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Pemenue IVIAHUMETPHYICCKUX 3a1a4

OcHOBHOE BHUMaHHE, KaK BO BCEX 3aJlaHUAX, YIEISICTCS METOIaM U
npuéMaM perieHns 3aqad. VIMeHHo peleHue 3a1ad qenaeT u3ydeHne Booo-
1€, 1 TEOMETPUU B YACTHOCTH, aKTUBHBIM. Beap kaxmast peménnas 3agada
— BTO HEKOTOPBIH IMOWCK U, MyCTh HeOONbIIOe, HO OTKphITHE. «TO, YTO BHI
OBUTH TIPUHYXJICHBI OTKPBITH CAMH, OCTABJISCT B BallleM yME JIOPOXKKY, KO-
TOpPO¥ BBl CMOXKETE BOCIIOJL30BAThCsl, KOTJ]a B TOM BO3HUKHET HEOOXOH-
MOCTB» (3TO cioBa Hemerkoro ¢usuka XVII cronerus JluxrenOepra, KoTo-
PpBIii U3BECTEH CBOMMU a)OpU3MaMH).

Wrak, ecnmu XOTHTE HAYYUTHCS pelIaTh 3aaqd, IPUOOPECTH HABBIKHA Pe-
IICHHUS — YYUTECh 3TOMY, pa3OupaiiTe peiieHus B yueOHUKE U HaleM 3aja-
HUH, TIOBTOPSIATE 3TH PEIIeHUs (BEIb TaK y4aTcs BCEMY), a 3aTeM IpoOyHTe
cBou cuiibl. Y Bac nomyuurces.

3amaHnue COCTOMT U3 YeThIpEX maparpadon. B maparpade 1 moBTopstoTes
MIPU3HAKYU MTOA00WS TPEYTONBHUKOB, PEIIaeTCsl HECKOIBKO XapaKTEPHBIX 3a-
Jlad Ha 3Ty TEMY, IIOBTOPSIOTCS CBOMCTBA MEIMaH, OMCCEKTPUC U BBICOT Tpe-
yronbHUKa. Bropoit maparpad mocBSIIEH CBOMCTBaM KacaTeNbHBIX, XOPI,
CEKyIIUX, BIUCAHHBIX M OIHMCAHHBIX YETHIPEXYrodbHUKOB. B maparpade 3
paccMaTpuBaeTcs NPUMEHEHHE TEOpEM CHHYCOB W KOCHHYCOB, Pa300paHBI
3aJlauM, pelieHre KOTOPHIX TpeOyeT MpHMEHEHHe TpUroHoMeTpuu. IlouTu
BCE ATH TEMBI pa3OHpaliNCh B 3aJaHMsIX Mo reomeTpuu B 9 m 10 kiaccax
3OTIIL, mosTomMy Gojiee MPOCTHIE YTBEPKACHHUS 34ECh NPUBOIATCA 0Oe3 Ho-
kazatenbeTBa. Tem, kto moctymmt B 3OTII B 11 kmacc, pekoMeHIyeTcst 10-
Ka3aTh 3TU YTBEPKICHUS CAMOCTOSTENBHO, a Te, KTo yuurca B 3DTII ne
MIEPBBIA IO/, HAWTYT MHOTO HOBBIX MHTEPECHBIX 3a1ad cpeau Tex 18, moa-
pPOOHBIE peleHns KOTOPBIX MPUBEACHBI B 3aIaHUH.

3amaHue OKAaHYMBAETCA KOHTPOJBHBIMU BOMPOCAMHU U 3aJauyaMu IS ca-
MOCTOSITEIFHOTO PEIIeHNs; OHU OIIEHEHBI 10 TPYIHOCTH B OYKaxX, KOTOPHIE

yKaszaHbl B CKOOKax mocye Homepa. 3HakoM * «3BEé3/0uKka» oTMeueHbl 6o-
Jiee TpyIHbIE BOIPOCHI U 3a/1a4H.

3a npaBUJIbHBIA OTBET M BEPHOE PEIICHHUE 3aa4l CTABUTCS MOJHOE YHC-
JI0 0YKOB, 3a HEJOUETH! U OLIMOKU OIPEeIEHHOE YHUCIIO OUKOB CHUMAETCS.

Paboty Han 3amaHneM peKOMEHIYeTCsl HauaTh ¢ BHUMATEIbHOIO YTCHUS
€ro M CaMOCTOSTEIBHOTO pelleHus (Ioce 03HAKOMIJICHUS) BCEX MPUBEAEH-
HBIX B HEM 3a1ad. OTBETHl HA KOHTPOJIbHBIE BOIPOCHI CIEAYET AaBaTh MOJ-
pOOHBIE, CO CCBUIKAMHU Ha COOTBETCTBYIOLIME TEOPEMBbl yuyeOHUKA MM JaH-
HOTO 3aJaHusl, C JA0Ka3aTeIbCTBAMH CBOMX OTBETOB. B ciyuae oTpumaresns-
HOTO OTBETa JOJDKEH OBITh MPHUBEAEH OmpoBeprarommii npumep. Ipuseném
MIpUMEPBI OTBETOB Ha KOHTPOJIbHBIE BOTIPOCHI.

Bomnpoc 1. MoxHO 1 yTBEpKIaTh, YTO TPEYTOJBHUK PaBHOOEIPEHHBIH,
eciM ero OucceKTpuca SIBISETCS MeTHAHON?
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B OtBet: Jla, moxHo. JlokaxeMm 3t1o. Ilycth B Tpe-

yronsauke ABC Ouccekrpuca BM sBnsercs Meaua-
HOit: AM = MC (puc.l). Ha mpomoimkeHun OnCCEK-
Tpucel BM otnoxum ortpe3ok MD, paBHblii MB.
4 ) C Tpeyronsuuku ABM u CDM paBHBI 10 TEpBOMY
M|* MPU3HAKY: Y HUX YTJIBI MPU BepimnHe M paBHBI Kak
1 BepTUKanbHble U AM =CM, BM =MD . 13 paBen-
CTBa TPEYTOJIBHUKOB CJIETyeT

D CD=A4B (D
u LCDM = ZABM . Ho £ZABM = ZCBM , mo3atomy
Puc. 1 ZCDM = ZCBM , 1. e. B Tpeyronbauke BCD yrisl

Ipu OCHOBaHWHM BD paBHEL Ilo Teopeme 3TOT TPEyTONBHUK PaBHOOCIPEH-
werii: BC =CD. Otcioga u u3 (1) 3akimouaem: BC = AB. YTBepxaeHue
JIOKa3aHo.

Bonpoc 2. MoryT a1 JIHHBI CTOPOH TPEYTOJIbHUKA
ObITh MeHbIIE 1MM, a paauyCc ONMCAHHOW OKPY>KHOCTH
6oupie 1xkm?

OrtBet: [la, moryT. [IpuBeném npumep. U3 touku C,
JIeKAIeR Ha OKPY’KHOCTH paanyca 2 KM, Ayro# paanyca
1/2MM oTMeuaeM Touku 4 W B, nexamue Ha OOJIbIIEH
OKpy>kHOCTH (pHcC. 2); oueBuaHO0, AC=CB=12MM .

Tpeyronsuuk ABC BOHcaH B OKPY>KHOCTH pajmyca
2KkM, a ero Haubomsimas cropona AB < AC + BC =1mMm.

Bomnpoc 3. MoxHO T 4epe3 TOUKY OKPYKHOCTHU TIPO-
BECTHU TPH paBHBIE MEXKIy COO0H XOpbI?

OtBet: Her, Henb3d. [JelcTBUTENBHO, NPEANOI0KUM
MIPOTUBHOE, T. €. MPEAINOJIOKUM, 4YTO Xopasl AB, AC nu
AD OKpyXHOCTH ¢ IeHTpoM B Touke () paBHBI MEKIY
coboit (puc. 3). Torma Touku B,C m D 0oauHAKOBO yma-
JIEHbl OT TOYKH A, T. €. OHHU JEXKAT Ha OKPYKHOCTH C
1eHTpoM B Touke A . OIHAKO, 3TOTO HE MOXKET OBITh, TaK Puc. 3
KaK JIB€ OKPYXHOCTH C Pa3HBIMHU IIEHTpaMH HE MOTYT UMETh OoJiee IBYX
00MIMX TOYEeK. 3HAUUT MPEATIONIOKEHNUE HEBEPHO.

Bonpoc 4. Bepno mm, uto AABC=A4BC,,
ecru AB=AB, BC=BC,, LC=ZC?

Otser: Her, nanpumep, Ha puc. 4 moxa3aHbl
TpeyronbHukn ABC n A B,C,, 111 KOTOpBIX, KaKk
JIETKO BUJIETh, BBINIOJIHEHBI BCE 3a/JaHHBIC PABEHCT-

Ba, H0O AABC # AABC, ,1.x. AC # AC,.
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Wrtak, npu yTBEpANUTEILHOM OTBETE HAJ0 MO0 IPUBECTU A0KA3aTEIbCTBO
TOTrO, YTO JTAHHOE YTBEPKACHHE BEpHO (KaK B OTBETEe Ha Bompoc 1), nubdo
MIPUBECTH KOHKPETHBIN MPUMEp peain3alyy 3aJaHHbIX YCIOBUH (KaK B OTBE-
TE€ Ha BOIPOC 2).

Ilpu oTpuuaTeIbHOM OTBeTe HaJAO0 JNOO NMPHBECTH Ppaccy:KAeHUs,
NPUBOJSAIIME K NPOTHBOPEYMIO 33IaHHBIX YCJIOBUH aKcHOMe, TeopeMe
WM OIpeleIcHUI0 (KaK B OTBeTe Ha Bonpoc 3), 1100 MOCTPOUTH OJUH
OIpOBepPrawuuii npuMep (Kak B 0TBeTe Ha Bonpoc 4).

ITocne nmoBTopeHus: TeM B §1 — 3 B 3aKIIOUUTENILHOM YETBEPTOM Mapa-
rpage oO0CcyIMM BOIIPOCH! MOJXOJIOB K PEIICHHUI0, BAXXHOCTH XOPOILETO pH-
CYHKa, BBIOOpa MEPEMEHHBIX, a TAK)KE€ OCTAHOBUMCSI Ha HEKOTOPBIX OILIMO-
Kax, JIOMyCKAaeMBbIX YUJallUMHUCS U aOUTypHUEHTaMH.

Dmo 3aoanue émecme c¢ npuciannviM peuienuem oyoym Bam nonesnwt npu
R0020MOGKe K IK3AMEHAM.

