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1. PelreHue TPUrOHOMETPHYECKHX YPABHEHU T
1.1. Ilpocreiiliiue TPUTOHOMETPHYECKUE YPABHEHHSA
IIpocTedmMy Ha3BIBAIOTCSI TPUTOHOMETPHUYECKUE YPABHEHHSA, B KOTO-
PBIX TpUTOHOMETpHUecKast GYHKUUS B MEPBOH CTEMEHU C €JUHUYHBIM KO-
3¢ GUIMEHTOM NpUpPaBHUBAETCSA ACHCTBUTENBHOMY 4ucCily. Takue ypaBHe-
HUsI HETIOCPEICTBEHHO MPUBOIAT K PEUICHUIO (eciau OHO ecTbh). HamoMHuM
(hopMyIbI [UT PELIEHUs TPOCTEHUIINX TPUTOHOMETPUIECKUX YPABHEHHIM:

cosX = a; X = farccosa + 27N, |a| <1;

sink=a;x =(-1)"arcsina+zn,|a|<1; neZ.

tgx=a;x =arctga+ zn,a e R;

ctgx =a;x =arcctga+ zn,a e R.

3nech N e Z, a o0nacTh 3HAYCHUM YKciaa & OMpeNeseTcs CBOHCTBAMHU

TPUTOHOMETPUYECKHX (DYHKIHH (B AaNbHEHIIIEM, €ClTi He CKa3aHo 00paTHO-
ro, Oymem cuurath, 9to K, I, m, neZ). Llenounciennsie napaMeTpsl B pas-
JUYHBIX MHOXKECTBAaX PEUICHWH OIHOTO YPaBHEHUS MOXKHO 0003HAYaTh Kak
pa3HBIMH, TaK ¥ OJHON OykBOii. B Tex ke cimydasx, KOrna 3JIeMEeHTHl MHO-
JKECTB CPaBHHUBAIOTCS MEXIY CO00i, a TakKe MpU PEIIEHUN TPUTOHOMETPH-
YECKUX CHCTEM JUIsi 0003HAUCHUS 1EIOUYHUCIICHHBIX TapaMeTPOB CIICAYET UC-

IMOJIb30BATH PA3JIMIHBIC 6YKBBI.

Ipumeuanue 1. J[is kopHeil ypasaenust SiN X = a (|a| < 1) TAKXKE MOXKET

arcsina+2zn;neZ,
UCTIONB30BaThCs (PopMya X = .
w—arcsina+2zn.ne”Z.

Ipumeuanne 2. s cnyuaeB @ = 0,£1 peuienus ypaBHeHuii Sinx=a,

COSX =a HMEIOT Ooliee HpOCTOﬁ BHU I, KOTOpLIf/'I IIOJIC3HO 3aIIOMHHUTDH (I/IJ'II/I,

YTO TOJIE3HCC, MOHATH UX CMBICI — HAIIpUMEpP, U3 TPUTOHOMETPUUCCKOI'O

Kpyra).
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a=0 a=1 a=-1

. T VA
sinx=a | X=zn,neZ | x==4+2zn,neZ X=—E+27zn,neZ

T
cosXx=a | Xx=—+zn X = 270 X =7+ 2m

Ipumeuanune 3. He MoxeT OBbITh 3aYTEHO pPELICHUE 3aJa4H, €CIH HPU

pELIEHUH MPOCTEUIIEr0 YpaBHEHUS, HAIIpUMED, Sin X = =, B KauecTBe pe-

n .1
LIEHUS YKA3bIBAETCS 3HAYEHHUE X = (— 1) arcsin g +7m, T.k. N © M 060-
3HAYAIOT Pa3IUYHBIC IIEIbIC YMCIa, a MpuBeACHHAs (OpMyJia BKIOYACT B
ce0st TakKe pelIeHns ypaBHeHus SiN X = _5'

Mpumeuanne 4. Taxke HE MOXKET OBITh 3a4TEHO pPEUICHUE ypaBHEHUS,
€CJIM B OTBETE MPUCYTCTBYET TaKas 3aIluCh, Kak, HallpUMep:

V7 V7

x = (-1)" arcsin— +m, 1. x. — >1.
2 2

Bce TpuroHoMeTrpuieckue ypaBHEHUSI U CHCTEMBI ¢ TIOMOIIBIO TIpeodpa-
30BaHUIl CBOJATCS, KaK MPaBUIIO, K PEIICHHIO OJHOTO WM HECKOJIBKUX MPO-
CTEHIINX ypaBHEHUI.

