM ele
Ipoos 30/30 = 1/1. 3uamenarens 30 ocTajics poBHO ¥ TeX ApO-
Geil, y KOTOPHIX YHCJNTENH OB B3aMMHO IpocT ¢ yucyom 30,
To ecTh poBHO Yy (30) = 8 mpobeii, ocraxpHbele ApoOHM OBLIO
MOXHO COKPATHTB. Bce ocCTanbHBIE 3HAMEHATENH MOJIYUYEHBI
IpH COKpalleHuu Apobeil co smameHaTenem 30, mMOITOMY OHH
asnawoTea geautenamu 30. Hoxaxem, 9to pia mo6oro meixw-
Telsa d Iocjie COKPAIEHHA OCTaJNCh BCe HECOKpPATHMEIE IIpa-
BHJIBHEBIE Ipobu co 3HamMeHaresneM d. [Ijis npuMepa pacCMOTPHM
d = 15. JIwbas gpobs m/15 nomyuniace coKkpaieHueM Ha 2 U3
Ipobu 2m/30. 3HauuT, y Hac ecTs poBHO p(15) =8 ‘apobei
co 3Hamenarenem 15. Amamoruuno, 3HameHaTeas 10 umeroT
©(10) = 4 ppobu, sHameHaTenb 6 umeror p(6) = 2 gpobwu,
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