§ 1. IlonoOue TpeyroJbHUKOB. OTHOIIEHNE MJIOIIAAEl MOAOOHBIX
TPeyroJbHUKOB. CBOWCTBA MeIUAH, OMCCEKTPUC U BHICOT

JBe duryper F m F' Ha3BpIBaOTCS MOJOOHBIMH, €CIM OHHU IEPEBOIITCS
JpYT B Jpyra npeoOpa3oBaHHEM IOJ00HMs, T. €. TAKHM NpeoOpa3soBaHHEM,
IpH KOTOPOM PAcCTOSIHUS MEXKAY JABYMsl TOUKAMH H3MEHAIOTCS (yBEIWYu-
BAIOTCS WJIM YMEHBLIAIOTCSA) B OJHO M TO e 4ucio pas. Eciu gurypsl F' n
F' nomo6uel, To mumercs F ~ F'. HanoMHuM, 4TO B 3a0MCH 10100Ms Tpe-
yronpuuko AABC ~ AA B C, peanonaraercs, Yr0 BEPUIMHBL, COBMEIIAE-
Mble 11peo0pa3oBaHyeM 11000, CTOAT HA COOTBETCTBYIOMIMX MECTAX, T. €.
A nepexomutr B 4, B—B B, C— B C,. U3 cBolicTB npeoOpa3zoBaHus 10-
100Hs CIIETyET, YTO y MOAOOHBIX GUIyp COOTBETCTBYIOLIHE YIJIbI PABHBI,
a COOTBETCTBYIOIIME OTPE3KH NPONOPUMOHANBHBLI. B yacTHOCTH, ecnn
AABC] AABC,:

AB  BC  AC
ZA=ZAI, ZB=ZBI, ZC=ZCI, A]B] B]C] A]CI.

IIpuzHaku nmogo0usi TPeyroJbHUKOB

[Ba TpeyroiapHHUKa TOAOOHBIL:
1) ecmm nBa yriia OXHOTO COOTBETCTBEHHO pAaBHBI JBYM yTJam
Apyroro;
2) ecnd JABE CTOPOHBI OJHOTO MPOMOPIMOHANBHBI JIBYM CTOpPOHAM
JPYTOTO U yIIIbl, 00pa30BaHHBIC ITUMH CTOPOHAMU, PABHBI;
3) ecnu TPU CTOPOHBI OJTHOTO TPEYTOJIBHUKA MPOTOPLUHUOHAIBHBI TPEM
CTOpOHaM JPYTOTO.
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W3 npusHakoB mono0ust ciieayeT yTBEp KICHHUS,
KOTOpbIE yI00HO MCIIONB30BATh B PELLICHUH 3a/1a4:
1°. lIpamas, napaaieabHas OJHOW U3 CTOPOH
TPeyroJbHUKa W IepeceKaomiasi ABe Jpyrue B n
Pa3IMYHBIX TOYKAX, OTCEKAET TPEYIOJbHHUK,
NMOXO00HBIH JAaHHOMY. M, N
2°. Ilpsimasi, mapaJuieJibHasi OAHOI W3 CTOPOH p
o/ \

TPeyrojbHUKa W TMepeceKkalInas [Be Jpyrue
CTOPOHBI, OTCEKAeT HAa HHUX OTPe3KH, MPONop-
HHMOHAJbHbIE JAaHHBIM CTOPOHAM, T. €. €Clu

MN||AC (puc. 5), To Puc. 5
m p m+p

n q I’Z+C]‘

3°. Ecau npsiMasi nepeceKkaer JBe CTOPOHbI TPEYroJbHUKA U O0TCEKa-
€T Ha HUX NPONOPUHMOHAJIbHbIE OTPEe3KH, TO OHA MapajieilbHa TpeTbel
CTOPOHE, T. €. eCIH (CM. pHC. 5)

m m+ m
—= P WA —=£.
n n+gq n q
To MN mapamnensHa AC (moka3arenbcTBO OBLTO JaHO B 3aJaHUHM IS 9

KJ1acca).

3anaua 1. [Ipsmasi, mpoxopsiias Yepe3 TOUKy Iepe-
CEYCHUs MaroHaell Tpamneuy mapauiebHo e€ OCHO-
BaHUAM, IICPECCKACT OOKOBBIE CTOPOHEBI Tparncuvunu B
toukax M u N . Hailtu gnuny otpeska MN , eciu
OCHOBaHMS TPAIEIMU PaBHbI d U b.
A Tlycte O-— Toyka TmepecevyeHus IHaroHaei

Tpamnenun (puc. 6). O603HaYNM
AD=a,BC=b,MO=x,BO=p,0OD=gq.
1. BC| AD
b p
ABOC ~ADOA| = — ==, (1)
(o aBYM yriam) 1
2. MO| AD
| IR 2)
AMBO ~ AABD| a p-+gq
/ b b
Uz (1) u (2) cnenyer x=a P =a pq ¢ , T.e. MO = ¢

p—i—q_ p/q+1_a+b a+b
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b
¢ , mostomy |MN = 2ab

a+b a+b|
Pesynprar 37Ol 3amaum, Kak yTBEpXKICHUE, BEpHOE Ui JIFOOOH Tpare-
WU, CIIEAYET 3alIOMHUTE. A
HanomuuMm ieMMy 0 BBICOTaX, JOKa3aHHYIO B 3a-

AHanoru4Ho ycranaBnuBaeMm, uto NO =

manuu 1 gist 9-X KIaccos: B
eCJId JIBe BBICOTHI TPEYroJbHHKA MepeceKa-
HTCS, TO MPON3BEIEHNE 0TPE3KOB OJHOW BBHICOTHI A,
PaBHO NPOU3BENEHNIO0 OTPE3KOB APYIoil BLICOTHI.
JlokazarenbCTRo.
HA  BH
AHAB ~ AHB A= —=—, TO !
HB, AH A B, C
AH -HA4, =BH - HB,. llolyTHO OTME€THM, 4YTO
ZAHB, = ZC.

3agauva 2. Beicotel A4, m BB, mepecekarorca B Touke H (puc. 7), npu

stom AH =3HA, m BH = HB,. Haiitn xocunyc yrna ACB wn miomanb
Tpeyronbanka ABC , ecmn AC =a .

A OGoznauum HA, = x, HB, = y.

1. Touka H — cepeanna BbICOTHI. Eciin oTpe3ok MH mTpoXOauT Yepe3 TOUKY

H w napanneneH ocHOBaHUsIM, T0 MN — cpenssist nunust; MN = d
2. AHAN ~ AA44 C|:>HN X HN—la 3uaunr MH = HN =< u
AC 4x 4 4

AB, =B, C=a/2. Tpeyronbauk ABC paBHOOenpenHsiii, AB = BC.
3. ZB,BC =90° - C, nosromy

ZBHA = ZAHB, = ZC n B
H4, _ BH
AHAB ~ AHB, A|= —— T. e. 10N
HB, AH’ M/ HPX\N
AH - HA, = BH - HB,. 5 *
X
DTO O03HAYaeT, YTO €CJIH JIBE BBICOTHI Tpe- Y
YTONbHUKA NEPECEKAIOTCA, TO NPOM3BENCHHE (i ']3 .C|
OTPE3KOB OJHOW BBICOTHI PABHO MPOU3BEJCHUIO ! : |
OTPE3KOB JIPYrod BBHICOTHI (JIOKa3aHa JieMMa O Puc.”7
BBICOTaX).
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1
HUrak 3x-x=y-y, y= \/5, cosC =cos(ZLAHB, =l:—.
Tak 3x-x=y-y, y=X ( ]) S
2
4. AMHB, - AB* =(3x) -, L =6x*, x=—_. y=—%_ 1orma

2
a*\2
. A
4
CHpaBeZ[J'II/IBO TAKXKC CJICAYIOIICC YTBCPIKACHUC!

1
S sc =EAC-BB1 =ay=

€CJIM NPOJOJI)KeHHsI BBICOT A4, M BB, TynmoyrojibHOro TpeyroJbHu-

ka ABC nepecekaiorcsi B Touke F/H , TO cnpaBelIMBO PaBEHCTBO
AH - HA, = BH - HB, . (10KaXUTE CaMOCTOSTENIBHO)

U3 onpenenenus monodust puryp ciemyer, 4To B MoJ0OHBIX QUTYpax Bce
COOTBETCTBYIOIINE JIMHEHHbIC 3JIEMEHTHI IPOIOPLUUOHAIBHEL. Tak, OTHOLIe-
HHE MepPUMEeTPOB NMOJ0OHBIX TPEYroJbHHKOB PABHO OTHOIIEHHIO IJUH
COOTBETCTBYIOIIUX CTOPOH. Vin, HanmpuMep, B MOAOOHBIX TPEYroJIbHUKaX
OTHOLICHUE PAZNYCOB BIUCAHHBIX OKPYXHOCTEH (TakXKe M OMHCAaHHBIX OK-
PYXKHOCTEl) PaBHO OTHOIIEHHUIO [UIMH COOTBETCTBYIOIIMX CTOPOH. JTO 3a-
MeJaHHEe TIOMOKET HaM PeIInTh CIeAYIONIYIO 3a1a4y.

3agaya 3. B npaAMOyroapHOM TpEeyroibHHKE 4
ABC w3 Bepmmasl C TpAMOTo yrjia HpoOBEAeHA |
BeicoTa CD (puc. 8). Pagmychl OKpyKXKHOCTEH, BITH-
caHHBIX B TpeyronbHuku ACD u BCD, pasnbl co- b
OTBETCTBEHHO # W 1,. HaliTu paguyc OKpy>KHOCTH, |

a

BNHCAaHHOU B TpeyroasHuKk ABC .
o a B
A OOGo3HauYMM HCKOMBIH paanyc ¥, TOJOXKHM
AB=c, AC=b, BC=a. U3 mogobus npsamo- Puc. 8
YTOJIBHBIX TpeyronbHUKOB ACD n ABC (y HUX paBHBIC YTIIBI TIPH BEPIIIH-

roc n
HEe A) mmeeM —=Z, otkyna b= —Lc. IIpsAMOyroJbHBIE TPEYrOJbHUKH
n r
1
BCD u BAC TaKKe MMOO0HBI, MMO3TOMY
r

C _ }’2 2 bz 2
—=—, — 0TKyga a= —c. Tak xax a” + =C , TO, BO3BOJA B KBaapatT
v; a r
2
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2 2
BBIpAXXCHUA U1 a U bu CKJIaZibIBas X, MOJIy4YuUM (—j C‘z +(—) 02 =C2

2 2
i+
win -2 =1.Haxomum r =i’ +7; . A

B
HanoMuumMm, uto miuomaau nogo0HbIX GUIYp OTHOCATCH KAK KBaJapa-
Thl COOTBETCTBYIOIUMX JUHEHHBIX 3JeMEHTOB. /i1 TpeyrojibHUKOB 3TO
YTBEPXKACHUE MOXHO COHOPMYJIMPOBATH TaK: MJIOINAAM MOAOOHBIX Tpe-
YrOJIbHUKOB OTHOCATCH KAK KBaJApPaThl COOTBETCTBYIOIMNX CTOPOH. Pac-
CMOTPHUM XapaKTEpPHYIO 3a/1a4y Ha 3Ty TEMY.
3agaua 4. Yepes Touky M , nexaiiyio BHyTpU
Tpeyronbanka ABC , IpoBeaeHBI TPU TPSMBIE, Ta-
pajutenbHble ero cropoHam. [Ipm 3ToM oOpa3zoBa-
JIUCh TPHU TpeyroibHUKa (puc. 9), miomaau KoTo-
peIx paBHbl S,, S, u S,. Haiitu miomans Tpe-

yrosnbHuka ABC .
A Jlerko Buzets, uto TpeyronbHuku EKM , MOF

u PMN monoGus! Tpeyronbauky ABC .
IIycts S — mmomans Tpeyronsauka ABC , Torma

s \ac)’ s lac )’ s l4c)’

OTcroa HaxXO UM

S
EM = /iAC, MF = /—ZAC, PN = ,/iAC.
S S S

AT.x. EM =AP, MF =NC , 10
EM + PN +MF = AP+ PN + NC=AC.