IIpumep 1. Pemruts ypaBHeHUS

la)2cos(x® +1) =1;

Pemenue.

cos( x° +1)=%:> x* +1=i%+27m.

OTtBeT: X = 31/i%—1+ 27m.

1b) cos2x+sinx =1,
Pemenne. Vcnosnn3yem hopMyily KOCHHYCa ABOWHOTO yrJa:
cos 2X =1—2sin? x.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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cos2x+sinx =1
1-2sin?x+sinx =1
sinx(1-2sinx)=0;

x=7zn,x:(—1)”%+7zn.

OTBeT. X = 7N, X :(—1)"%+;zn. neZ.
1c)sin2x+sinx =0.

Pemenne.
sin2x+sinx=0;

sin x(2cos x +1)=0;
sinx=0; X =7m

=
cosx=—1. x=iz—7z+27zn.
2 3

27
OT1BeT. X =7N; x:i?+27zn. neZ.

Ipumeuanmne S. J{ns pemieHnss TPUrOHOMETPUYIECKUX ypaBHEHHI HE00-
XOJIMIMO XOPOILIO 3HAaTh OCHOBHBIE TPUTOHOMeTpHUeckue Gpopmybl. Hampu-

mep, hopmyna COS2X = cos’® x —sin? x JOJKHA AepiKaThCsl B ITaMSTH U B
Bume COS2X =2C08°X—1, u B Bume COS2X =1—2siN’X. Takke MOIE3HO
MOMHHUTB, 4TO COS 2X = (C0S X —Sin X)(Cos X +Sin X), a

1+4sin2x = (cos x+sin x)?, 1—sin 2x = (cos X —sin x)°.

1.2. Ozmopoz]m,le TPUTOHOMETPHUYECCKHUEC YPABHECHHUSA MMEPBOro mopsaaxKka

OJIHOpOJIHI)IMI/I OTHOCHTEIBHO SiN X 1 COS X HA3bIBAIOTCS YpaBHEHHUS BH-
na
a,sin" x+a, sin"* xcos X +a, sin"? xcos® X +... +

+a_, sinxcos"* x+a_ cos" x=0.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu



2013-2014 yu. roxg, Ne3, 11 kn. MaremaTnka.
TpUroHOMETPUYECKHE YPaBHEHHS, CHCTEMBI, HCPABCHCTBA.

rae ag,a,, ..., a,— AeicTBUTeNbHbIE YKuca. CymMMa CTeneHel CuHyca U KOCH-

HyCa B KaXXIOM Cjlara€MomM JICBOM YacTH YpaBHCHHA OJWHAKOBa W paBHaA
4HCIIy N, HA3bIBAEMOMY IOKa3aTCICM odHOpodﬂocmu.

Ecnu a, = 0, To, 04eBUIHO, KOPHH ypaBHEHUs1 COS X = 0 sBnsroTcs 0HUME

U3 KOpHe#l mcxomHoro ypasHenus. Jlanee, momaras COSX # 0 u pasmenus
o0e "acTu ypaBHeHHA Ha COSX, MTOIyYHMM CHOBAa OJHOPOIHOE YpaBHEHHE (C
nokasaresem ogaopoasoctu N—1).

Ecnu xe a, #0, 1o, oueBHAHO, COS X # 0 u obe yactu OJTHOPOJHOI'O

ypaBHEHHs MOXKHO Pa3JIeiUTh Ha COS"X, B PE3yJbTaTe Yero MONTyduM ypaB-
HEHUE:

tg"x+atg" X +a,tg" *x+...+a, ;tgx+a, =0,
KOTOpoe NpocToii 3aMeHor t =1tgX cBomuTCs K cTaHAapTHOMY anredpanye-
ckomy ypasrennto g t" +at" +at"?+..+a, ,t+a =0
B cmywae N=1 opHOpomHOe ypaBHEHHE EPBOrO  MOPSIKA
asinx+bcosx =0 pemraercs TOYHO TaK K€ — CBEOCHHEM K

tgx:tgx:—E.
a

ITpumep 2. Pemuth ypaBHEHUE V3cos x—sinx = 0.
Pemenue.

