


Pegakagaonnag koagerag cepaar:

A. J1. Briurkos (kooparHATOD IpoeKTa)

E. C. T'opcras (oTBeTCTBEHHEIH CEKpeTaph)
B. M. I'yposuiy

JI. 5. MegHHKOB

A. B. IllanoBasos (OTBeTCTBEeHHEIH peJaKTop)
H. B. fliuenko



A.U. Crubues

HeaumMmocTsb
MU IIPOCTHIE YHCJIA

HS,II&HHB BTOpOE, CTePEOTHIIHOE

Hazpareascrso MITHMO
Mockga, 2013



VIK 51(07)
BBK 22.1
C26

Crudoues A. H.
C26 JeTHMOCTE B IPOCThIE YHCa.— 2-€ U3L., CTePeOTHII. —
M.: MITHMO, 2013.— 112 c.: un.
ISBN 978-5-4439-0079-7

Bocemasa kHMKKa cepun «lIIkoabHBIE MaTeMaTHUeCKHEe KDYiK-
KH» IIOCBALIEHA OCHOBHBIM IIOHATHUSM U (PaKTaM, KOTOPHIE CBA3AHBI
€ JeJHMOCTBIO LIENBIX YHCEJI: IPH3HAKAM AEJTMMOCTH, IIPOCTBIM U CO-
CTaBHBIM YHCJIaM, aaroputMmy EBKauga, OCHOBHOU Teopeme apud-
MeTHKe M T. I. OHa npegHazHAYeHA AJA 3AHATUH CO IUKOJbHUKAMU
7-9 knaccos. B kHMKKY BOIILIM pa3paboTKHM BOCLMU 3aHATHI MaTe-
MaTHYeCKOTO KPYKKa ¢ 10Ap0o0HO MBJIOKEHHBIM TEOPETHUYECKHM Ma-
TEepHaJIoM, IDHMEpaMH 3aay pasiuyHOrO YPOBHA TPYAHOCTH, 3aja-
YaMH AJA CAMOCTOATENLHOTO PellleHUA U MeTOAHYECKUMH YKa3aHH-
AMH s yuureas. Ko Bcem 3agayam KaKI0oro 3aHATHA [IPUBENEHE
noapobHble pemleHuA. Kpome Toro, B npunoxenusx chopMyaIupo-
BaHbI [iBe ellé He pelléHHble MpolieMbl U3 3TOTO pasgesa MaTeMa-
THKH, 8 TAKME MPUBEAEHBbI IPUMEDhl HCCJeJ0BATeIbCKHUX 3a4a4.

KuuikKa agpecoBaHa IIKOJILHLEIM YYUTEAAM MATEMATHKU M PY-
KOBOAMTEJNAM MaTeEMaTHUYECKHX Kpy:KKoB. Hageemcs, uro ona 6yaer
HHTEpeCHa IIKOJBHHKAM W UX DOJAHUTENAM, CTYJEHTaM IeJarorunye-
CKHX BY30B, 4 TaKJKe BCEM JNIOOUTEIAM 3JIeMeHTAPHOM MATEeMATUKH.

ITepBoe usganue KHuUru Boiiio B 2012 r.

Anekceil Heanosuy Ceubnes

I[BJ’IHMOCTI: H IIPOCThIE YHCIA

Cepusa «IITKOJIBHBIE MATEMATHYECKUE KPYHKKH»

Texnuueckuil pepaxrop E. I'opckaasa, unniocrpanuu H. Henedsa

JIunensua MO Ne 01335 ot 24.03.2000 r. IToanucano B neuars 11.02.2013 r.
dopmar 60 x 88 1/16. Bymara odcernasn. [Teuats odcernas. O6sem 7 med. J.
Tupax 2000 sks.

WanaTenscTBo MOCKOBCKOIO LEHTPA HENPEPBIBHOIO MATEMATHYECKOrO 00pa3oBanusd
119002, MockBa, Bonvmoit Bracsesckuii mep., 11. Tea. (499) 241-74-83.

Orneuarano B tunorpadguu B Q00 «IIpunt Cepsuc Ipynms.
105187, Mockea, yn. Bopucosckasi, a. 14.

ISBN 978-5-4439-0079-7 © MIITHMO, 2013




IIpenucnaoBue

IIpu manoxenuun Kypca «l[eIMMOCTH M IIPOCTHIE YMCJA»
€CTh Ba OCHOBHBIX ITOAX0Ja. IlepBHINl CTABHUT BO IJIABY yIJa
JOTHKY H3JO0XKeHUA: BCe VTBEPMKJIEHUS [AOKa3bIBalTCA,
a He JOKasaHHbIE He HCIIoab3yioTesa. CM., Hanpumep, [1]. Bro-
PO AenaeT yIop Ha 3ajlavyax: OCHOBHASA TeopeMa apu(MeTHKH
dbopmynupyeTcs cpasy u 6e3 JOKa3aTeJbLCTBa, UTO IIO3BOJSET
He 3aHUMAaThCA TEOPETHUYECKHMHU TOHKOCTAMU, a Cpa3y Ke pe-
IIATh cofiep:KaTenbHele 3agaun. Cm., Hanpumep, [5].

§1 monerTancs moiTH cpefHUM NyTEM. MHe Ka)KeTcA MPUH-
IUAIHAJBHO BayXHBIM B MaTeMaTH4YeCKOM Kypce AOKa3bIBATH
(paHbllle WM TO3Ke) Bce yTBep:KAeHus. OmHaKo 0e3 3amay-
HOro IIOAKPEIlNIEeHVA JOKasaTe/lbCTBa TeOPeM dYacTo [peBpa-
mamTed B GopMaabHbie TeKCThl. Hanmpumep, 4ero cTOuT AadA
BOCBMMKJIACCHHUKA HaHHOe 0e3 IMOATOTOBKH YTBEeDIKIECHHE:

«Jloia mo0bIX B3aMMHO IIPOCTHIX @ U b HaWayTcA Taxkwe
X " Y, 9r0 ax + by = 1»!

ITosTOoMy sTanbl HOKa3aTeJLCTB PACTAHYJINCH HAa HECKOJIb-
KO 3aHATHI, B KOTOPBIX MCIOJb3yeMble HAEH U KOHCTPYKI[HMHA
MOTHBHPYIOTCA M HCIOJIB3YVIOTCA B 3aZjlauyax. KpoMe Toro, MHO-
rza s [Mo3Bo.Jisij cebe OpaTh YTBEPIKACHUA «B3aliMbI», JKePTBYS
IOC/IEOBATETLHOCTBIO U3I0MKEHUS DA ero KUBOCTH !,

B peayabTaTe (KaK A HaJEKCh) 3TAIbl JOKAa3aTelbCTB CTA-
JHU JOCTYHHEBI, a II0 XOAY peIlalTcd HWHTEPEecHbIe 3aJadu.
IIpaBaa, B X0fe «pasMasbiBAHUA» ITAOB 3aTEMHUJIACE JIOTH-
yecKas CTPYKTypa AOKasaTejbCTBAa OCHOBHOHN Teopembl apud-

1A umenno, B 3anaTrun 2 GOpPMyIMPYETCS TeopeMa O B3aMMHO TPOCThIX
HeJHUTENAX, KOTOPasd MCIOJAb3yeTCA NPU PEeIlleHUH 38744 HA [PU3HAKH fe-
JMMOCTH; B 3aHATHH 6 MPDHBOAWUTCA TeopeMa O COKPAIeHWH IIPOCTOr0 MHO-
JKHTENA, HYyKHAA NNA pellleHHA HeOAHOPOAHBIX AHOGAaHTOBBIX YPaBHEHUH.
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MeTuKu. [IpuBegéM KpaTKyIO CXeMy A YUUTEJA H OATOTOB-
JIEHHOr0 yYeHHKa:

1. BBoguTcsas NMOHATHE NPOCTOr0 YHCJA M AOKA3bIBAeTCH,
uro gr0boe Yncs0 pacKJaaAblBaeTCA Ha IPOCThIe MHOMKH-
TeJH; HPH 3TOM BOIPOC OAHO3HAUHOCTH He H3yuaeTcs
(3aHsTHE 4).