Taxum obpazom, AC = AC- (\/% + /% +, /%] , OTKyJla CIIeAyeT

S=(\/S_1+\/S_2+\/S_3)2. A

B 3amanusax 9-ro u 10-ro kiaccoB ObUIH JOKa3aHbBI CIEAYIONUE TEOPEMBI.

Teopema 1. (O menuanax).

1. Tpn MeauaHbl TPeyroJIbHMKA IepPeceKkaroTcsi B OJAHON TO4YKe W
TOYKOW TMepecevyeHHs] KajKaasi MeIHaHa JeJuTcs B oTHomenun 2 : 1,
CYMTAas OT BEPIINHBI.

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa



2013-2014 yu. rog, Ne2, 11 kn. Marematuka. [lnanumerpust

2. Tpu MeauaHbl, NepeceKasicb, pa30MBalOT TPeYroJbHUK Ha 6 Tpe-
YIrOJIbHUKOB € 00111eil BepIINHOI, NJIOMAIM KOTOPbIX PABHBI MEXKIY CO-
Ooii.

(Ha puc. 10 ruromiajap Kakaoro W3 TPEYTOJbHUKOB C BepiinHoit M wu

1
OCHOBAaHMEM — IIOJIOBMHOH CTOPOHBI, paBHa —§ .- ). (Touka nepeceyenns
6

B
B
4,
B
C
A B, C ]

Puc. 10 Puc. 11

Teopema 2. (O BeICOTaX).

1. Tpu BbICOTHI TPEYTOIBHMKA MJIM TPHU NPSIMbIe, HA KOTOPBIX JIeKAT
BBICOTHI, NepeceKkanTcs B 0JHOH Touke. (ITa TOYKa HA3bLIBAETCS OPTO-
LHEHTPOM).

2. Ecin coelMHMTDL OCHOBAHHUSA ABYX BbICOT AA, W BB, TpeyrojbHu-

ka ABC, TO0 oOpa3yercsi TpeyroJbHUK, TOAOOHBII JXaHHOMY:
A4, B,C - A4BC (puc. 11).
Koapdumment mogodus pasen cosC, ecnmu yron C OCTpHIH, U paBeH

|cos C|, ecnu yron C — Tymnoil.

B
B
D K
S
A C A D C

Puc. 12 Puc. 13

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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Teopema 3. buccekTpuca yriia TpeyroJbHHKA J1eJIUT NMPOTUBOJIEKA-
IIYI0 CTOPOHY HAa OTPe3KH, MPONOPUHOHAIbHbIE NMPUJIEKAIMUM CTOPO-
HaM, T. e. ectu AD — 6uccektpuca Tpeyronpanka ABC (puc. 12), To

BD AB
DC  AC

3agaua 5. B paBHOOEIpEHHOM TPEyTrOJbHUKE OCHOBAaHUE PaBHO 8, BBICO-
Ta K OCHOBaHMIO paBHa 3 (puc. 13).

Haittu paccrosiHre MeXy TOYKON NEPECEUCHUSI MEAUAH U TOYKOM Iepe-
cedeHus! ONCCEKTPHC TPEyTOIbHUKA.

A B paBHOOEIPEHHOM TPEYTrOJbHHMKE BBICOTA K OCHOBAHHIO SIBJIICTCS
TaK)Ke MEJMAHON U OUCCEKTPHUCOM, TOUKA TIEPECCUCHUS] MEMaH U TOYKaA Iie-
peceuenus: OuccekTpuc nexxatr Ha BD. Touka M mnepecedeHus: memuaH
o Teopeme 1 nenmutr BM B OTHOIICHUH

BM: MD=2:1T1.e. BM =§BD:2.

Ecmu Ouccextpuca yrma A mnepecekaer BeicoTy BD B Touke O, TO

AO— Owuccektpuca yrma A B TpeyroisHuke ABD wu mo Teopeme 3

B AB B
—O=—.TaKKaK AD =4, AB=5,T10 —0:2 u BO=§BD=§.Ha-
OD AD OD 4 9 3

XOJUM HCKOMoOe paccrostaue OM :

OM=BM — BO = —. A

1
3

3ajgaua o «JeneHWu oTpe3kay. Kak mpaBuio, Takue 3aJadd peraroTcs
JOTIOJHUTENIFHBIM TIOCTPOGHHEM — MPOBEACHHEM IPSIMOM, MapajieabHOI
paccekaromiel, 1 HCIONb30BaHUEM INOJO0US WIHM TEOPEMBI O NEPECeUeHUHU
CTOPOH YIjla HapajulelIbHBIMUA MpAMbIMUA. OOmmid

MTOJIXOJ] K PEIICHUI0 TaKWX 3a1a4 AaéT TeopemMa Me- B
Henas (manee HATOMHUM (DOPMYJIHPOBKY W JOKa3a- 2y
TENLCTBO, B 3aJlaHUH 9-TO Kilacca 3TO yXke ObUIO 3x D
CJIETIaHO).

3agaua 6. Touka D nexut Ha ctopone BC, K 3y
Touka K — Ha cropoHe AB tpeyrompHEKa ABC, X o)
npamele AD u CK mepecekatorcst B Touke O Y, T

(puc. 14). Haiitu otnomenue AO:0D, ecnu
AK :KB=1:3u BD:DC=2:3. Puc. 14

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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A PaccraBuM Ha PUCYHKE JaHHBIE O JI€JICHUU B
cTopoH. UToOBI perieHne crtano Oosee MOHSITHBIM,
chenaeM emé OauH PHUCYHOK (puc. 14a), Ha HEM

3
npoBenémM DS ||CK . 5 D
PaccmarpuBaem  Tpeyromeauk  KBC. U3 K

DS”CK o yTBepxKIeHHI0 2° Ha CcTp. 6 Cieayer 3y
3 9
KS:KB=CD:CB, otkyna KS—g =§x. A C

(CtaBuM 3TO Ha PUCYHKE). Puc. 14a
Ha stom sTane yao0HO cienarth emé oJuH pucyHok (puc. 146), mudo Ha
pucynke 14a mposectu npsimyto AD u otmetuts Touky O.

B tpeyromsurnke ASD 1o MoCTpoeHHIO SD”KO.

ITo yreepknenuto 2° umeem AO:OD = AK :KS,
oTtkynaa cieayeT AO:0D=5:9. A
Teopema (MeHenas) o TpEYTOJILHUKE U CEKYIIICH.
Touxkn A u C|, pacno/io;KeHHbIe HA CTOPOHAX

BC u AB Ttpeyronbauka ABC, u Touka B, pac-

M0JIOJKeHHAsl HA NPOJoJKeHHH cTopoHbl AC 3a
TouKy C, J1eskaT Ha OJHOI MPAMON TOrJa M TOJIb- Puc. 146
KO TOrJa, KOraa uMeeT MecTO PABEHCTBO: ’

AG B4 CB_| -

K A
A4,CK - A4,BC|| C—:I—C,
CB B4
AC, BA
AB,AC, = AB,CK| = cz =Zc
1 ﬁc‘i
ITounenno TMIEPEMHOXKUB, MoJIy4Ynum
AC, AC BA Puc. 15a
= . , OTKyda U CJICAYCT
C,B B4 CB,
AG B4 CB
C,B AC BA

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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(cTpenoukm Ha puc. 15a TOKa3BIBAIOT TOCTIEN0-
BaTENbHOCTh B3SATHSl OTPE3KOB, JBIDKEHHE Ha-
YyHHAEeTCI B TOUKE A M B HEH K€ 3aKaHYMBaET-
cs).

2. [lycte umeer mecto paBeHCTBO (*). Ye-
pes IBe TOYKH B, U A TIPOBOJUM IIPSIMYIO,
TOYKY IEpeceyeHus ¢ OTpe3KoM AB o6o-
3HayaeM C, (puc. 156). Touku A4,B, u C,

JeXarT Ha OJHOW TPSAMOW, MO JOKa3aHHOMY Puc. 156
AC, BA, CB,
HMEET MECTO —= - —— - —+ =
,B AC BA
AC, AC1
CpaBHuBas ¢ paBeHCTBOM (*), ycTaHaBITMBaeM, 4T0 —— = —— H IIOKa-
C,B CB

3bIBaeM, uTo Touku C, u C, cOBNanaoT. W

IIpumenuM TeopeMy MeHenas K pernieHuro 3amadn 6 (cMm. puc. 14): pac-
cMaTpuBaeM TpeyrodbHUK BAD u cexyuryto CK (oHa ompenemnsieT TpH

BK AO DC 3x AO 3

toukn: K, O, C). Umeem: — - —— - ——=1, T. €. —x-—~—y=1,0TKyI[a
KA OD CB x OD 5y

AO 5

OD 9

[lononinenue. Ecnu npu Tex ke yclnoBusAX 3amadu 6 TpeOyercs ompee-
JIUTh KaKyl YacTh IUIOMAAN TPEYroJbHUKA COCTABISET, HAIPUMEp, ILUIO-
maap 4° yroneauka KODB, TO MOJE€3HO CHAYala PEelIuTh 3371a4y O «Jelie-

HHAW OTpe3ka» W Haitw, Hanpumep, AO:0OD = a 3aTeM HCIOJIb30BaTh

5

9 2
TOT (baKT, 4TO IUIomaau TPEYTroJbHHUKOB C OJWHAKOBBIMH BbBICOTaAMU OTHO-
CSATCS KaK JUIMHBI UX OCHOBAHWM:

3
Sisc =83 Supc =§S (r.x. DC :gBC);

9 9(3.) 27 9
Socp =—Spe =—| =8 |==8§ D =—AD);
ocD 14 ADC 14(5 j 70 ( 14 )

3
Skes =%S (1. x. BK = ZAB ), IO3TOMY

327,51

S _2 _20
oP 4T 70 140

KODB — SKCB =S

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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§ 2. CoiicTBa KacaTeIbHBIX, XOpPJ, CEKYIIHX.
BnucaHHble U ONIUCAHHBIE YeTHIPEXYTOJIbHUKHT

CpoiicTBo 1 (CBOWCTBO KacaTenbHBIX). Ecn U3 TOYKH K OKPYKHOCTH
NPOBe/ieHbl Be KacaTelbHble, TO AJIHHbI OTPE3KOB OT 3TOH TOYKHU 10
TOYEK KACAaHWs PaBHbI M NPAMas, NPOXOAsIIasi Yepe3 HEeHTP OKPYKHO-
CTH M 3Ty TOYKY, JeJHUT YIroJ MexX1y KacaTeJbHbIMHU nonojam (puc. 16).
Hcnonb3yst 3T0 CBOMCTBO, JIETKO PEUINTh CIASAYIOUTYIO 3a/1a4y.