J3cosx—sinx =0
sin X = /3 cos X;

tgx = /3;

V2
X=—+7n.
3

T
OTBeT: X=§+7rn. neZ.

1.3. OnHopoaHble ypaBHeHUs] BTOPOI0 H BBICIIMX NOPSIAKOB

Eciu nokasaresb 0qHOPOAHOCTH N > 2, pelleHre HE MEHSIETCS, HO HMEET

CBOM OCOOEHHOCTH, pa3depeM UX Ha IpuMepax.
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Mpumep 3. Pernts ypasuenne 3C0S° X + 28iN Xc0s X —sin? x =0.
Pemrenne. PaBHOCHIBHOE HCXOXHOMY ypaBHerme tg°X—2tgx—3=0
JaeT Ba JeHCTBUTENbHBIX petuenus: 19X = —1tgx = 3.

OTBerT. —% + zzn,arctg3+zm. meZ.

VYpaBHeHUs, He SIBIISIONINECS HA TEPBBIA B3I OTHOPOIHBIMH U COJICP-
JKaIlie CBOOOTHBIE WIEHBI (YHCIa), MOTYT OBITh CBE/IEHBI K OJJHOPOIHBIM C TIO-

MOIIBEO UCTIONB30BAHUS] TPUTOHOMETPHYECKOM €IMHMIIBI SiN X +c0s*x =1:
asin® x+bsin xcos x+ccos’ x =d <

& asin® x+bsin xcos x +ccos” x = d(sin® x +cos” x).

Mpumep 4. Pernts ypasrenne 4sin® X —2sin Xcos x = 3.
Pemenne.

4sin® x —2sin xcos X = 3;

4sin® X — 2sin xcos X = 3(sin’ x + cos’ X
sin? x — 2sin xcos X —3c0s* x = 0;

tg°x —2tgx —3=0;

tgx =-1;tgx =3.

T
OTBer. x:—z+;zn,x:arctg3+7zm. neZ.

VYpaBHEHHs, JIeBasi 4aCThb KOTOPBIX €CThb OJHOPOIHOE BBIPAKEHHE OTHO-
cuteapHO SINX m COSX ¢ IOPSIAKOM OQHOPOJHOCTH N = 3, a mpasast 4acThb
ectp d-SiNX (mm d -cos X) CBOJATCS K OOHOPOAHBIM TPETHETO IIOPSIIKA
TaKHM K€ CITOCOOOM.

IIpumep 5. Pemnts ypaBHEeHUE

2sin® x —3cos® x +sin xcos? X = 3CoS X.
Pemenne.
2sin°x — 3c0s’x + sinxcos’x = 3cosx (sin*x + cos’x);
2sin®x — 3sin®xcosx + sinxcos’x — 6¢os*x = 0;
2tg*x —3tg®x + tgx — 6 =0.
IIpoussenem 3ameny t =tgx. Torna ypaBHeHHE IPUMET BUJL:

2t -3t +t—6=0.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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Kaxk u3BecTHO U3 Kypca anre0psl, eCciii ypaBHEHHE ¢ IEeTBIMH KO3 HHUIIH-
EHTaMU MMEET PaIllIOHATBHBIA KOPEHb, TO €ro CIeIyeT UCKATh CPeIu JIpo-

. p
Oeii Buga —, rae P — AeTHUTENb CBOOOIHOTO WieHa, a ( — AeIHTeNb cTap-

wero koddduipenta. Haxoaum oauu Takoit kopens t = 2. JlenenrneM MHO-
ro4ieHa, CTOSIIETO B JICBOM YacTH ypaBHEHHS Ha (t - 2) («yroJIKOM») TIpH-
XOJIM K CIIIYIOIEMY PAaBHOCHUIILHOMY YpaBHEHUIO:
(t—2)2t? +t+3)=0.