2. Bogurcsa anroputMm EBKinuga (3aHaTtue 5).

3. C momompio anropurma EBKanza AoKa3bIBaeTCA OCHOB-
Hasa JeMMa (3aHsaATHE 6).

4. W3 0OCHOBHOM JIeMMEI BBIBOAUTCSA TEOpeMa O IIPOCTOM Je-
aurene (saHstue 7).

5. W3 TeopeMBl O IPOCTOM J€JHTEJE BLIBOSUTCH OTHO3HAU-
HOCTh Pas3I0XKeHHua Ha IPOCThie MHOMKUTENH (3auaTue 8).

Takxe B 3aHaATAN 6 U3 OCHOBHOM JIEMMBI BBIBOJASTCA TeEO-
PEMBI 0 B3AMMHO ITPOCTHIX JIEJIUTEJAX M O COKPAINEeHUU MHO-
KHUTeJA (HO B MUHMMAJBHOM JIOTMYECKOH cXxeMe OHU HeoOsA3a-
TeJAbHBI).

TeopemMaM 0 JeTMMOCTH AAHBLI HA3BAHUS, YTOOLI MIKOJILHU-
KaM OBLJIO Jierde «y3HABATH UX B JIUIIO».

Ilpu penreHuu 3a7ay U3 MepPBBIX 3aHATHI ¥ IMTKOJLHUKOB,
BO3MOYKHO, OyAeT BOZHHMKAThL cOOJIa3H CChLIATBCS HA €lé He
IOKasaHHbIe CBOMCTBA IIPOCTHIX YHCEJ, OJHO3HAYHOCTh PA3JIO-
JKEeHHsI HA IIPOCThie MHOMXuTeau u T. A. OgHaAKO Bce 3agayu
MOYKHO DeIllUTh, OIIMPAasiCh HA JOKa3aHHBLIM Marepuasa B pam-
Kax TOro 3aHATHA, HA KOTOpoM oHM mparorcs. Ilonesuo Tpebo-
BaTh OT IMIKOJbHHKOB JeJIaTh 9TO, IPHUyYad UX K «JHCTOTE»
peleHus.

ITogaBnsaloniee GONBIIMHCTEBO 3afad He MPUAYMAHO aBTO-
pOM, a B3sTO M3 JIMTEPATYDPHI (3a4aCTYIO ¢ HEKOTOPBIMH H3Me-
HEeHUAMH B popmysupoBKax). KHura [1] noBnusama Ha jiorude-
CKVIO CTPYKTYPY Kypca (ZOKa3aTelIbCTBO OCHOBHOH TeOpEeMbl
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apudmeTvkm). Kuura [5] gana mMmHOrme uaeu sajgad u sajgad-
HBIX OUKJI0B. VI3 kHuru [4] B3ATO MHOro APKUX (HOpMyIHpO-
BOK (0coOeHHO 3aay Ha AU0(AaHTOBLI YPABHEHUA).

Aprop OGsaromapen A.]Jl. Buwmmkxosy, WH.B. IIucapenko
¥ cBouM yueHuKam, OcoOeHHYIO MTPHU3HATEIBHOCTh aBTOP BBI-
pamxaer A.B. IllamoBanoBy, IOMOIIb KOTOPOI'O 3aMETHO IIpe-
BBINTAJA OOBIYHBIE AJIS PEAAKTOPA PAMKH.

IIpoce0a mpuchLIATH OT3HIBBI M 3aMeYaHHUA HA 3JIEKTPOH-
HBIH afpec sgibnev@mccme.ru.

3auaTtusi 1-4 opueHTupoBaHbl HAa 7—8 Kiacc, saHATuA 5—8 — na 8-9
KJacc.

Hawubosee BaxkHble 33/Ja4y TOMEYEHBI 3HAKOM «+», HAaUGOJIEee CIIOKHBIE

3aa4yd — 3HAKOM ¢« ». EcJu He OroBopeHO MPOTHBHOE, IO «YHCJIAMH»
MOHUMAKTCA <«LeJIble YUCIas.






3auarue 1

JeruMoCcTs YHuceI

Onpepenenne. 'OBOPAT, YTO YHCIO a AEJTHTCS HA YHUCIO b
(unu a kpatHO b, My b genurenas a), eciu HAHAETCA TaKkoe
LeJIoe YUCJIO ¢, UYTO @ = b - g. O6o3HaueHue: a : b.
Hamannaa HHTPEeINpeTaluA: eCJIH d MOHET MOJKHO Pa3JoHUTh Ha b ogn-
HAKOBBIX CTOIIOK, TO 4@ KpPaTHO b. ,E[pyraﬂ HHTepHnperanguda: ecJqu @ MOHeT

MOKHO PA3JIOKHUTH HA HECKOJLKO KYUeK Mo b MOHeT B Kaki0MH, TO @ KparT-
Ho b. M3 Hee cnegyer, 4TO HA NMapel pa30MBAETCA TOJNBKO YETHOE YKCJIIO.

3amerum, uTo ecau @ : b, To a } (—b) (moxakure!). Ilosro-
MY, €CJIM He OrOBOPEHO IIPOTHBHOE, MLl 0yZeM MCKaTh TOJIBKO
nonoMcUMmenbHble deumen YHCell.

3anaua 1.1. Haiigure BCce genuresn yucia 36.

Pemenue. Bygem mocaexopaTeibHO IPOBEPATE uyuchia 1, 2,
3,4 uT. A.: ecsid BX MIPOU3BEJEHHE HA KAKO0e-TO YUCIO JAaCT
36, samuineM 310: 36 =1:36 =2.18=3-12=4:9=6-6 =
=9.4=12-3=18-2=36-1.

3aMeTUM, 4YTO B 3amucu a = bq o0a yucyia b U ¢ ABIATCA AETUTEIAMH
yucya a. [Toaromy nepefop MOKHO OCTAHOBHThL Ha NpousBeaeHuH 6 - 6.

3amaua 1.27 B BepxHeii cTpoKe TabIUIbl YKA3aHO TO, UTO
maHo. B neBom cTosbie — TO, YTO cHpamIuBaeTcA. 3al0JIHUTE
IIyCThI€ KJIETKH: €CJIH «Ja», TO IIOCTABBTE «-+», €CIU «HET»,
TO «—», ecJIU JAaHHBIX He XBaTaeT, TO 3HakK «7». ObocHyiiTe
CBOH OTBETEHI.

Haimnbfm aimubzmla/{mnblml

a+bim?
a—bim?
a-b:m?




Pemrenune. PaccMOTpUM 11€PBYIO CTPOKY Tabauibl. Tak Kak
a=kmub=Im,oa+b=(k+1)m, To ectb a + b genurca
Ha m. C KjJeTKOH mojA HeH (pasHOCTHL) BCé aHaNOrM4YHO. Bos-
MOJKHO M TaKoe paccyxJeHue: MOCKOJIBKY b :m, Tou —b:m,
claefoBaTeNbHO, H cyMMa a + (—b) menurca Ha m.

Temepr paccMOTPUM TPETHIO KJIETKY B IIEPBOIl CTPOKE.
5 f3ul 3, vob5+1:3. Ognako b /3 u 2 /3 u rak-
ke b+ 2 3. [losromy AaHHBIX HEJIOCTATOYHO. AHAJIOTMUYHBIE
IpUMephl MOKHO IIPUBECTH W JIJIA PA3HOCTH.