3agaua 7. Ha ocHoBanum AC paBHOOEIPEHHOTO
TpeyronsHuka ABC pacrnonoxkeHa Touka D Tak, 4TO
AD=a n CD=b. OKpyXHOCTH, BIOHCAaHHBIE B Tpe-
yronsHUKH ABD wm DBC, kacatorcs npsmoid BD B
toukax M u N coorBercTBeHHO. Halitu otpezok MN .
A Tlycte a>b. Todku KacaHusi OKPYKHOCTEH CO CTO-

Puc. 16

ponamu tpeyronsHuka ABC ob6o3Haunm P,Q,E u F (puc. 17). llonoxum

BM =z,MN =x, ND=y. 1llo cBoiicTBy KacarenbHblx DE=y,
OD=x+y, AQ=AP=a—-(x+y), EC=CF=b-y, PB=BM =z,
BF = BN =z+x (puc. 17a).

zZ Z+X
a-(x +y b-y
4 y L g
a-(x+y) x+yy b-y
Puc. 17a

Bripazum O0KOBBIE CTOPOHBI:
AB=z+a-x-y, BC=z+x+b—y. llo ycnoButo AB=BC; nomyuum

a-b
z+a—-x—-y=z+x+b—y, oTkyna Haxonum x= ——. Ecim a<b, pac-

|a—b |.A

b—a
CyXkJasi aHaJIOTUYHO, NIOJIyYUM X = - Urtak: MN = 2

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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UeThIpEXYTONHHUK HA3bIBAETCSl OMMCAHHBIM OKOJIO OKPYXHOCTH, €CIH
OKPYKHOCTh KacaeTcsl BCEX ero CTOPOH.

Teopema 4. B BbINYKJIbIA 4€THIPEXYroJbHUK MOKHO BIHUCATH OK-
PYKHOCTb TOTAA U TOJbKO TOrJAA, KOIAa CYMMBbI B p
JUTMH MPOTHBOJIEKANIUX CTOPOH PABHbI. N,

O Ilycrs uyerblpéxyronsuk ABCD ommcan A C
OKOJIO OKpYx)HOCTH (puc. 18). M 9)
ITo cBolictBy kacartenbHbix AM = AN, NB = BP, D
PC=CQO u QD =DM ,nostomy AM + MD + BP + Puc. 18

+PC = AN + NB+CQ+ QOD, uro o3Hauaetr AD+BC=A4B+CD.

JokaxeM obpatHoe yrBepkaeHue. IlycTp B BBITYKJIOM YeTBIPEXYIONb-
HUKe ABCD CTOpPOHBI YAOBJIETBOPSIOT YCIOBHUIO c-bC
AB+CD =BC+ AD . llonoxum AD=a, AB=0b, N
BC=c,CD=d.

Ilo ycmoBuro a+c=b+d, 4TO0 pPaBHOCHUIBHO
c—-b=d-a.

Ilycte d > a. Otnoxum Ha Gonbmeit ctopone CD
MeHbIIyI0 ctopoHy DM =a (puc. 19). Tak kak B
3TOM ciy4ae c¢>b, TO Takxke OTIOXKHM BN =b,
MOMyduM TpHM pPaBHOOENPEHHBIX TpeyrodbHuka A a D
ABN , ADM wn MCN. Puc. 19

B paBHOOCIPEHHOM TPEYTOJILHUKE OWCCEKTPHCA )
yIia MpH BEepUIMHE SBIAETCS METUAHOM M BBICOTOW, OTCIOAA CIEAyeT, YTO
ecnu npoBectH Ouccektpuckt yrioB B,C u D, To OHH pa3aessaT mormojiam
COOTBETCTBEHHO 0Tpe3ku AN, MN u AM wu OynyT UM NepreHAuKYISPHEL.
DTO 03HAYaeT, YTO OMCCEKTPUCHI OYAYT CepeOuHHbIMU HEPREHOUKYIAPAMU
TpEX CTOPOH TpeyroibHuka ANM , a OHM 1O TEOpeMe MepeceKaroTcs B Of1-
HOW Touke. O603HauMM 3Ty TOouKy O . DTa TOYKa OJMHAKOBO yjajeHa OT
otpe3koB AB u BC (mexut Ha OB), BC u CD (nexur vHa OC)u CD u
AD (nexutr Ha OD), cnenoBarenbHO, Touka (O OJWHAKOBa yJajieHa OT
BCEX YETHIPEX CTOPOH YeThIpEXyrompHuka ABCD u B C
SIBJIAETCSl LIEHTPOM BIHMCAHHOW OKpy»HOCTH. Ciydai
d =a, xak Ooynee MPOCTOH, pacCMOTPHUTE CaMOCTOSI-
TEJEHO. W

3apaua 8. PaBHOOOKasi Tparmenus OINHcaHa OKOJIO
OKpy>kHOCcTH. HaliTu pammyc oKpy>XKHOCTH, €ClIH M-
HBl OCHOBAHHI PaBHBI a@ U b.

A Tlycts B paBHOOOKO# Tpanemu ABCD BC =0,
AD=a (puc. 20). Drta Tpameuus paBHOOOKas

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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(AB = CD) , OHa OMKCaHa OKOJIO OKPY>KHOCTH, ciaeaoBarensHo, 4B+ CD =

= AD + BC . Otcrona nonyyaem: AB=CD= ath

[Iposeném BM un CN mnepnenaukymsapHo AD . Tpaneuus paBHOOOKas,
yIJIbl NP OCHOBAHUHU PAaBHBI, CJIEOBATENIBHO, PaBHBl U TPEYTOJIBHUKH
ABM wn DCN u AM = ND.

ITo moctpoenmio MBCN — mupsamoyronsuuk, MN = BC =50, mostomy

AM Z%(AD -BC)= %(a - b) . U3 mpamoyronsHOTO TpeyronpHuka ABM

HaxoAuM BbIcoTy Tpaneuuu ABCD :

BM =~/ AB* — AM? =\/(“+bj2 —(“‘bjz = Jab.

2 2
O'lCBI/IZ[HO, YTO BBICOTA TPAIICHUU paBHA JUAMCTPY OKPYKHOCTH, IMO3TO-

1
MYy paauycC BIMCAaHHOW OKPY>KHOCTH PaBEH |7 = Ex/gb A

OueHb none3Has 3ajada. 3aMEeTUM, YTO U3 PELIEHHs TaKXkKe CIEAyeT, YTO
a-b
a+b|

CBoiicTBO 2 (yroy MeXIy KacaTelnbHOM U XOpIoi).

I'padycnaa mepa yz2na, 00pazo8anH020 XOpOoOl U KacamesibHOI,
UMEWUMU 0OULYI0 MOYKY HA OKPYHCHOCHMU, DAGHA NOJI08UHE 2PAOYCHOU
Mepbol 0y2u, 3aKNI0UEHHOI Medcoy e2o cmoponamu (puc. 21).

o PaccmatpuBaeMm yron NAB mexnay xacarenbHoi NA
n xopaod AB. Ecim O-T1eHTp OKPYXHOCTH, TO
OA1L AN, ZOAB=/0BA=90°—«a . Cymma yrjioB Tpe-
yronbHuKa paBHa 180° criemoBarensHO, yron AOB

B PaBHOOOKOM OIUCAHHOHN TPANCIHU |COS & =

1
paBeH 2a . Utak, a = LNAB = EAAOB.

OO6patum BHEMaHHWE, 9TO yron NAB paBeH mr000My BIH-
caHHOMY yrity AKB , onuparoniemycst Ha Ty e Ayry AB.

Cnyuail o >90° paccMaTpuBaeTcs aHAIOTHYHO. W

N3 »sToro cBoicTBa ciienyeT BakHasi TEOpeMa «O KacaTeJbHOM M CeKy-
ey, KOTopast 9acTo UCIOIB3YETCS MPH PEIICHUH 3a1ad.

Teopema 5. IlycTh K OKPY>XHOCTH HPOBEIEHBI U3 OJHOM TOYKHM Kaca-
tenpHasT MA W cekymas MB, mepecekaromas OKpyXHOCTh B Touke C

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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(puc. 22). Torma cHopaBemIMBO  PaBEHCTBO I,
MA *=MB-MC, 1. e. eciu M3 TOUKH M K OKpYykK- — — = 4
HOCTH TPOBe/IeHBbl KacaTeJlbHasi U ceKylias, TO U
KBa/paT OTpe3Ka KacaTeJbHOH OT TOYKH M .10 /L
TOYKH KACAHMSI PaBeH NMPOM3BENACHUIO NJIHH OT-
pe3koB cexkyuieii oT Touku M 10 Todek eé mepe-
CedeHHsi ¢ OKPYKHOCTBIO. K

0 Yron MAC obpa3oBaH XOpI0i M KacaTeIbHOM, Puc. 22
£ MAC =2 ABC . Tak kak B TpeyronbHukax MAC
u MBA yron M —oOmuii, TO 0 IBYM yriiaM OHH NOJ00HBL W3 momobus

CIIEIYET: M—A—M—C OTKyIa Moy4yaeM:
YU MB T M4 Y Y )

MA*=MB-MC.m
CaencrBue. Eciu uz mouxu M K oxpysjcHocmu nposedervl 08¢ Cexy-
wue: MB, nepecexatowasn oxkpyxcnocms 6 mouke C, u MK , nepecexaio-
was oxkpyxcrnocms 6 mouxe L (puc. 22), mo cnpasednuso pasencmeo
MB-MC =MK -ML.
o [Mposeném xacatensuyro MA . Tlo nokasannoi Teopeme MA*= MB - MC

u MA® = MK - ML , cieoBaTenbHO
MB-MC=MK -ML. u
3agaya 9. OkpyXHOCTH MPOXOIUT Yepe3 BepmmHbEl C u D Tpamenuu
ABCD , xacaetcsi 60KOBOW CTOpOHBI AB B TOU-
ke B u mepecekaeT Ooibliiee ocHOBaHue AD B
touke K (puc. 23). U3sectHo, uro AB =53 ,
BC=5 n KD=10. Haiitu paguyc OKpy>KHO-
CTH.
A 1. ycts AK =x, Torma AD=10+x. o 4 K\l—()/D
meopeme O  KACAmMeNbHOU U  ceKyuel
AB’=AK -AD, 1. e.75=x(x+10), orkyna Puc. 23
x=5.Hrak, AD=15.
2. 3aMeTHM Temeph, uTo Yrol ABD Mexmy KacaTenbHOU AB u Xopmoit
BD pasen BmucanHoMy yrry BCD, a w3 mapauIeIbHOCTH NMPSMBIX AD w
BC cnenyer paBenctBo yrioB 1 u 2. Ilo mepBoMy mIpu3HAKy MOI0OHS
AB _AD BD

AABD ~ADCB . U3 mnogobus umeeM — =——=——. M3 mocjaeaHEro
CD BD BC

paBeHCTBa HaxoauMm, uto BD’=AD-BC, 1. e. BD=~JAD-BC=5\3,

a 13 TIepBOro paBeHCTBa HaxoauMm CD =% =3.

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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3. Tak xak KB =CD ( KBCD — BnucaHHas Tpamenus, oHa paBHOOOKas),

u KB* + BD* =KD’ , 10 Z KBD =90° 1 KD — uameTp OKpyKHOCTH.
3HaunT e€ pamnuyc paBeH 5. A

cyHka 24| AD = \/bc — xy|).