[TockonbKky AMCKPUMHUHAHT BTOPOTO MHOXKHUTENS OTpHLATENEH, TO
t = 2 — exMHCTBEHHBIN KOPEHb HCXOMHOTO ypaBHEeHHs. Bo3Bparascs, k 19X,
II0JIy4aeM OTBET.

Otser. arctg2+zn. neZ.

Ipumeuanne 6. Crroco6 HaAXOXICHUS PalMOHATHHBIX KOpHEH ypaBHE-
HUH BBICIIMX CTEIICHEH, ONMMCAHHBLIA B ITOCIICIHEH 3ajade, SBISCTCS CTaH-
JMAPTHBIM JUIS Kypca anreOphl, cIeIyeT HMETh €ro BBUIY B TOM YHCIIE U MIPH
peIIeHn  3aaq 3TOTo 3aManus. Taxke oOpaiaeM BHUMaHHAE Ha CIIOCO0 Jie-
JICHUS MHOTOYJICHOB JIPYT Ha Jpyra «yrojlIKOM» — B ClIydae, €CIH dTOT CIIO-
€00 MaJIO3HAKOM YUTATEIIO, CJCAYET U3YUYUTh €r0 OTACILHO.

1.4. Pemuenue ypaBuenuii Buga Sin kx+cosmx = 0.

Vpasuenus Buga Sinkx+cosmx=0(k # m, nHaue ypaBHEHHUE CTa-
HOBUTCA OJHOPOAHBIM IIE€PBOIO HOprHKa) pemaroTCsa CBEACHUEM C II0-
MoIIbl0 (OpMyNT TPUBEACHUS K OJHOW TPUTOHOMETPHUYECKON (YHKITUH,

T . . T
T. €., K BUIY cos[E—kij_rcosmx:O i Sin kxiS|n(E—mxj:O u

npuMeHeHueM ¢GopMmyn, Tpeodpa3yrImux cymMMmy (pa3HOCTh) KOCHHYCOB
(cuHYCOB) B IPOU3BE/ICHHE.

Ipumep 6. Pemuts ypapenue SiN3X + oS X = 0.
(T
Pemenne. Ilo gopmyne mpuBeneHus COS X =SIN (E - Xj , YpaBHEHHE

IIPUHUMACT BUJI.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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Sin3x + sin(% - x) =0;

Zsin(x + Zj cos(Zx —Z) =0;
4 4

sin(x+£J:0; X=—" 4 m
4 4 '
cos| 2x i =0 X—3—7[+@

4) 8 2

OTBerT: —z+7rn;x:3—”+ﬂ. neZ.
4 8 2

1.5. Pemenne ypasuennii Buza F(Sin X +cos x;sin x-cos x) =0.

VpaBHeHMs BUIA F(sin X & COS X;Sin X - CoS X) = QcBomarca k anredpa-

WYECKUM 3aMEHO t=sin X+ cosx. s TOXIECTBA
2

(sinx +cos x)* =1+ 2sin XCOS X momyuaem SiN XCOS X = + , Torza

t?-1

ypaBHEHHE 3alMChIBaeTCs B Buge F (t; * j =0. Cnenyer umers B BH-

. . T
Iy, 4To SIN X £C0S X =+/25sin [X + Zj , TO3TOMY JIOIyCTUMBbIE 3HaueHus t

TaKOBEI, 4TO |t| < \/E .

Mpumep 7. Pemuts ypasrenue SiN 2X + 3sin X +3cos X+ 3 =0.
Pemenne. 3amenoii t =C0SX+Sin X (torza Sin2x =t*—1) ypaBHenue

npuBowmTes K Buay t2 +3t+2 =0, ero kopuu t, = -2,t, = —1.

T. k. |t1| > \/E , T0 t =—1 — eMHCTBEHHBI! KOPEHb.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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cos X +sinx=-1;

sin(x+%) = —%;

—£+27zn;
4

X+£: = X=
4 3T
———+ 27mM. — 7T+ 27m.