PaccmMoTpumM BTOpPYIO KJIETKY B IepBoil cTpoke. IIpeamosro-
KuUM, uToc =a+ b : m. Torma u b = ¢ — a JOIKHO HEeJIUThCA
Ha M KakK PasHOCTb ABYX YMCel, AendAmuxcsa Ha m. IToxydeH-
HOEe IIPOTHBOpEeYHe MOKAa3bIBAeT, UTO a + b He AexuTca HA m.
AHAJOrMYHO U ¢ PA3HOCTHIO.

Teneper paccMOTPUM JAeAMMOCTH POMU3BEAEeHUA (TPEThs
crpoka). Ilockonery @ = km, 10 ab = (kb)m : m HezaBUCH-
MO OT JexumocT# b Ha m.

B nocsennei KaeTKe TpeThel cTPoOKY ab MoKeT He JeJIuTh-
cs Ha m (Hanpumep a = b =1, m = 2), HO MOXeT U JeJTHTHCA
(Hampumep, a = b = 2, m = 4). 3HaunT, JAaHHLIX He XBATAET.

MoskHO OaTb HAIVIAAHYHK HHTEPIpeTalnuio 6OJIbLT.II/IHCTBy OTBETOB: eCJIH

Kaxgasa M3 ABYX KY4YEeK MOHET pacKJjajblBaeTCdA Ha CTOIIKM IIO /M MOHET,
TO K Oﬁ'beﬂPIHéHHaﬂ KY4YKa TOX€ PasJOXHUTCA, H T. O.

Pesynwsrare! aT0#l 3aaUu MOIE3HO BATOMHUTE:

| ||a§mub5m|a5mnb£m1almnb1m1

a+bim? + - ?
a—b:m? + - ?
[abim | + [ + | 2 |

O6paTuTe BHUMaHUEe YUEHHKOB HAa TO, UTO B IIEPBOM M BTOPOH CTpPOY-
KaX OTBETHI OAMHAKOBLI (B 3TOM CMEICJIE CYMMa M Pa3HOCTh C TOYKHU 3peHUA
AeJUMOCTH Hepasau4yuMbl). Ha 3anaTum 7 MBI NOMMEM, OT Yero 3aBHCHUT
AeJMMOCTDL YHCEJ B TPETheM CTOJ0IE.

3amaua 1.3. Onpenenure, He BBHITOJHAA NEHCTBHIA, AeIUT-
csa mu a) 182 — 72 ma 11; 6) 533 + 673 + 23 na 60; B) 18 + 23 +
+ ...+ 823 na 83.



Pemrenue. a) lenurca: 18272 = (18—7)(18+7) = 11.25 ;
: 11.

6) He menurca: 533+ 673 = (53 +67) (532 - 53-67+672) =
=120- (532 —53-67 +67%) : 60, a 23 £ 60.

B) llenuTcsa: pa3oObéM cilaraeMble Ha APkl U AOKAMKEM,
YTO CyMMa B KamaoM nape peautcsa Ha 83. Hanpuwmep, 1% 4
4823 : 83, 23 4 813 : 83.

3apaua 1.4. Ilets cumMraeT, uTo eciau a? menurcs Ha a — b,
to b% menmurca Ha a — b. IIpas au on?

Pemenue. Paccmorpum pasHocTs AByx IleTuHBIX BhIpae-
Huit: a®—b2 = (a—b) (a+b) : (a—b). [TockoabKY yMeHbIIAEMOE
¥ pasHOCTh [AeJIATCcA Ha a — b, To 1Mo 3agaue 1.2 u BeiunTaemMoe
OOJIXKHO AenuTbhesa Ha a — b. IToatomy Ileta mpas.

MoxxeT OBITh IToJ1e3Ha TakKasf lbOpMy.JIHpOBKa: €CJIK CyMMa (DB3HOCTB)

ABYX 4HCeJ AeNUTCA Ha m, To Jubo obfa yucaa geadaTcsa Ha m, Jaudo oba
He nelATcH.

3amauga 1.5. a) JJokakuTe, 4TO KBaJApaT HATYPAJIBLHOrO 4uc-
Jla UMeeT HeUYETHOe KOJIMYecTBO feuTeseil. 6) BepHo au 00-
patuoe?

Pemenne. a) CrpynnupyeMm AeJHUTeNId YUCIA N = M ec-
au d — JeawuTesb YHUCJA 71, TO g — TOKe JeIUTelNb; 00bean-

2

HUM uX B napy. ToasKo m momnagétr B mapy ¢ caMuMu co0oH,
a Bce OCTaJbHbIE JEJHUTEJH N pa3obbloTcA Ha napbl. ITosTomy
y KBagpaTa Hede€THOe YUCI0 JeJihnTesed.

6) Ecau xkonudecTBO menuTeneil HEYETHO, 3HAUUT, €CTh Ia-
pa coBmajamiux geaurenei. CiaegosaTebHO, YHACJIO SBAAET-
cH KBagpaToOM, TO €CTh 06paTHOE TaKKe BEpPHO.

3agauya 1.6. Joxkaxxkute, 4To a) npoM3BeJeHHNe ABYX IIOCje-

n
— 1eJioe.

JOBATEeJBHBIX YUCEJ AeJHTCHA Ha 2; 0) YHucjo 2
Pemenne. a) 3aMeTHM, YTO CPeAu ABYX ITOAPAL HIYIIIHX
yuces X0Ts Obl ofHO genuTcs HA 2. ITo 3agaue 1.2 nponssene-
HHE TaKXke JequTcs Ha 2.
6) Pas/o:KuM YUCANTEb HA MHOKUTENH: N2 +n = n(n+1).
I[MTonryuum mpousBefeHNe ABYX IOCJIEI0BATENIbHBIX YHCEN, KO-
TOpOe YETHO IO II. a).



3amauu IJs CAMOCTOATENbHOIrO pelieHu s

3amaua 1.7. B kakom caydae gBa uncyia @ U b TaKOBBI, YTO
a neaurtcsa Ha b u b genurca Ha a?

3amaua 1.8 a) Bepro s, uroecin a i mu b i n, To ab :
: mn? 6) Bepso nmu, utoecnua:bubic, 0a:ic?

3anaua 1.9. Baca cuuraer, yro ecau ab + cd nenurcs Ha
a — ¢, To ad + be Toxke aenurca Ha a — ¢, IIpas au on?

3amaua 1.10. B TpoiiHOM KOpPOJIEBCTBE HMEIOT XOMIeHHE
TOJBKO MOHeTHI 110 9 1 1o 15 3o0TEIX. JJOKAXKHUTE, YTO TAKH-
MH MOHETAMH HeJb3da HabpaTh cyMmy B 50 30/10THIX.

3amava 1.11. a) Mamra moxaspIBaeT TaKOM (POKYC: el Ha-
3BIBAIOT JII000e TPEX3HAUHOE UHCJI0, OHA MIPUITHCLIBAET K HEMY
TAKOe Ke, a IIOTOM B yMe 3a CeKYHAY JEJHUT MOJYYHUBIIIeecs
niectusuaunoe yucyao #Ha 1001. Kak ona ato menaer?

6) Camra samernsa, 4TO BCe IIeCTH3HAUHBIe ymcaa Mainu
penarca Ha 7. Ilouemy? Ha Kakue elé umciaa oHH JeJIATCA?