0 OnumeM okojio TpeyroibHuka ABC OKpY>KHOCTB,
TOYKY TIepeceueHUs TpsIMor AD # OKPYKHOCTH 000-
3HaunM K (puc. 24a).

0 OnumeM oxojio TpeyroinbHuka ABC OKpY>KHOCTB,
TOYKY TIepecedeHUus TpsIMor AD u OKPYKHOCTH 000-
3HaunM K (puc. 24a).

O6o3naunm AD =z, DK =m. AABD — AAKC
(£ABD = ZAKC wm/1=/2). V3 momobusi ciemyer

AB  AD c
—=— T
AK  AC z+m
2 +zm=bc, z* =bc — zm.
Ilo ceoticmey nepecexkauuxcs xopo AN_b_~C
AD-DK=BD-CD, 1. e z-m=Xx-y, TOrja Puc. 24a

22 =bc—xy,z=+bc—xy.m

z
=—, OTKyJa
b

W3 3T0i1 TeOpeMbl clieayerT:

a) U3 6cex NapanieirozpamMmos moabKo OKOI0 NPAMOY20NbHUKA MONCHO
onucamv OKpyICHOCMb,;

0) 0K0I0 mMpaneyuu MONCHO ONUCAMb OKPYICHOCHL MOIbKO M020d, KO-
20a oHa pasHOOOKAs.

3agaua 10. B tpeyronsuuke ABC OUCCEKTPUCHI
AD wm BF mepecekarotcs B Touke O (puc. 25). U3-
BecTHO, 4To Toukk F, O, D m C nexar Ha OJHOH

OKPY>KHOCTH U 4TO0 DF = \/g . Haiitu nnomaas Tpe-
yronbHuka ODF .

A TaKKaKZBAOZ%ZA I/IZABO:%ZB,TO

© 2013, 3O0TIO M®TU, [Turonkuna Tatesaa CepreeBHa
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£ DOF = ZA0B = ﬂ—%(ZA-FZB).
Yetwipéxyromsauk DOFC BOucaH B OKPYKHOCTh, IO Teopeme 7

ZDOF =7 —-/ZC,1.¢. ﬂf% (L A+4L B)=rn—ZC, oTKyna, yIuTHIBasI, 9TO

L A+/ B+/C =7, Hax0IuM 4C=§.

Tenepp 3amernmM, 4Tto TO4Yka O —TOYKAa MeEpeceYeHUs OHMCCEKTpUC,
CO —o6uccektpuca yrna C, ciaegosatensHo, yriasl OCD u OCF paBHbI
IOpyr Ipyry. OTO BIMCAHHBIE YIJIBI, [IOSTOMY BHMcaHHble yriel ODF u
OFD paBHbI UM U paBHbI APYT Apyry. Takum oOpaszom,

L/ ODF =/ OFD=% /C :%.

Tpeyronsuuk DOF paBHOOeApeHHBIN ¢ OCHOBaHUEM DF =3 un YIJIOM
npu ocHoBanuu 30°. Haxoaum ero BBICOTY, OMYIIEHHYIO U3 BepwnHbl O, U

B3

miomanes TpeyroasHuka ODF : S =% h -DF :T' A

§3. Teopembl KocMHYCOB M cHYCOB. [IpuMeHenne
TPUIOHOMETPUM K PellleHHI0 reoMeTPHYeCKHuX 3a1a4

Kaxk 006b11HO, B Tpeyroiasauke ABC CTOPOHBI, MPOTHBOJICKAIINE yTiaM
A,B n C, oboznaunm a,b u c. CrpaBemiuBBI JBE TEOPEMBI, YCTaHABIIH-
BAaOIME COOTHOIIEHUS MEXITy CTOPOHAMH U YTJIaMH TPEYTOJbHHKA, YTBEp-
JKICHUS KOTOPBIX MOYKHO KPaTKO 3aIucaTh TaK:

TeopeMa KOCHHYCOB: ¢ “=a’ +b° —2abcos C;

a b c
TeopeMa CUHYCOB: —— = ——— = — =2R
sind sinB sinC

[TokaxxeM Ha mpuMmepax, Kak HPUMEHSIOTCS 3TH
TEOPEMBI.

3agaya 11. Jlokazats, yTo B mapaJjiiejaorpamme
CyMMa KBaJpaToB [MaroHajeii paBHa cymMMme
KBaJIpaTOB BCEX ero CTOPOH.

A Tlycts B mapannenorpamme ABCD nnuHBI CTO-

pOH paBHBI a W b, JUIMHBI TUaroHanei paBHbI d, U
d,: AC=d,, AB=DC=a, BD =d, (puc. 26).
Ecmn  ¢@=/BAD, 10/ADC=180°-¢. U3 Tpe-
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yronbHUKOB ABD u ACD 1o TeopeMe KOCHHYCOB OyaeM WMETh:
di=a*+b*>2abcosp, d;=a’+b’—2ab cos(180° —~ (o) . CkyaapiBas mo-

YIIEHHO 3TH PaBEHCTBA U YUHUTHIBAs, UTO cos(l 80" — go) = —COS (0, MOIYIUM

TpeGyemoe pasenctso |d; +d; =2a’ +2b°| A

CaencrBue. U3 pemeHus TaHHOW 3a7addl JIETKO IMOJYYUTH BBIPAKCHIHE
MeJMaHbl 11, TPEeYroNbHHMKA 4epe3 ero cropousl a,b u c. Ilyctb B Tpe-
yroneHuke ABD:AB=a, AD=b, BD=c; AM — menuana, AM =m,

(puc. 26). JloctpouM 3TOT TpeyrodbHUK ABD no mapamenorpamma ABCD
U BOCTIONB3YEMCS Pe3yJIbTaToM 3anauu 11, momydmm:

a+b* ¢

c+2m )’ =2a*+2b*, orkyna |m, =

c

[\
|
INEN

3agauya 12. Ha cropone 4D pomba ABCD B3siTa B K C

Touka M , mpH 3TOM MD:i AD wu BM =MC=11.
10 |/ fy
Haiitn nnomane tpeyronsauka BCM . 01y 3o
A 1. OO6o3HauWM JIUHY CTOPOHBI pomba X, 1 10 i 10 D\
3
£ BAD =¢ (puc. 27). Ilo ycmoButo MD—B x. Crne- Puc. 27

noBarenbHo, AM :% x. W3 tpeyroasaukoB ABM u MCD 1o Teopeme

KOCHHYCOB TIOTy9daeM:

2
BM*=x>+ lx 2x lx cos @,
10 10

2
MCz—sz{%xJ 2x %x cos (180°—p).

[IpupaBHuBaem mpasble YacTu (Mo ycioBuio BM = MC), noacrasisieMm
cos (180° —p)=—cos¢ , cokpamiaeM Ha X~ , IPUBOJNM MOJOOHEIE WICHBI U

1 .
MoJy4aem COS({):g. [Toxcrapnss HaiimeHHOE 3HaueHue cos@ U BM =11 B

IIepBOE PaBEHCTBO, HaxoaAuM x =10.
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2. B paBHoOeapenHoM TpeyronsHiuke BMC ocHoBanme paBHo 10, Haxo-
auM Beicoty MK :

MK =BM? —BK* = | BM? —iBCz — 9%, B

TOTma IUIOManb TpeyroibHunka BMC  pas-
Ha%BC-MK=ZO\/€.A

3agaua 13. B paBHOOEIpEHHOM TPEyrOJbHH-
ke ABC (AB=BC) mpoBeacHa OHCCEKTpHCa
AD (puc. 28). Haiitu paguyc onucaHHOM OKOJIO
TpeyronbHuka ABC okpyxkHOcTH, ecnu AD =4

u DC :\/g .

A 1. Yrier npu ocHoBanuu AC B TPEyroiib-
auke ABC pasubl, 0003HaunM < BAC =2« ,
torna £ DAC =¢ . Ilo TeopeMe CHHYCOB H3 Tpe-

Puc. 28
4

yronbHuka ADC crnenyer — = Vo , OTKY-

242

sin2a  sina
2 ) 1 )
Ia cosa = E.HaXOIII/IMi cos2a =2cos a—lzg u s1n2a=T.

2. Boruucnsem cropony AC :

AC = AK + KC = ADcos o + DC cos2a =§\£.

3. Kak crnenyer U3 TeopeMbl CHHYCOB, paaMyc R ONMCAHHOH OKOJIO
TpeyroibHuka ABC OKPYKHOCTH MOKeT OBITh HalileH U3 paBeHCTBA

AC AC AC 153

2sinB’ re R 2sin(180° —4¢a) 4sin2acos2a 8

B pemennn cneayronux 3a1a4 CynieCTBEHHO MCIONb3YETCs 3HAHNUE TPH-
TOHOMETPUUYECKUX TOXKJECTB, YMEHHE pellaTh TPUTOHOMETPUUECKHUE YpaB-
HeHwus. [Tojo0HbIe 3a1a4n He pacCMaTpHUBAIKCh B 3aqanusx 9 — 10 kiaccos,
MOCKOJIbKY OOJIBIIMHCTBO YYalIUXCs B TO BpeMsi He 00JIalao 3HAHUSMH 110
TPUTOHOMETPHH B JIOCTATOYHOM OOBEME.

B aTux 3amayax B KauecTBE HEM3BECTHOM BBIOMPAETCS HEKOTOPBIM yroi u
10 JaHHBIM 33/1a4M U HU3BECTHHIM METPUYECKUM COOTHOLICHHMSAM COCTaBJIS-
€Tcs TPUTOHOMETPHUECKOE ypaBHEHUE UM cucTeMa ypaBHeHu. Mx cocras-
JICHWE W DEIICHHUE SBJISIETCS OCHOBHBIM 3TAIlOM BCErO PELICHUs 3aJadd, a
HCKOMBIE 3JIEMEHTHI ONPEACIAIOTCS Yepe3 3HAUCHHS TPUTOHOMETPUYECKUX
¢yHKUUMI BBEAEHHOTO yTIIa.
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3agaya 14. Touku K u M pacnosokeHbl COOTBETCTBEHHO Ha CTOPOHE
BC wu Beicore BD octpoyronsHoro tpeyronsHuka ABC. TpeyronbHHK
AMK —pasHocTopoHHuil (puc. 29). Haiitu ero

B

TJIOIA/Ib, eclu AD =3, DC 2% ,
BK:KC=10:1.

A 1. OG03HAaYMM CTOPOHY IPAaBUIBHOTO Tpe-
yronsauka AMK uepe3 x, Z KAC =¢ (puc. 29).

[ycts FK||AC u KN 1 AC. U3 nomobust Tpe- F
YTOJIEHUKOB CKN u CBD ciemyer

[0
1 1 A,

NC=EDC=E.T0rz[a DN =5u AN =8.