—£+27zn;
2

T
OTBeT: _E +27N;X=—7+27m. ne”Z.

Ipumeuanne 7. Yacto, ucmons3ys 3aMeHy, ydairuecs 3a0BIBAIOT, YTO
TpeboBanoch HaliTH X, a He {, M He yKa3bIBalOT NPaBUIBHOIO OTBeTa. Takas
HeOoJbIIasi, Ka3ajoch Obl, OMMOKAa Ha BCTYMHUTEIBHBIX 3K3aMEHAX MOXKET
CBECTH Ha HET BCE PEIICHHUE.

1.6. MeToa pa3Jio:KeHHsI HA MHOKHTEJIN

Merton pa3nokeHus Ha MHOKMTEIH LIMPOKO M3BECTEH M3 JIpyrux odia-
CTell MaTeMaTHKH W (PaKTUYECKH COCTOUT B TOM, YTO TPOMO3JKOE ypaBHeE-
HHE C MTOMOIIBIO TOXJIECTBEHHBIX MPeoOpa3oBaHUi CBOJUTCS K COBOKYITHO-
CTH HECKOJIBKHX 00Jiee MPOCTHIX YPaBHEHHH.

Npumep 8. Pernts ypasuenne Sin° 2X + €0s° 2X = COS 4X.
Pemenue. [Tpumennm popmyity st CyMMBbI KyOOB, M3BECTHYIO M3 Kypca
anreOpsl:

sin® 2x +cos® 2x = cos 4x;
(sin 2x + cos 2x)(sin2 2X —sin 2Xc0os 2X + cos? 2x): cos? 2x —sin? 2x,
(sin 2x + cos 2x L — sin 2x cos 2x — (cos 2x — sin 2x)] = 0.
B uTore ucxoqHoe ypaBHeHHE pacrajacTcs Ha JiBa:
sin 2x + cos 2x = 0;
L—sin 2X€0S 2X —€0s 2X +sin 2x = 0.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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s .
IlepBoe ypaBHeHME wuMeeT pemeHne X=-——+—N. Bropoe 3ameHoil

2
_t2
Sin2X —C0S 2X =t (mpu sTOM COS 2XSiN 2X = ) CBOAUTCS K ypaBHE-
HUIO:
t? +2t+1=0;
t=-1.
Orcroza Sin 2X — oS 2X = —1;
. V4 1
sin| 2X—— | =——;
i
24 omm; 2, m;
% 4
2X —— = =2X=| r =>X=| g
4 3 — =+ 27K. ——+ 7K.
—T+27zk. 2 4

OTtBer. —£+£n;x=nm;x=—£+7rk. keZ.
8 2 4

Ipumep 9. Pemuts ypaBHenue COS 7X COS 2X = Sin 6xsin X.
Pemenne. [IpeoOpa3yst mpousBeieHue TPUTOHOMETPUIECKUX (PYHKIUI B
CyMMYy, 3allMIIEM YPAaBHCHHUE B BUJIC:

% (cos9x + cos5x) = % (cos5x —cos 7x).

Orcrona nosydaem COS9X +C0S7X =0 u, npumensis GopMysy CyMMBI
KOCHHYCOB, IIPUXOMM K ypaBHeHHIO COS8XCOS X = 0 u, nayee, K COBOKYII-
HOCTH:

x—”+7m'
cos8x =0: “16 8
- 16 8

cosx =0. b
X =—+7zm.

2

OTBeT.£+ﬂ—n;x:z+7zm.neZ.
16 8 2

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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1.7. MeToa BBeeHuUsI TIONOJHUTEIHHOTO APryMEHTa

MeTOIL BBCACHUA JOOMNOJHUTCIBHOI'O aprymMcHTa YiKE€ MCIIOJIb30BaJICA

. T
HaMH B BHZE COSX+SINX=4/2 COS(X —Z) . Taxxe umraTrens MOr BCTpe-

) . T
THUTBH €T0 B BUAE A3 SIN X —COS X = ZSInLX—Ej WU

sin X+ SCosx:Zcos(x—%j.