3apaua 1.12, B HekoTOpoM rocygapcTBe ObLiIa THPbMA,
B KaXXJOHM M3 cTa KaMep KOTOPOH CHAEJO M0 OJHOMY 3aKJI0-
yéunomy. Kameps! Obliu npoHymepoBanbl yucaamMu oT 1 o
100, a 3aMKM B HHX OBIJIM YCTPOeHBI TaK, 4YTO IIPU OJHOM
IOBOPOTE KJII0Ya ABEPH OTKPHIBAJACh, IPH CJIEAYIOIIEM IMO-
BOpPOTEe — 3aKphIBajachk u T. A. [laps
B TO BpeMsdA BOEBAJl C COCEIHHM IOCY-
IapcTBOM, H B KAKOHW-TO MOMEHT eMy
MOKAa3ajioch, YTO OH HOOeXxJaeT.

Ha pajocrax uape 1mociaj T'OHILA
C yKasaHHeM OTIepeThb Bce KaMephl,
HO 3aTeM XOJ BOeHHBIX JeHCTBHHA H3-
MeHHJICHA, U IIaphb IOCJaa IPyroro rod-
Ila BIOIOHKY II€PBOMY, HAKa3aB eMy
IOBEPHYTh KJIOY B 3aMKe B KaxI0oH
BTOpPOH KamMmepe; 3aTeM ObLI IIOCJIaH
crenyIOUINi roHen, YToObBl IOBEPHYTH
KJIIOU B 3aMKe V Ka)KJoil TpeThel Ka-
MepEI, U T. I.
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Takum obpasom 100 roHi0B IpUOLIBAJIN B TIOPbMY OJAHH 3a
APYIUM H II0CJIeJ0BATEJbLHO IOBOPAYMBAJIM 3aMKH B KaMepax.
CKOJIBKO Y3HHMKOB B HTOTIe BBHIIIJIO HA CBOOOAY M M3 KAKHX Ka-
Mep?

OTBeTHI H penIeHusa

3amaua 1.7. U3 Toro, uro a genurca Ha b, cieayer, 4To
la| = |b|. U3 Toro, yTo b menurca Ha a, ciaexayer, 4to |b| = |a.
IlBa HepaBeHCTBa BMecTe JaloT |a| = |b|, To ecTs yKucaa MOryT
OTJIMYATHLCA TOJHKO 3HAKAMH.

3amaua 1.8. a) BepHno: Tak Kaxk a = lm, a b = kn, to ab =
= (kl) (mn), T0o ecTb TO ONpEJIEIEHUIO AETUTCA HAa mn.

6) BepHo: Tak Kak a = kb, b = lc, To a = (kl)c, TO ecTh
I10 OIpeeSIeHUI0 @ JeJIUTCS Ha C.

ITH ynpajKHEHUA JOCTATOYHO IPOCTHIE, OAHAKO BAXKHO, YTOOBI IIKOJIb-
HUKH IIPUBLIKJIM KOPPEKTHO JOKa3bIBAThH YTBEDIKAeHHA, CChLIaACh Ha onpe-
penenne. CKayKeM, B OPeAbIAVIINEM VIPaXKHEHUH MOJIe3HEE TOBOPHTEL «IIpPO-
HM3BeIecHHEe KPATHO MA», YeM «B YACTHOM OyAeT Iesioe YHCIO».

3amaua 1.9. [elicTeys ananoruyno sagave 1.4, zaligém
PasHOCTHL ABRYX BBIpakeHwuii: (ab + c¢d) — (ad + bc) = a(b —
~d)—cb—d) =(a—¢c)(b—d) : (a - c). ITosromy u BTOpPOE
BBIDAsKEeHUEe NEeJUTCA Ha 4 — C.

3amaua 1.10. 3amerum, uto 9 u 15 gensarca Ha 3, IO3TOMY
awbasa cymMMa, HabpaHHAS TAKMMYA MOHETAMH, TaKXKe AeJIUTCS
Ha 3. Onnako 50 He nesuTca Ha 3.

3agaua 1.11. a) Bamerum, uro abcabc = 1001abc. IToaro-
My YacTHOE IPOCTO PABHO MCXOJHOMY YHCIY.

6) 1001 = 7-11-13, moatomy uHcJyga Buaa abcabe nenarcsa
Ha 7, Ha 11, Ha 13 ¥ Ha Ux MONIApHBIE IPOU3BEAEHUI.

3anaua 1.12. 3ameTuM, 4TO Ha cBOOOAY BBIIILIA Y3HHKH U3
TeX W TOJBKO TeX KaMep, B KOTOPHIX KJIIOY IIOBEPHYJIH HEYET-
HOe KOJHMUECTBO pas, TO eCTh HOMepa KOTOPHIX HMEIOT HedéT-
HOe KoaudgecTBO AenuTteseit. Ilo sagaue 1.5 3To KBagparsl, TO
ecTh HCKOMBIE HOMepa: 1, 4, 9, 16, ..., 100. Bcero ux gecsaTs.

K Teme AaHHOT'O 3aHATHA OTHOCATCA TaKKe 3agavH 1-7 us pasgesa
¢,[[0HOJIHI/ITGJII:HI>IQ 3agauym».
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3anarue 2

IIpu3HaKH A€ IMMOCTH

HHorga Hy>HO GLICTPO ONPEAENNUTD, JeJUTCA JIX OJHO YUCJIO HA APYTOE,
He IMPOM3BOJAA CAMOTO fejeHHA. B TaKHX caydadx MOJe3HO HCIOJIL30BATh
HDHSHQKH AeJINMOCTH.

3anaua 2.1. a) JokaxKuTe, 4YTO YMCAO AEJHATCA Ha 2 TOorjga
M TOJBKO TOrjfa, KOr/Ja ero IocaeaHsad mudpa geautcsa Ha 2.
0) BoiBeguTe npusHaK AeIUMMOCTH HA 4, CBA3AHHBIN C JByMA
nocJegHuUMH nmudpamu.

Pemenmne. a) IIpeacrasum cebe, 4yTo y OPOAaBIIUIEI €CTh N
AU, KOTOPLIE OHA PACKIaJbIBAeT B SUEHKH 10 AeCATh, IO CTO,
no TeicAdye M T. A. OcTaHeTCcA HepasNOKeHHBIM YHCJIO SHIL,
paBHoe nocaexHer nudpe d yucaa N. B kamgoil sueiike yuc-
JIO SO, AeJHTCs Ha 2, moaromy ecad d 4érHo, TO 1 N 4éTHO,
a ecau d HeuéTHO, TO 1 N HeuérHo. Kopoue rosopsa, d u N
JIeJSITCA WUJIA He JeJISTCs HA 2 OJHOBPEMEHHO.

6) Pasnoxum N aun B sYelKH 110 CTO, Thicaye U T. a. Ocra-
HeTCs HepasJOoMeHHBIM YHCJI0 AWUIl d, COCTABJICHHOE M3 JIBYX
nociaegHuX 1mudp unciaa N. B KaKa0# AueiiKe YHCIIO AHUIL Je-
nurca Ha 4, moaromy d u N gensitca MM He AensaTcs Ha 4 ox-
HOBPEMEHHO.

IIpuseném G6yKBeHHOE pelleHHe M. 6) ANA YUeHHMKOB C PASBUTOMH ajireb-
panyecKo# TexHuKo#. Pacemorpum uncio abed = 1000a + 1005 + 10¢ + d.
BEMETHM, YTO BCe claraemsnle, KpoMe ABYX MNOCJIeAHHX, 3aBeJOMO JeJIATCA

Ha 4. ITosTomy cymMma gesuTca Ha 4 TOrga ¥ TOJMBKO TOTJA, KOTAA UHCIO
ed penurcd Ha 4.

AHAJIOrHYHO BHIBOAATCA MPHU3HAKM AenuMocTd Ha 8, 16 u Tak maiee.