Puc. 29
2. 3ameTum, 4TO ZFKA=¢ u e

Z MKF = %— @ . VI3 mpsiMOyroJIbHbIX TpeyronbHUKoB AKN u MKF cne-

nyer AN =AKcosp wu FK ZMKCOS[%—(DJ, T.€. 8=Xxcos@p WU
V4

5= xcos(; - (pj . U3 TPUTOHOMETPUIECKOTO ypaBHEHUS

. 1
5cosgp = 8005(%—(/7] MOJTy4aeM cos¢=4\/§s1n(p, ntge= m

1 NE)

a—_—— HaXoIuM COS (D = n
J1+tg’e 7

3. Ilo d¢opmyne cose=

8 14
X = =—=". [ljomanp OpaBUILHOTO TPEYrOJbHHKA CO CTOPOHOM X
cos @ \/5
2
4
paBHa al ;/g . Haxomum S, =9T\/§. A

OOpatum BHMMaHHE, YTO B 3TOHM 3ajadye OJUH TPEYTOJbHHUK MOBEPHYT
OTHOCHUTETIBHO Jpyroro. B kauecTBe MpOMEXYyTOYHOH MEPEMEHHOM M ObLI
BBEIEH 3TOT YIroJ OBOPOTA.
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3agaya 15. OxpyXHOCTh MPOXOJUT Uepe3 BepIIMHBl 4 U B Tpeyronib-
Huka ABC, npecekaetr ctopoHsl BC nu AC B Ttoukax M u N COOTBETCT-

BeHHO (puc. 30). U3BectHO, uT0 AB=4, MN =2 u ZACB = arcsin%. Hait-

TH paiiyC OKPYKHOCTH.
A 1. O6ozpaumm ZACB=¢, Torma

3 4
sing = g , ®— OCTpBIH Yroi, coS@ = g . Hano

HaWTH pajuyc OKPY>KHOCTH, IIOATOMY Pa3yMHO
BBECTU BNIHUCaHHbIM yroin: ZNBM =oa. Yron
ANB — BHemHUN as TpeyronsHuka BNC , mo-
atoMy LANB=a+¢. Puc. 30

2. Ecmm R-pamguyc OKpyxkHOCTH, TO AB=2R sin(a + q)) u

MN =2Rsina, T. e. mony4aeM cucremy: 4 =2R sin(a + go) u 2=2Rsinc.
Uckmouast R, npuaéM K ypaBHEHUIO 2sina = sin(a + q)) .

. . . 4 . 3
Tak Kak sm(a+(o):smacos¢)+sm(ocosa:gsma+gcosa, TO

YpaBHCHUC MIPUBOJUTCA K BUAY

. . ) 1
10sina@ =4sina +3cosa, 6sina =3cosa, tga =E.

__fgr =L, TOrza Rz—MN =+/5. A
\/1+tg2a \/g 2sina

Basicnoe 3ameuanue. B 3anaue 15 yriosas BenuunHa ObUIa 3a/1aHa 3HA-

3. Haxomum: sino =

.3 .
YCHUEM arcsmg. IMo ompenenenuro QyHKIMK y =arcsinx 3TO O3HAYAJO,
. . . 3
YTO 3aJlaHHBIM YTOJ OCTPbIM H Sll’l¢:g. MBI 3aMEHHIIH YCJIOBUEC

.3
@ = arcsin— paBHOCUJIIbHBIM €MY. AHamoruyHo CJICOYCT MOCTYIAaTb BO BCEX

3ajayax, yCIOBHUs KOTOPBIX COJEpPKAT 3HAUYEHHsI OOpaTHBIX TPUTOHOMETpPHU-
yeckuxX (QyHKIMH A7l BeIW4YMH yrioB. Hampumep, ecnu yroin 3aiaH B BHIE

2 N 2
a = 7T —arccos g , TO 3TO O3HA4Ya€T, 4TO «& —TYIOU YIOJ, COSO = — g 5
. 1 N
SiIn¢ =—= U MOT'YT OBITH HauJCHBI, €CCIIN OKaXXCTCA HGO6X0,Z[I/IMLIM, 3Ha4YeC-

NG

.
HUS cOS2a , s1n5 HT. I
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Hexotopsle yuamuecs, MpoBOIs pelieHre 3a1aqu B 00IeM BUAC U TOJI-
CTaBJISAs YMCJIOBBIC JAHHBIC JIMIND B KOHIIE (Y4TO, 3aMETHUM, OOBIYHO JeacT
perieHne TPOMO3IKUM ), TIONYYatoT, HAPUMED, OTBET ISl JUTUHBI CTOPOHBI B

BUjae a =3sin 2arccosL . Ecniu nanee 3T0 3HadeHHe HE 3allMCaHO B BU-
NE)

ne a=22, 10 pelleHre He CUMTaeTcsl NOBEAEHHBIM 10 KOHLA. T. e. oTBeT

3aJayd, KOrJa YIJIoBas BEJMYMHA 3aJjaHa 3HAYeHHEM OOpaTHOW TPUTOHO-

MeTpHUecKOH (DYHKINH, HE JOJDKEH COIepKaTh 3HAYCHHSI TPUTOHOMETpUYe-

CKUX M OOpaTHBIX TPUIOHOMETPHUYECKUX (QYHKIHMH (€CliM TOJIBKO caMa HcC-

KOMast BEJIMYMHA HE SIBISIETCS YTIIOM).

B zaxmrodyenune maparpada pemmM 3amady o0 ONpeacsieHHd yIyia Tpe-
yronpHuka. OOpaTUM BHUMaHWE, YTO pelieHne TpedyeT oToopa B COOTBET-
CTBHH C yCJIOBHEM 3aJlauu.

3apaua 16. B tpeyronsauke ABC Boicota BD, menmana CM u Guc-
cektpuca AK mepecekatorcs B Touke O (puc. 31).

Haiitn yron A, ecnu u3BeCcTHO, 9TO OH Gonbine 60° u
AM =J3-0M .

A 1. O6oznaumm AM =x (torma AB=2x),
ZBAC =20 u AO =y. U3 NpsAMOYTOJIBHBIX TPEYrONbHH-
koB AOD u ABD wumeem: AD=ycosa u

2xcos2a
AD =2xcos2a . Belpaxxaem y = ey Puc. 31
cosa
2. [IpumensieM TeopeMy KOCHHYCOB K TpeyroibHUKY AMO , yuuTsiBasi,
1 2
ut0 MO’ =§x2 : %zxz +y° —2xy-cosa.

TToxcraBisieM BbIpakKE€HHUE IS COKpAIl[aeM Ha X°, TIPUBOIHAM YpaB-
2 2

HeHue K BUAY 2cos’ o +12cos’ 2a —12cos2a -cos’ a =0 . Mcnons3yeM To-
JKJECTBO 2¢0s” @ =1+ cos2a , moTydaeM ypaBHEHHE
6cos’ 2a —5cos2a +1=0.

1
Haxogum: cos2a = g AN COS 20 = 5
1
3. o ycnosuro 2a = Z/BAC, 2« >%, 3HAYUT COS2a < E , TIODTOMY

1 1
cos2a =cosA=§, LA =arccos§. A
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§ 4. PucyHok B reoMeTpruecKoii 3agaue

B 3axmoyeHnn ocTaHOBUMCS Ha ellle He 0OCyKIaBIIeMCs B 3TOM 3aja-
HUU BOTIPOCE O POJIHM PHCYHKA B PEIICHUH T€OMETPHIECKHX 3a/1a4.

HexoTopble yuammecs W aOUTYPHEHTHI OTPAaHUYMBAIOTCS HEOPEKHBIM
MEJKUM PHUCYHKOM, Ha KOTOPOM Ja)ke TPYTHO pa3o0paTh, Kakue 0003Hade-
HUS K YeMy OTHOCSTCS, KaKhe MPSIMbIE MEePIeHINKYISIPHBI WIH Mapauieib-
HBI, B KAKMX TOYKaxX MMEET MeCTO KacaHue u T. 1. Koe-koMy U3 HUX BCE ke
yaaéTcsi BEPHO PEIINThH 3a7ady, HO B OOJNBIIMHCTBE CIIydaeB, OCOOCHHO B
3a/1auax, TpeOyOIIMX psjia [IaroB PacCy JICHUN U BBIUMCIICHUH, TaKOU pu-
CYHOK CKOpee MEIIIaeT PEelIeHHI0, a HE CIIOCOOCTBYET yCIeXy.

Pucynox 6 eecomempuueckoii 3a0aue — 3mo y0oOHblU 0Ji5i BOCHPUAMUS HA-
2NIAAOHBIL CNOCOO 3anucu YCio8ull 3a0auu, UKCUpYowull U y0eprcusaouull
BHUMAHUE pewiaiouje2o, OH Na&T TIOBOJ K Pa3MBIIIICHUIO U MOXKET CTaTh I10-
MOIIIHUKOM B pELIEHUH 3aJlaud, MOJCKa3aTh NMPaBWJIbHBIH MyTh B IOMCKaX
pemrenus. (Ilocmorpure, Hanpumep, Ha puc. 27, 28, 29). UMeHHO 1T03TOMY K
MIOCTPOCHUIO PUCYHKA TOJE3HO OTHOCUTHCS BAyMuuBO. CHauama, 9TOOBI
OT PYKH HEOOJIBIION MpeBapUTENbHBIA PUCYHOK U OTMEUAIOT Ha HEM (eciH
TaKOBBIE€ €CTh) PAaBHBIE YTIIBI, TPOMOPIIHOHATBHOCTh OTPE3KOB, MIEPIICHIUKY -
JIAPHOCTH U T. 1. Y numibs 00ayMaB, Kak HaJlo U3MEHUTHh PUCYHOK, YTOOBI OH
COOTBETCTBOBAJI YCIIOBMSIM 3aJaud, AENAIOT aKKypaTHBI W JOCTATOYHO
0O0JIBIIION PUCYHOK, YTOOBI HA HEM YMECTHIINCH BCE BBEAEHHBIE 0003HAYCHUS
YIJIOB, OTPE3KOB M JaHHBIE 3aaud. B psme ciyyaeB «XOpOIIUiD PHUCYHOK
MOJTyJaeTcsl He ¢ TIePBOil MOMBITKK M TIPH €Tr0 MOCTPOCHUH YK€ HAUWHAETCA
MIpOLIECC PelIeHNs 3a/1auM, TaK KaK MCIIOJIb3YIOTCS ONpPEAETICHUsI U H3BECT-
HBbIE TeoMeTprudecKhe (PakThl OTHOCHUTENBHO BXOMSIIUX B YCIIOBHE 3a/a4d
3JIEMEHTOB F'€OMETPHUYECKON KOH(PHUTypaLyu.

Kornma cnoBaMy 3ammchIBalOTCSl TEOMETPUUECKHE CBOMCTBA BXOJSAIINX B
3a/la4y JJIEMEHTOB, YCTAaHABIMBAIOTCSI METPHUUYECKHE COOTHOIICHUS THIIA
AB=AK + KB, AK = PQ u T. 1., IpOBOASTCS HEKOTOPHIE BBIUUCICHUS, TO

OXBaTUTh WX B3TJISAOM, YBUACTH B IIEJIOM, CAETAaTh HYKHBIA BBIBOJ ObIBaeT
COBCEM HEIPOCTO, & BOT YBUJCTh Ha PUCYHKE CJIe]l COOCTBEHHBIX PacCyKie-
HUH U HE TEPATH 3TOTO U3 BUIY OOBIYHO yHAETCS.