3amaua 2.2, [lers 3aMeTHJ, YTO eCJM M3 YHUCJIA BEIYECThH
CyMMYy ero nudp, TO MOJYYHUTCH YHCJI0, KpaTtHoe 9. a) Jloka-
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sxkuTe 3TOT (haxT. 6) ChopMyaHpyiiTe Ha €ro OCHOBE MPH3HAKH
JeIuMOCTH Ha 9 1 Ha 3.

Pemenune. a) [IpoBeiéM noKa3aTeNbCTBO HA IIPUMEDE TPEX-
3HayHoro ymcsaa N. Pasnoxum N saui B AYEHKH IO CTO LITYK,
MO JecATh HMITYK M 110 ofHO#M uityke. [Tocae aroro BossMém u3
KaKI0H AYEeHKH MO OJHOMY SUIY M CJIOKHM BMECTE B KOP3H-
HY: 110 OTHOMY OT KaXKJI0H COTHH, OT KayKJAOI'0 AECATKA M OT
Ka)KI0¥ eIMHHUIbl. 3aMeTUM, YTO KOJIUUYECTBO AUI] B KOP3UHE
KakK pa3 paBHO cyMMe mudp umciaa N. B Goabinux AdelKax
ocramercsa mo 99 aui, B cpegHHX — mo 9 AHI, B MalleHb-
KHUX — HHUYEero. 3HaA4YMT, o01mee YHCJIO0 AU B OONbIIUX U Cpej-
HHUX sJyeHKax KpaTHo 9.

6) Takum obGpasom, yucao N deaumca Ha 9 mozda u moaw-
Ko mozda, kozda cymma ez2o0 yugpp deaumcea na 9. Ias menu-
MOCTH HA 3 NMPU3HAK (OPMYJIHMPYETCH aHAJOTHYHO (TaKk Kak
pasHOCTh KpaTHA TakMxke u 3).

Ina yyeHUMKOB ¢ pa3BUTOH aarebpanvyecKou TEJEI“{IKOI‘»‘I MOJKHO IpeIo-
MUTH TaKOe AoKasarenbcTBo. PaccMorpum umeno abe = 100a + 106 + c.
Briurem ms Hero cymmy ero nudp: abe — (a + b+ ¢) = 99a + 9b. PazHocTb
KpaTHa 9, nmoaromy yMeHbIIaeMoe KpaTHO 9 Torga M TOJBKO TOTAA, KOTZA
BBIMMTaEMOE KPaTHO 9.

ITo HpPIBEJIéHHI:IM npruMepaM BHAHa HOE0JIOTHA MPH3HAKOB NEJIMMOCTH
Ha n: Mbl 3aMeHfeM BCE YHMCJIO HEKOTOPOH ero «4acTbi0» (HampHUMep, II0-

ciaegHuMu nudpamMy uiau cymmoi uudp), Koropas geaurcs (MaU He AeTAT-
cf) HA JaHHOE YHCJIO OJHOBPEMEHHO C HCXOAHBLIM YHCJIOM,

3apaua 2.3. Baca Hamén 4yucio
100!=1-2-3-...-99.100,

3aTeM CJIOXKHJ B 3TOM 4HCJe Bee mudpel. Iloayuynaoce HOBoe
YHCJIO, B KOTOPOM OH OIIATH CJIOMMUI Bce U(pHI, U TAK JAajiee,
MOKa He MOJYYMJIOCE OFHO3HAuHOe yncao. Kakoe?

Peumrenue. 3amerum, uro 100! : 9, mosromy cymma nudp
3TOro uyucisia takke aeautcsa Ha 9. ITocKoabKy HOBOe 4HCIIO
Jeaurcda Ha 9, To 1 ero cymma uudp geaurcd Ha 9, u Tak ga-
nee, IToaToMy HCKOMOE OJHO3HAUHOE YHMCIO TaKiKe IOJKHO
geauTeea Ha 9, To ecth paBHO 9 (0 moayumThCa He MOEKeT,

TaK KaKk CyMMa QP MOJOKHUTENbHA).
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O6GpaTHTe BHUMAHHE IIKOJLHUKOB HA TO, UTO IO (POPMYJHUPOBKE BTOMH
3aJ1auy He BHAHO, UTO OHA pellaeTcs ¢ NOMOUIbIO IPU3HAKOB JeIUMOCTH, —
pelIaoIHii JOMMeH caM PO HHX IIOAYyMarTh.

3anaua 2.4. a) Pazpans! uncna 3aHyMepOBaIH 110 HOPAIKY
cIpaBa HaJieBO (MepBBI — pa3psAl eJHHHI], BTOPOH — paspsaf
JecaTKoB U T. A.). Ilocyie aToro K ywmcay mpuOaBHJINA CYMMY
MU@P B YETHBIX Paspsajax M BeIUIHU CyMMY UMD B HEYETHBIX
paspanax. JokamuTe, 4TO MOAyUYeHHOE YHUCIO AeauTcs Ha 11.

6) ChopmynupyiiTe npHu3HaK AearMocTH Ha 11.

Pemenue. a) [lokakeM Ha IpUMepe YETHIPEXZHAYHOTO YHC-
aa N. Ilycrs mpomaBuixua packjgajgbiBaer N sAuLn mo sdei-
KaM B ThICAYY, CTO, AeCATh U ofgHO aAiro. [locme aToro Boan-
MEM II0 OJAHOMY AHIY M3 KaxIo¥ sAdeiiku B 1 siimo u B 100
AWIL ¥ JOJIOMKHM II0 OJHOMY SAHIY B KadOywo sueiiky mo 10
u 1o 1000 sun. (3amMeTHM, YTO 3TO PABHOCHJILHO IpHOaBie-
HHIO K N cyMMbI A(}p B 4€THBIX paspAAax ¥ BBIYUTAHHUIO CyM-
MBI IU(pp B HeuéTHBIX.) Teneps B Adeiikax jgexur mo 1001, 99
u 11 sun. Bee st uncna gensarcs Ha 11. 3HAUKUT, DOJIYUEHHOE
yucao aeaurcea wa 11,

6) CesaKeM ¢ UMCIOM S3HAKOIIEPEMEHHYIO CyMMY IHDP: I0-
CTAaBUM IIepel INUPpaMH OIAIOCHI M MHHYCHI TaK, UTOOLI OHH
JepeOBaJINCh U Tiepe] KpaliHell cinpaBa nudpOH CTOSI ILIIOC.
Hanpumep, sHakonepeMeHHasa cymma mudp yucaa 2011 pas-
HA -2+ 0—-1+1 = —2. Torga nmonyyaercs, 4TO B NyHK-
T€ a) MBI IPOCTO BLIYUTAJIM H3 UHCJA €ro 3HaKOmepeMeHHYIO
cymmy nudp. IlockoabKy HaliieHHasd IIPH 9TOM PasHOCTh BCe-
rga kpatHa 11, To monydyaem

Ipusuax geaumoctH Ha 11.
Queno kpamuo 11 mozda u moavko mozda, Kozda ezo 3Ha-
KonepemMeHHas cymma yudp xpamua 11.

Hokakem, 4TO 9TOT MPU3HAK BEPeH M JJIA 4Yuces Jwb6oi anuabl. Jasa
aroro saMeTHM, uyto 10%" — 1 mpu mo6oM n genurtea Ha 11 Kak 4HcIo, co-
cTaBJIeHHOe M3 YETHOIO KOJHUUYECTBa OAWHAKOBBIX nudp. Teneps qoxakem,
yro u 102"t + 1 npu mwobom n menurcs ma 11. ClokuM 5TH gBa THCIA:
(10%" — 1) + (10%**! 4+ 1) = 11 - 10", ITocKONBKY CYMMa M OZHO H3 CJIarae-
MbIX geauTcda Ha 11, To u gpyroe ciaraemMoe geadrcd Ha 11.
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3agaga 2.5. BepHo M, 4TO eciM YHCJIO AeJUTCS Ha ABAa
IPYTHX, TO OHO JeJHUTCS H Ha HX IpOH3BeaeHue?
Pemenue. Hesepno: 12: 6, 12: 4, vo 12 [ (6-4).

C.HBlIy[OIII&H TeopeMa IIOKa3blBaeT, B KAKOM CJy4yae 3TO BEPHO.

Onpenenenue. [[Ba uncia Ha3bIBAIOTCH 63AUMHO NPOCM.bL-
MU, €CIM UX OOLIMM JeJHTeJeM ABJAeTCS TOJBKO 1.

Teopema 0 B3aHMHO IPOCTBIX JeauTensix. Ecau uwucao n
deaumca Ha kaxcdoe u3 08Yx 83aAUMHO NPOCMbLY YUCEL Q4
u b, mo oHo denumca u Ha ux npoussedenue ab.

JlokazaTeyqbCcTBO MBI JaAHMM Ha 3aHATHH 6. Ha ocHoBanuu
3TOH TeOpeMEBI MOXKHO (DOPMYJIMPOBATHL HOBLIE IIPU3HAKH Je-
JIHMOCTH, KOMOMHHDYSA yKe u3BecTHble. Hanmpumep, 18 = 9.2,
a 9 m 2 — B3aMMHO NIPOCTHIE YHCIA (MOMKHO IIPOBEPUTHL IIe-
peGopoM), MO3TOMY YHCIIO AEJHTCS Ha 18, ecnu oHO JenuTcsa
Ha 9 u Ha 2.

3amaua 2.6. B uncie 65432789 BrluepKHHUTE HANMEHbIIIEE
KOJHMYECTBO UMD TaK, 4TOOBl OCTABIIEECH YHCJO IeJHUJI0CH
Ha 36.

Otger: 5328, yeTnipe BhluepKHYThIe HUGPHI.

Pemenne. Hy:XHO mOJIyYHTH YMCJIO, KOTOPOE KPATHO YHC-
Jgam 4 1 9. Mb1 00A3aHbl BEIYEPKHYTh HuGPY 9, nHaYe pe3yib-
TaT 6yJeT HeYETHBIM U, 3HAYUT, He KpaTHbIM 4. MBI 00s3aHBbI
TaKXe BBIYEPKHYTh [, HHaYe pe3yJbTaT OyJeT OKaHYMBAThb-
ca Ha 7 unu Ha 78 u Toxke He KpareH 4. ITomyumiaocs 4ymciIo
654328. Ero cymma nudp 28 He KpaTHa 9, 3HAYHT, ¥ YHCIO
He KpaTHO 9, ¥ HaAm0 BLIUEPDKHYTH eIllé XoTA Obl ofgHy Iud-
py. Ilocne BBIUEPKHUBAHHA cyMMa mudp cTaHerT MeHbire 27,
HO OHa JoJkHa ObITh KpaTHa 9, TO ecTh paBHa 18 uam 9.

Bo Bcex ciyuasx HaM HaJ0 YMeHBIIHTE CyMMy 28 Kak
muHuMyM Ha 10, To ecTh BeIuepKHYTH M3 654328 He MeHee
aByx mudp. Arax, BeluepkHYTH MeHee 4 nudp Henb3da. A pos-
HO 4 MOKHO: ocTaBUM umucjo 5328. Ono KpatHo 4 u 9, a Takx
Kaxk 4 1 9 B3aMMHO IIpOCTHI, TO OHO KpaTHO # 36.
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Ban;atm OJdA CaMOCTOATEJBHOI'O pellleHHA

3anaua 2.7. a) [lokakuTe IPpU3HAK JIEJJUMOCTH Ha D.

6) BeiBeguTe MpHU3HAK O€JIHMOCTH Ha 25.

3amaua 2.8. ABToMar meuaTaeT Ha moJIOCKe GyMaru mudpsl
«4» mo omHoi. ¥Ygacrcsa M OCTAHOBHUTHL €ro TaK, YToObI OBLIO
HaImevyaTaHo YHMCJ0, KpaTHoe 87

3amava 2.9. B uHcie mepecTaBHIM HUAPPHE M IOJIYYHIN
4YHCJIO, B TPH pasa Gojblilee McXoaHOro. JoxasKuTe, 4TO IO-
JIY4eHHOE YHCJO0 AenuTca Ha 27.

3amaua 2.10. HafiguTe HauMeHbIIIee HATypaJIbHOE YHCJIO,
KOTOpOe 3amHCchIBaeTcA TOJAbKO mudpamu 1 u 0 u genurcs
Ha 225.

3anaua 2.11. IlIsoupep npuayman pebyc, B KOTOpoM (H-
I'YPHUDYIOT YHcia

I'JIABPBIBAABBIPBAJIT 1 BOPMEHTAJIb.

IIpodeccop IIpeobpaskeHCKHE yTBepKIaeT, UTO ob6a 3THX

yrcaa — cocraeHble. [Ipas au npodeccop?

FAABPLIBAAGLIPBAAT

FOPMEHTAAL

3amaua 2.12. a) [lokaure, 4TO IPOU3BEALHHE TPEX MOCJIE-

OOoBaTeJbHBIX uHcen Aenutca Ha 6. 6) JokaxkuTe, 4YTO YHCIIO
3
n -—-n

6

— neJoe.

OTBeTHI H pelIeHUs

3amaua 2.7. a) Pasznoxum N sum mo aueikam mo 10, 100,
1000 u t. g. mryx. Ocranercsa KOJHNYECTBO AN d, paBHOE II0-
caegHed nmuppe uncaa N. [TockoasKy Bo Bcex AdYeHKax KOJH-
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YeCcTBO SUIL AeJIUTCA Ha 5, TO uMcyo d AeMUTCS UK He NeUuT-
cAa Ha 5 ogHOBpeMeHHO ¢ N.

0) Pasaoxum N saun mo sauyeiikam mo 100, 1000 u T. #.
mTyk. Paccyxnas jgajee aHAJOTHYHO MYyHKTY a), HOJIYUYHM,
9T0 YyUCJIO N ZeJNUTCH WIH He JeauTcs Ha 25 0JHOBpPEeMEeHHO
C YHMCJIOM, COCTABJIEHHBLIM U3 JABYX €ro MocJeIHuX HGDP.

3amaga 2.8. OrBer: He yaacTca.

Cuauaya Oyner HaneuyaTtauo 4, motom 44, motoMm 444. 3t
yHcsaa He genArca Ha 8. JanbHelnee mpunuceIBaHMe U
MOXKHO MpPeACTaBUTh KaK mpubaBienue K 444 uywucia, Kpar-
goro 1000. ITonyuaercs cymma uyHciaa, KpaTHOro 8, W 4yucia,
BOCHEMH He KpaTHoTo (444). 3ra cymMa He KpaTHa 8.

3agaua 2.9. [Iycrs npu nepecraHoBke nudp m3 umenaa A
moanyumiock 3A. Ho v uncana 3A cymma nudgp kparHa 3, 3Ha-
4YUT, Yy A — TOXe, TaK KaK CYMMBbI LMD 3THUX YHUCEJ OfMHAa-
KoBel. Torna u A xpatuHo 3. CnemoBaresibHO, 3A KpaTHO 9.
3HauuT, cyMMbl 1[udp y oboux uucesn KpaTeHbl 9. Torma u A
KpatHo 9, a aHauur, 3A Kparuo 27.