Msi roBopuM 0 paboTe ¢ PUCYHKOM B Tporiecce Mmoucka penieHus. [lpu
OKOHYATEIILHOM H3JIOKCHHUH PEIICHHSI 3a/1a9l Ka)XI0€ 3aKIIIOUCHHUE JOJDKHO
OBITh 00OCHOBaHO (Yallle BCETO CChUIKAMHU Ha M3BECTHBIE TEOPEMBI Kypca,
peke — JTONOTHUTEIBHBIM Jl0Ka3aTeabcTBOM). CaM 10 cebe PUCYHOK, Jaxe
caMbli aKKypaTHBIH, BBIIIOJHEHHBIN [TUPKYJIEM U JUHEHWKOM, HUYEro He J0-
Ka3bIBaCT, BCE, UTO «yBUACHO» M3 YEPTEXka, IOJDKHO HMETh JIOTMUECKOE
00OCHOBaHME.
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W emgé onHo 3amedanue. Ecny 3aaya He MONTydaeTcsl, «yMHApAcTCA», HE
JOCTaéT emé Kakoro-To OJHOTO COOTHOILIEHHS, CBSI3U JIEMEHTOB — BEPHU-
TECh K YCJIOBHIO 33J]a4¥ M BHOBH 00OCYAMTE KaXKJbIii BXOJIIINN B HETO T€O0-
MeTpudecKkuil anemMeHT. CKopee BCero, BaMU MCIOJIb30BAHBI HE BCE X CBOM-
CTBa, CJIEJIaHbl HE BCE BO3MOYKHBIE BBHIBOJIBI.

ITosicHMM HalIM PacCyXIEHHUs O PUCYHKE M paboTe ¢ HUM IpUMEpaMH
pelenus aByx 3aaad onumnuag MOTHA.

3agauya 17. Iponomkenust mequan AE u CF tpeyromsuuka ABC
(puc. 32) mepecekaroT OMUCAHHYI0 OKOJIO HEro OKPY)KHOCTh B TOukax D u
N cootBerctBenHo Tak, uto AD:AE = 2:1 u CN :CF = 4:3. Haiitn
YTIIBI TPEYTOJIBHUKA.

A JlemaeM TpeaBapUTENBHBIN PUCYHOK (KCTaTH, D
ero yao0OHee BCEro pPHCOBaTh, HAYMHASI C OKPYXKHO-
cti), otMedaeM, uto BE=EC u ED=AE (310 C
cnenyer u3 ycnosusi AD =2AE). JIse xopast BC u B o5/ )
AD , nepecekascs, aenarcs nomnoiam. Ilo cBoicTBy »«Q’, R
niepecekaromuxcst xopn AE-DE = BE-CE, oTkyaa N A
cnenyet, uto AE = BE=DE =CE . Touka E onu-
HaKoBO yzaaiieHa oT Touek A, B, D u C OKpyXHO-
CTH, 3HAYHUT TOYKa F — IIeHTp okpyxkHocTu. OTciona cimexyer, uto BC u
AD — muametpsl, u £ A —npsaMoit (ommpaercs Ha auametp). [lockonmbky na-
Jjee JOJDKHAa paccMaTpuBaThcsi MenuaHa AFE, a HaMH YCTaHOBJIEHO, 4YTO
AE = DE = BE = CE , 10 yno6Ho BBecTH 0003HaueHne AE =R .

Puc. 32

1
O6cyauM crnenmyrommue ycimoBust 3amadn: FN =§FC . O0603HaunM

FN =x, torna FFC =3x. HakoHenr oOpaTiiM BHHMaHHUE, 94TO B 3aJla4€ €CTh
JIBE METUAHbl TPEYTONbHUKA, 3HAYUT HATO D

BOCITOJIB30BAThCS CBOMCTBOM MEIHaH: Iepe-
CEKasCh, OHHM AEIATCS B OTHOIIEHHMH 2 : 1,
cuntas oT BepmuHbL. MTak, ecnmu o0o3Ha-
quTh Yepe3 O TOUYKY IepeceucHus] MeauaH,

TO B
AO=§R, CO=2x n OF =x.

BrimonHsiemM xopomunii 60bII0N PHCYHOK
¢ yu€ToM BCeX ycTaHOBJIEHHBIX (PakToB. [To-
CMOTpPUM BHUMATEJIbHO Ha puc. 33 u mojay- A
MaeM, MOXeT OBbITb, €Il YTO-TO MOKHO yC- Puc. 33
tanoBuTh? Jla! Xopma CN, mepecekas mua-
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MeTp AD , nenurtcs nomonam, 3HaUUT CN 1 AD . OTpa3um U 3TOT MOCHEA-
HUH QaxT.
Teneps pemienue.
1. ITo CBOMCTBY MepECEKAIOIMIUXCS XOP/T
2 4

A0 -OD=CO-ON, T.¢. =R SR=4x 2,
2 2 2
OTKyJla X~ = ER .
2. U3 mpsimoyronsHOTO Tpeyronbanka COA 1o teopeme [Indaropa
2
AC=|(2x)’ +(3Rj - 2R
3 3

3. 13 npssMoyTobHOTO Tpeyroiibanka ABC HaXxoaum

AC 1
sinB=—=—.
BC 3

V4 o1

OTtBert: LA=—, /B =arcsin—,

2 NG

V4 1
ZC =——arcsin—. A
2 V3
3agaya 18. [{imHa cropons! pomba ABCD pas-
Ha 4. PaccTrosiHMEe MEXIy LIEHTpaMH OKPYXKHOCTEH,
ONMCAaHHBIX OKOJO TPEyroJbHUKOB ABD u ACD,
paBHo 3. Haiitu pannycsl okpy>kKHOCTEH.
A Ctpoum nepBslii poOHBIN pucyHOK (puc. 34)
1 HAYMHAEM pacCykIaTh.

Puc. 34 [ToCKONBKY B YCIIOBHM 3a7aud 3aJjaHO PACCTOSI-
HHe MEXIy HEeHTPaMH, TO HEOOXOAMMO YCTAaHOBHTH HX TONOXeHHe. Bynem
IIOMHHTBH, 4YTO quI)IpéXyFOHLHI/IK 02
ABCD — pom0, XapaKTepusylo-
[IMEe €ro CBOMCTBA — IMATrOHAIH, C
TepeceKasch, JEIATCS MOMoIaM U B
TIEpHeHAUKYTAPHBI  JPYT JPYTy. A Ry

Lentp OKpYXHOCTH, OMUCAHHOU
OKOJIO TPEYroJbHUKA, €CTh TOUKa

MEPECCUCHUsT CEPEIUHHBIX Tep- R 01
NIEHAUKYJSIPOB K €r0o CTOPOHAaM.

Tpeyronsauku ABD u ACD a

pey i 2 M 2 D
AMEIOT _00mIyio cTopoHy  AD,

clieloBaTeIbHO, 00a IIeHTpa Je- Puc. 35
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X&KaT Ha CEpeIMHHOM NepHeHaukynspe orpeska AD . Kpome toro, uentp O,
OKpPY>KHOCTH, ONHCAHHOM OKOJO TpeyroibHHUKa ABD, NeXHUT Ha MNpsMOH
AC (9T0 cepeMHHBIA NEPNEHANKYIAp oTpe3ka BD ), a nentp O, OKpyX-

HOCTH, OIIMCAHHOH OKOJIO TpeyroasHuka ACD , nexuT Ha npsiMoit BD (310
CepeUHHBIN neprneHaukysp orpeska AC ). Vtak, EHTpBl OKpYyKHOCTEH —
3TO TOYKH TMEPEeCedeHrs CEepeMHHOr0 MepIeHAMKYJsApa oTpe3ka AD ¢
npsimeiMu AC u BD.

Bot Tenepb cTpouM HOBBIM PUCYHOK, HA KOTOPHIH HAHOCUM TaKXe YH-
CIIOBBIE JTaHHBIE 3agaud. OOpaTM BHHMaHHE, YTO OKPY)KHOCTH pPUCOBATh
yKe HeT HeOOXOIMMOCTH.

O6o3naunm AQ, = R, u DO, = R, u, IOCKOJIbKY HMEEM HECKOJIBKO I0-
JOOHBIX TpPEYroJIbHUKOB, BBOAUM emE yron ZMAO, =oq . 3anucsiBaeM

BIIOJIHE OYCBHUIHBIC BBIBObI:

1.AAOM, ZM =90°, :>2=Rlcosa,
LMAO, =a OM =R sina.
2.ADO,M, ZM =90°, . 2=R,sina,
ZMO,D=a O,M =R, cosa.
3.1lo ycnosuto O,0, =3, ,
= R,cosa— R sina =3.
T.¢.O,M —-OM =3

Wrak, nonyuunu cucreMy U3 TpEX ypaBHEHUH ¢ TPEMsI HEM3BECTHBIMU
2=R, cosa.
R,R,,a: {2=R,sina,
3=R,cosa—R sina.
Pemartp 3Ty cucteMy MOXKHO MO-pa3HOMY, HAallpUMeEp, MCKIIOYUB R, U
R, , IOXy4YUTb TPUTOHOMETPUIECKOE YPABHEHUE
cosa ,sina

-2
sina  cosa

1
3=2 , 2tg’a+3tga —2=0, tga = 5 (yron o — octpslii),

.2, R =5, R =25 a
J1+tg'a NG

B sroli 3agaye, okazaBIueicsi cOBCeM He MPOCTOW it aOUTYpPHEHTOB,
TPYAHOCTh IJI1 MHOIMX ObUIa 3aKJIFOYEHA B IIOCTPOEHMM PHCYHKa, OOHa-
JKAIOLLIErO yCIIOBUE 3a]a4y U HAIIPABJIAIOLIETO PELICHNUE.

Torga Coso =
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Caoaka noJie3HbIxX (popmy.Jr

®opMyJIbI IUIOIAAN TPEYroJbLHUKA:
1
S =§ah (a —ocHoBanue, i — BBICOTA K @ ).

1 .
S = Eab -sinC (a,b —croponsl, C — yroia Mexay HUMH).

S=\p(p—a)p-b)p-c) (dopmynaTepona, 2p =a+b+c).
S = pr ( p—nonynepumerp, » — paguyc BIHUCAHHON OKPYKHOCTH).

abc .
S = E, rae R —paauyc OnMcaHHON OKPYKHOCTH.

S = ( P a) r,, TI€ p — NOIyNEPUMETD, 7, — PaJinyC BHEBIMCAHHOM OK-

PY’KHOCTH, KacaroIlleicsi CTOPOHBI a.

dopmyJia IIOMIAAN TPATIEIHN:

a+b

S= h (a u b —ocHoBanus, h — BbicoTa)

S=c-m (c—00KOBas CTOpOHA, M — PACCTOSHUE N0 HEE€ OT CepeaMHBI

Ipyroit 00KOBOH CTOPOHBI).
®opmMmyia UIOLIAM NapajlieJorpaMma:
S=ah (a —cropona, I —BbICOTAK @)
S=ab-sina (a u b—CcTOPOHBI, @ —BEIMUNHA YTJIa MEKIY HUMH)
®opmyJia MIOIIATH BBIMYKJIOT0 YeTHIPEXYTroJbHIKA:

S = %a’la’2 sing (d, u d, —naroHanu, ¢ — BeJIMYMHA YIJIa MEXIy HUMH).
dopmyJa napajjejorpamMmma:
(a u b— cToponsl, d, u d, —Auaronanm)
d; +d; =2(a’ +b).
®opMmy1a MeIHaHBbI TPEYT0JbHUKA Yepe3 3 CTOPOHBI

2 2 2
, _a +b ¢

‘ 2 4
®opmyJia OuccekTpucbl AD TpeyroabHuka ABC :
2b A
1) AD=""".cos=, (b=AC,c=4B).
b+c 2
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2) AD = yJbc —xy, [x=BD,y=DC,£=§j.