3/ech MoMe3HO CNPOCHTh ¥ IIKOJILHUKOR, NIOYEMY Helb3d TAKUM e 06-
pa3oM JoKasaTe genumocth Ha 81 u 1. 4.7

Samaua 2.10. Paszmoxxum 225 Ha B3aHMHO IIPOCTbIE MHO-
xurenn: 225 = 25- 9. ITorpebyem genumocTH Ha 25 u Ha 9.
Yro6bI 4HCIIO AeJTHJIOCh Ha 25, mocmegHHe ABe MUMPHI TOJMK-
Hel ObITH 00, 25, 50 unu 75. B HammeM caydyae BO3MOXKHO
toabko 00. Hamee, uTobbl umciio genusochk Ha 9, Heobxomu-
MO, 4T0o0BI cymMma Hu@p Jenuaach Ha 9. 3HAYUT, cymMMa UMD
He MeHbIIe 9, ¥ B 3alMMCH He MeHbIlle 9 eluHuIL.

Haumensbinee uncio, B koropoM 9 equnnun u 00 B KoHIe, —
910 11111111100. OHO HaM MOAXOIHT.

3amaua 2.11. OrBeT: npodeccop mpas.

Ileproe uucyao KpatHo 11, TaKk KaK B CHJIY CHMMETPHUHO-
CTH ero 3HaKolIepeMeHHasa cyMMma nudp pasxHa 0. Bo Bropom
ypcje npucyTeTsyioT 10 pasauuHbIX Iudp IO OJHOMY paay,
3Ha4MT, ero cymMma nugp parHa

0+1+24+3+4+5+6+T7+8+9=45.
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Ho sra cymma kparHa 3, 3HAUYUT, U CAMO YHCIO TAKMKe

KpaTHo 3.
3amaua 2.12. a) Cpegu Tpéx mocjaemoBaTeJbHBIX YHCEJ XO-
TA OB OJHO ZeJUTCA Ha 2 M OZHO — Ha 3. 3HAUMUT, M IpO-

H3BeJeHMe 9THX TPExX uuceld AeauTcsa Ha 2 muHa 3. Ho 2 u 3
B3aHMHO IIPOCTBI, IIO3TOMY II0O TEOPEME O B3AMMHO IPOCTBIX
JeNUTeJNAX 9TO IPOU3BeAeHHe JeJuTca Ha 2-3 = 6.

6) 3amerum, uto n® —n = (n—1)n(n+1) — npousBeseHue
TPEX MOCJIeJOBATEJbHBIX YHCE, TO €CTh OHO KpaTHO 6.

K TeMe naHHOrO 3aHATHS OTHOCATCA TaKxKe sagauu 8—22 m3 pasgena
«JlomoTHUTENbHBIE 3a0aYH» .
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3auarue 3

I[e.nelme C OCTAaTKOM

IIpeacraBeTe cebe aBTOMAT, KOTOPLIM pasMeHHBaeT HaH-
HYI0O éMy CYMMY MOHETaMH II0 5 py0Jieii, a OCTATOK MeHbIIe
5 pybuseit oraaer pybasmu. Hanpumep, 33 = 5-6 + 3 — aro
6 MoHeT mo 5 pybJseil u ocraTok 3 pyOusa. C MaTeMaTHYEeCKOH
TOUYKH 3PEHHA 3TOT ABTOMAT BLIIOJIHAET JeJleHue Ha 5 ¢ ocTaT-
KOM.

BcnoMHHM omnpejesieHHe [NeJleHWA ¢ OCTATKOM HaTypalb-
HBIX YHCeJI.

Onpepenenne. Ecoiy uucio @ MOMKHO 3alMCaTh B BUJE @ =

=b-g+r, roe 0 £ r < b, To TOBOPAT, YTO @ HAET IIPH

JedeHUU Ha b (HemoJIHOe) YacTHOe ¢ M OCTaTOK I.

ITonesno ofcyanTh cO MIKOJBHHMKAMH, YTO COTVIACHO 3TOMY OIpejele-
HUII0 HEeBO3MOXKHO fejeHue ¢ ocraTtkom Ha b = 0. Kpome Toro, BakHo mo-

GuThCA MOHMMAHMA TOTO, YTO JeJeHHe HAIeJ0 — 3TO YACTHEINA caydail ge-
neHus ¢ ocraTkoM (ocrarok 0).

IaBaiiTe pacIMpHM 3TO ONpejesieHue, pa3pPeIluB eJIUMO-
My OBITh OTPUIATENbHEIM. 3aMETHM, YTO YHCJIa C OJHUHAKO-
BbIM OCTaTKOM pacIiojlaraloTcAd Ha YHCJOBOH NPAMOH dYepes
paBHbIe NpoMeKyTKH. Hanpumep, orTMeTHM Ha NPAMOM HATY-
paJIbHBIE YMCJIa, KOTOPhIE IPH AeJeHUH HA T AT OCTATOK 2.

-10 1 3 4 5 6 7 8 10 11 12 13 14 15 17
——— P —o—0o—0—o—0—o P o —0o o —o—o P —o—
2 9 16

CocegH1e OTMEUEHHBIE UHCJIa HAXOOATCA Ha PACCTOAHHH T
apyr ot apyra: 2, 9, 16 u rak ganee. IIpononxum 3Ty KapTHH-
Ky BJIEBO, HE HAPyIIas 3aKOHOMEPHOCTH: OoTMeTuM —b, —12,
—-19 u Ttak ganee. Byaer ynoO0HO Tak ONpEJEeNHTEH JAeJI€eHHEe
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C OCTATKOM OTPHIIATEJbHBIX YHCEN, YTOOBI 3TH YMCJIA TaKiKe
HMeJIH OCTATOK 2 IpH JeJeHUH Ha 7, TO eCTh 4TOOBbI 3aMHUCH
5=7-(-1)4+2, -12=7-(-2)+2, -19=7-(-3) +2
M T. . YUTAJIHCH KaK JejJeHHe ¢ octaTkoM. [las aroro mocra-
TOYHO B3ATh TO JKe caMoe OIpefelieHne, Pa3pellliB HeIlOJHOMY
yacTHOMY ObITb oTpHmaTenbHbIM! Ho OoCcTaTOK mo-mpeXHEMY
HEOTPHIATEIEeH.

BasHo IIOAYEPKHYTHL, UTO OIIpeneJIeHHdA B CJIydYae HaTypaJbHBIX YHCEJ

¥ B CJyYae IeJbIX — OJWHaKOoBHL. M3 Halllell KADTHUHKH CJIeAyeT, YTO pas-
HOCTBH YHCEJ ¢ PABHLIMH OCTATKAMH NPH JeJeHUH Ha b kpaTHa b.

3agaua 3.17 Mama npo6osiesia ypok u ciefnaja IMpHUMeps
Ha JleJleHHe ¢ ocTaTKoM Tak: a) 20=3:4+8;6) 19=3.5+4;
B) —11 =2.(-5) — 1. ObbsicuuTe €€ OMUOKH.

Pemenue. a) HeBepHo, Tak Kak 4 < 8 — menuTens MeHBIIIE
ocTarka.

6) B TakoM BHUAe HEBepHO, TaK KakK 3 < 4. Ho ecsqu mepe-
cTaBUTHL coMHOMXHUTenu: 19 = 5-3 + 4, To BepHO.

B) HeBepHO, TaK KaK OCTATOK He MOXKET ObITh OTPHUIATEN-
HBIM.

deauTh C OCTATKOM MOMKHO PasHBIMH criocobamu. IlepBrriit
cmoco® — 2TO HPHUBBIYHOE AejieHHe yroakom. Ilomoxxurennb-
Hble YKCJIa OeJAT HellocpeACTBeHHo. BMecTo OoTpHIlATENbHBIX
MOJKHO JEJIUTh IPOTHBOIIOJIOMHEIE UM MOJOMKHUTEIbHEIE UHC-
Ja, a 3aTeM BBIIIOJHSTH ONEPAIlldi0o, OIMMHMCAHHYIO B PEIIeHUH
samauun 3.12.

I pyroii criocod — rpadbudeckuii. Hanecém Ha KoopAMHAT-
HyI0 ock umcaa 0, *+b, £2b u Tak manee. Temeps HaHecéM
Ha 3Ty pasMedeHHYI0 ochk yucJo a. OHo nmomaxér 1nbo HA OJHO
M3 OTMeYEeHHBIX 4Huces (1 Torga geauTtcA Ha b), nubo B oTpe-
30K MeXIy IBYMS COCeIHHMMH OTMEeYeHHBLIMH 4yucjaMu. Torga
MHOXKHTENb IIPpH b B JIEBOM YHCJIe JACT YaCTHOE, A PACCTOSHHE
OT JIEBOTO YKCJA A0 @ — OCTATOK (moueMy OH GyAeT MeHb-
me b?).

Ho kak y3HaTh, Bcerja Jii pas3HbIe CIIOCOOBI AeneHudA AA0T
ONUHAKOBLIH peayabraTr? OTBET HA8T caelyiolias TeopeMa.
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Teopema 006 OJHOZHAYHOCTH JeJIeHUA ¢ OcTaTKOM. [Jene-
HUe ¢ ocmamKom ocyuiecmenaemcs eduHcmeenHbim o0pa-
3om. HubtmMu caoeamu, ecau Yucao a 3anucaio 08Yyms cno-
cobamu 8 mpebyemom sude:

a=bq; +n,
a:bQ2+r2a

mo obe 3anucu obazamenbHo cognadarwm (mo ecmbs q1 = g2
unnrn = r‘2).

JokasaTeascTBO. BeluTeM BTOpPOe pPaBEeHCTBO H3 IIEPBOTO
u moayuum b(gy —qe) +r1—re =0, To ecThb b(q1 —q2) =ro—ry.
3ameruM, 4TO B CUJIY OnpelesieHUsA ocratka —b <rg—r; <b,
To ecTb —b < b(q1 —¢q2) < b, cnegoBarensHo, —1 < q1—¢q2 < 1.
Ho aTo 3nauur, uto ¢ = ¢2. IlogcraBnad HalileHHOe COOT-
HOIIIEHHE B IIE€PBO€ PABEHCTBO 3TOT0 abs3ama, MOJAy4YMM, 4YTO
HTI=Trs.

3amaua 3.2. Kakoit ocraTok gaér uucao 123321 npu geme-
HUH Ha 999?

Pemenue. 123321 = 1000-123 + 321 =999-.123 + (123 +
+321) =999 -123 + 444. OcraTok paBeH 444.

3agava 3.3. Henurens U AeIMOe yBeIW4Yuiau B 3 pasa.
Kak nsMeHATCA 4acTHOE X OCTATOK?

Pemienue. CHavasa npuBeéM HarJaAjgHOe pellleHHe, a Io-
TOM CTPOroe, HCIOJL3YIoIlee onpeaeaeHHe.

IIpeacraBuM cebe, 4YTO MbI pacKJaAbiBA€M ODeXH Ha paB-
Hble KYYKH, 4 OCTATOK KJIaJEéM B MEHBINYIO KYUYKY. A Tenephb
Yy HAC OPExXOB CTaJI0 BTpoe GoJblle, HO M KYUYKH BEJIEHO JeJaTh
BTpoe Gousbiie, O4eBUOHO, KOJHYECTBO KyYeK HE M3MEHUTCH,
a B MeHbIIIEl Ky4YKe cTaHeT BTpoe 00Jibllle OPexoB.

Ilycte @ = bg + r, Toe r < b. [JloMHOX UM 00e UacTH paBeH-
cTBa Ha 3 u moayuum 3a = (3b) - ¢ + 3r, roe 3r < 3b. Cie-
IOBAaTeJIbHO, YACTHOE HEe H3MEHHJIOCH, 8 OCTATOK YBEJIHUHJICS
B 3 pasa.
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BTa 3ajgaya NOKa3blBaeT, YTO B HEKOTOPLIX CJy4dyadaX OeJieHHe C ocrTar-
KoM yno0Hee 3alMCHIBATE B BUJIe IPOM3Be/IeHHd (KaK B ONpefieleHUH), a He
B BHJIE YACTHOIO.

3amauya 3.4. Yucao a kparHo 3. Moxer JIK OCTATOK OT Je-
JleHHA yHucaa a Ha 12 6uITh paBHBIM 27

Pemrenne. Ilpeanosoxum, yro MokeT. T'orga 4uciio @ MoxK-
HO 3amucaTrh B BuJe 3x u B Buje 12y + 2. IlpupaBHuBas aru
BEIHYWHBI H NIEPEHOCA HEH3BECTHBIE BJIEBO, MOJYYUM 3X —
— 12y = 2. 3amMeTuM, UTO J€BadA YACTh DABEHCTBA AEJIHUTCA
Ha 3, a mpaBad — HeT. 3HAYHUT, paBeHCTBO HeBOo3MOKHO. Cure-
IOBATEJbHO, OCTATOK OT AEJeHHs UHcja a Ha 12 e paBeHn 2.

3anmaua 3.5. a) HalijuTe HanMeHbIIIee YUCIO (OTJIHMYHOE OT
eIUHUIIE), KOTOpOe Aaér ocrtaTok 1 mpu genenuu Ha 2, Ha 3,
Ha DuwHa 7.

0) Haiizure 6ce Takue 4ymncJa.

Pemenue. a) 3aMeTrum, 4TO €CJIM MCKOMOE UHCJIO YMeHb-
IOUTH HA 1, TO MOJYYHTCH YHCJIO0, KOTOPOE AeauTcsd HA 2, 3,
5 u 7. BBuay B3aMMHOHM ImpOCTOTH YKcea 2 M 3 TAK0oe YHCJO
OeJIMTCA Ha X [Npou3BeleHue 6, BBHIY B3aMMHOM HPOCTOTHI
yucea 6 m 5 — ua 6-5 = 30, a BBUAY B3aUMHOH NMPOCTOTHI YH-
cenm 30 u 7 — Ha 30-7 = 210. ITosToMy HAHMEHBIITUM TAKUM
qucaom 6ymer 210, a uckomeim — 211.

6) B cuiy BeIIIeCcKa3aHHOTO 3TO Bce ymcyaa Buga 210k 4 1,
rae # — NpPOU3BOJBHOE IIeJ0e YHCJIO.

3amaua 3.67 Bepuémca k 3anaue 1.2. 3anonnuTe Tabauiy,
HCIIONB3YA ocTaTKu: «0», ecsid YHCI0 AeJIUTCA HAIEeJI0 Ha M,
H «He 0», ecan He JeJaHTCH.

Pemenne. 3amaua CBOAUTCA K CJIEAYIOIMIMM pPABEHCTBAM:
0+0 =0, 0O+«ue Ov»=«ue 0», «ue 0»+«me 0»=?,0-x = 0,
«e 0»-«uHe O»=7.

ITouTH BCe paBeHCTBA OUEBHMIHEI, UTO NMOKA3BIBAET CHJIY METOJa OCTAT-

KOB. Her[pPleI‘IHO OJIA HLIKOJIBHHKOB IIOCJIeJHEEe PABEHCTBO, KOTOpOEe CTaHeT
fiCHee IoCcJe 3aHATHA 7.

3amaua 3.7. Kaxnoe us uncea or 1 go 1 000 000 zamenn-
JIM Ha ero cyMmy nuopp. Kaxmoe u3 moayyeHHbIX YHCEJ BHOBD
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