Yy
®opMmyJia 1Jis pAaBHOOOKOI Tpanenun
d>=c*+ab (a u b— ocHoBaHus, c— 6GOKOBas CTOpOHA, d — AMArO-
HaJb).

KonTpoJsbHbie BONpochl

1(4). CymectByet 1 TpeyroiasHuk ABC, B KOTOpOM

a) sin4+sinB=sinC?

0) acosB=bcos A?

2(4). a) Tpeyronpauk ABC —npsMoyronsuseiii, ZC =90°, ¢ katetamu a
u b u runorenysoi ¢ . Kak nokaszare, 4T0 paguyc BIHCAaHHOW B TPEYTOJib-

a+b-c
HUK OKPYXHOCTU paBeH ———— ?

0) Jlan tpeyronsHuk ABC . Uepe3 Touky D cropoHsl AB mpoBeneHa
mpsMasi, KOTOpasi OTCEKAeT OT HEero YeTHIPEXYTOJIbHUK, B KOTOPHIH MOXKHO
BIIMCATh OKPYXHOCTh. Kak J0Ka3aTh, 4TO 3Ta OKPYKHOCTH COBIAJNAET C OK-
PY’KHOCTBIO, BIUCAHHOMH B TpeyroiabHuk ABC ?

3(5). a) B xakom oTHOmIEHNN OWCCEKTpHUCA yria TPEYrOJbHHUKA JIEITHT
MIPOTUBOJIEKAIYIO YTy CTOPOHY?

0) buccextpuca AD Tpeyronsauka ABC penut cropony BC Ha oT-
pesku BD=3 u DC=2. Menunana BM mnepecekaer Ouccexktpucy AD B
touke O . Uemy paBHO oTHOmeHue BO:OM ? Kakyro 9acTh IUIOMAAN TPe-
yroiapHuKa ABC cocTaBiseT miomans 4eTeipéxyronsauka MODC ?

4(5). a) B tpeyronpauke ABC co cropoHamu AB =4, BC =12 Ouccek-
Tpuca BD pasna 3. Uemy paBna cropona AC ?

0)* buccektpuca yria B TpeyronsHuka ABC mepecekaeT ONMMCAHHYIO
OKOJIO HETO OKPYXKHOCTh B Touke S. Touka O, — LEHTp BIHMCAHHOI B Tpe-

YTOIBHHK OKpYkHOCTH. Kak nokasars, uto S4 =S5C =S50, ?

5(5). a) B xakoM OTHOIIEHHUH JEIUTCS KaKIas U3 MeIUaH TPEYroJbHUKA
UX 00IIel TOUKO! nepecedeHus?

0) CymectByer nu TpeyronbHuk ABC, B xoropoM m, =15, m, =9,
AB =147

B) Uemy paBHa muiomane TpeyroibHuka ABC, B xoropom m, =15,
m, =9, AB=167?

g(3). a) Kax BeIpaxkaeTcss MequaHa TpeyrojabHUKa Yepe3 TPU €ro CTOpo-
HBI’

0) B paBHOOepeHHOM TpPEYrojibHUKE C OCHOBAaHMEM «¢ =3 MeauaHa K
00KO0BOI cTopoHe b paBHa 3TOU cTopoHe. Uemy paBHO b ?
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7(5). a) Uemy paBeH HauOOJdbIIMIA yron B TpeyronbHuke ABC ¢ BbICO-
Tamu h, =4, h, =5, h =127
0) B tpeyronsuuke ABC mnposenensl Beicotel BB, u CC,. U3BecTHO,

yro BC =6, B,C =33 . Uemy paBeH yron A4 ? Bo ckoipko pa3 IUIoNaau
TpeyroiabHUKa AB,C, MeHble Iomanu Tpeyroisauka ABC ?

8(5). a) Kak nokasars dopmyny S,,.=r,(p —a) , Tae Sz — IUIOLIAab
tpeyronbHuka ABC,a=BC, p—mnonynepuMmerp, a 7, — pajdyc BHEBIIU-
CaHHOM OKPY>KHOCTH, KOTOpasi KacaeTcsi CTOPOHBI @ U MPOAOIDKEHHUH IBYX
JPYTUX CTOPOH?

0) Tpeyromsuuk ABC — paBHOOenpenHswiii: AB = BC. W3BecTHO, 4TO
nepumetp ero P =16, r,, =4,r,. =6 . Uemy paBHbI CTOpOHBI AB 1 AC?

9(4). a) Kak BrIpaxkaeTcs paauyc R OKpY>KHOCTH 4epe3 XOpy OKpPY>KHO-
CTH @ Y OTIMPAIOIIMICS Ha He€ BIMCAHHBIA yron « ?

6) OkoJio Tpameuuu onucaHa OKpy>XHOCTb, OCHOBAHHUS TpamelMH PaBHBI
3 u 4, 60KOBBIE CTOPOHBI paBHHI 2. YeMy paBeH paanyc OKpYKHOCTH?

10(3). a) Kak m3mepsieTcst yroia Mexay KacaTelabHOW M XOPJ0H, UMEIo-
ITUMH OOTIITYI0 TOYKY Ha OKPY>KHOCTH?

6) Oxono mnpsMoyronbHoro Tpeyronshuka ABC(ZC=90°) omucana
okpyxHocTh, AC =4, BC=3. Uemy paBHO paccTOsSHHE OT TOUYKH A 10
KacaTelbHOH, mpoxosien uepe3 Touky C ?

B)* JIBe OKpPYXHOCTH BHYTpPEHHE KacaloTcs B TOYKE B, MeHbILIas OK-
PYXHOCTH KacaeTcsi Takke Xopasl AC Oomnblueil OKpyKHOCTH B TOUke D .
Hoxkazats, uro BD —0uccekrpuca yrna ABC (nemma Apxumena).

11(6). a) Korma B 4eTBIpEXYTOIHHIK MOKHO BITHCATh OKPYKHOCTH?

0) B tpanmenuto ABCD c ocHoBanusmMu AD m BC BmnHcaHa OKpYX-
HOCTH C IeHTpoM B Touke O . Uemy paBHbI yrist AOB u COD ?

B) Tpaneuns ABCD — mnpsmoyroneHast (AB L AD u AB L BC), oHa
ofucaHa OKoJIo OKpykHocTH B Touke O . M3zBectHo OC = J5 , OD = 25 .
UYeMy paBeH paanyc OKpY>KHOCTH?

3agaum

1(6). B tpeyronsuuke ABC muomanu 65 ctopoubsl ABu BC paBub 4
u 7. HailTu TpeTbl0 CTOPOHY U pajuyC BHEBIUCAHHOW OKpPYXKHOCTH, Ka-
caromieicss HaubOJbIIEeH CTOPOHEI.

2(5). OkpyxHOCTh paguyca R TPOXOAWT uepe3 BepuIMHy A paBHOOE.-
penHoro TpeyronsHuka ABC , kacaercs ocHoBanusi BC B Touke B U mepe-
cekaer ctopoHy AC B Touke D. HaiiTm nimHy OOKOBBIX CTOPOH, €CIH
DC=T7A4D.

3(5). OkxpyxHOCTh, BOHCAaHHAasE B  PaBHOOOKYIO  Tpareuuio

ABCD (AD”BC , AD > BC), xacaetcs 60okoBo# ctoponsl CD B Touke N u
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ocHoBaHusi AD B Touke M . JIlmaroname BD mepecekaeT oTpe3ok MN B
touke K, MK : KN =5:2. llepumerp Tpaneruu paseH 30. Haiitu ocHoBa-
HUS ¥ paINyC OKPY>KHOCTH.

4(5). B mpsimoyronbHOM TpeyroiasHuke ABC (ZC =90°), BeicoTa CH

paBna 7, Ouccekrpuca CK pasna 35/4. Haiitu kaTeTsl M IIOLIaab TPEYTONb-
nuka ABC . (Jokaxute, uTo OuccekTpruca CK IENUT MOMojIaM YroJl MEXIy
BeicoTo CH u menmanoit CM ).

5(6). B tpeyronbuuke ABC OuccekTpuchl mnepecekarorcss B Touke O.
[Ipsmas BO mepecekaeT ONMMCaHHYIO OKOJO TpeyroiabHHka ABC OKpyx-
HOCTb B Touke S . Halitu niauny otpeska OS , M IIIOMaAb YeThIpEXYTONbHU-

ka AOCS , ecmn AC=+3+/3, ZB=30°u LC =45

6(6). JIBe OKpYy>XKHOCTH BHYTPEHHE KacarOTCs B TOUKe B, MEHbIIas OK-
PYXHOCTb Kacaetcs B Touke D xopasl AC Oomnbiueil okpyxHOCTH. M3BecT-
HO, uT0 AB=2-BC, AC=12 u BD = 2410 . Haiitn panuychl OKpYyKHO-
cTei.

7(5). lBe OKpY>KHOCTH Pa3HBIX PaJInyCOB KAaCAIOTCS BHEIIHUM 00pa3oM.
K M mpoBenens! e obuie BHemHNE KacareiabHble CDu EF |, UX TOUYKH
KacaHHs ¢ MEHbIIEH OKpykHOCThI0O D u E , a ¢ 6onpmeit C u F . U3Bect-
HO, uto DE =8, EF =20. HailTu pagnycbl OKpyKXHOCTEH.

8(6). Tpeyronsauk ABC paBHOOeapennslid, LABC = arccosg , AC=10.

B tpeyronpHuKe pacnooKeHbI BE OKPYKHOCTH, OHH KacaloTcs ApyT Apyra
BHEIIHE M Kaxkaas xacaercs ocHoBaHnsa AC u 0OKOBO#l cTopoHBL. Pammyc
OJTHOM OKPYKHOCTH B 2 paza OoJblle paanyca napyroi. Halitu pagmycsr.
9(7). llponomxenue 6uccextpucsl BD TpeyronsHuka ABC mepecekaeT
OMHCAaHHYI0 OKOJO TPEYroJbHHKA OKPY)KHOCTH B Touke S . OKpyXHOCTb,
ONMCaHHas OKOJIO TpeyroiabHUka ADS mnepecekaer mpsMyro AB B Touke

K, AB=8, AK =1, ZA4=60". Haiitu BC .
10(6). B tpeyromesuuke ABC Owuccektpuca BD paBHa cTOpoHEe AB,

AC=1, LABC =2arcsin%. Haiitu ctoponsl tpeyroiapauka ABC u

paccTosHHEe MEXIy TOukamMu KacaHusl npsimMoid AC OKPYXHOCTSMH, BIIH-
CaHHBIX B TpeyronbHUku ABD uCBD .
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