Temneps ke pazdepém oOLHid ciyJai.
PaccmoTtpum pelenue ypaBHEHUN BUaa
acosx+bsinx=c,
rae a,b,c— neiictBurensusie uncna, npuuém C# 0 (uMHaue ypaBHeHuE cTa-

HOBHTCS OJJHOPOIHBIM | pemaeTcst mpome — cM. 1. 1.2) m a® +b® #0.

2 2
Pa3nienus 06e yacTu ypaBHeHus Ha \a“ +b? | momydaem:

a b C
< ——— S — 1
Ja? +b? Ja?+b? Ja? +b? @
2 2

a b
T.k + =1, 10 cymectBytoT TaKKE Ykl & U f3, 410

Ja? +b? Ja? +b?

COS X + sinx=

a b 5
W—Slna W—COSO{ ()
a b
0

WIN ——=C0S3, ——==SIng. 3
\a? +b? a’+b’

BbiOepem HeKOTOpbIC 3HaUCHHsT & ¥ [3, yIOBIETBOpsitoliue cuctemMam (2) u (3).
Toraa ypaBHenue (1) MOXKHO nepenucarh B BUIE

: . c : c
SiN @ COS X +SIN XCOS & = ——=, SIN(X+a)=—F—=,
Ja® +b? ( ) Ja? +b?
. . C C
Wi COS f3-COSX+SIN f-SIN X = ——=, COS(X— f) = ———.
a’+b’ ( ) Ja? +b?
N

<1

Jaiep?

Pemenne sTX ypaBHEHMH CYIIECTBYET JIUIIb TP YCIOBUU
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Eciu B PCHICHUH UCIIOJIB3YHOTCA 0003HAYCHUS (O WU ﬂ, B OTBCTC HYXKHO He

3a0bimb yKa3aTh BRIOPAHHOE 3HAUCHUE (! WIH [3 C yUYETOM YETBEpPTH, B KO-
. 1
TOPOH JIeXaT 3TH YTIIbI (ecu COS & = 5 ,TO & MOXKET JIeXKaTh Kak B |, Tak u

B IV uerBepTsIX, IpU 3TOM SIN @ UMEET Pa3HBIE 3HAKH).

Ipumep 10. Pemuts ypaBuenune 125iN X +5C0S X = 5.

Pemenne. [{ns Toro, 4ToOBI ONpeNeNnTh, KAKOW JOMOJIHUTENBHBIN apry-
MEHT BBOJUTb, CJIO’KUM KBaJIpaThl KO3()(HUIIMEHTOB IPY CUHYCE U KOCHHYCE.
ITockoabKy 122 +5% =13, sanmmem ypaBHEHHE B BUJIE:

12 . 5 S
—SINX+-—C0SX=—
13 13 13

¥ BBEJIEM BCIIOMOTATE bHBIA YTOl «
5
13
Vron «, 3amMedaeMm, JIEKUT B NEPBOM YETBEPTH TPUTOHOMETPUYECKOTO
kpyra (Sina > 0,cosa > 0). [Ipuxoaum K ypaBHEHHUIO:

12 .
cosa=-—,Sina =
13

. .5 S .
sin(x +arcsin —) = —;
13" 13

. 5 . 5 ]
X + arcsin — = arcsin — + 2zmn; X = 27mn;
13 13

. 5 . 5 x:fr—Zarcsin£+27zm.
X +arcsin 3 = —arcsin E+ 27m. 13

OTBerT. 27rn;7z—2arcsin%+27rm. neZ.

Hpumep 11. Pemuts ypasuenue 30SiN17X —16C0S17x = 174/3.
Pemenne. Beiienum o01uii MHOKUTEND 2 JIsl YIPOILEHHUS CUeTa:

30sin17x —16c0s17x =17+/3:

1743

15sin17x —8cos17x = T'

CxuazmpiBaeM KBagpatbl koddduumentos: 15° +8% =17° u mpeobGpasyem
ypaBHEHHE.
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17(15 8 j _ 172/5 ;

—sinl7x——cos17x
17 17

V3

sin(l?x —arccos Ej =—
17

2
no 1 15 mn
x =(-1)" = + —arccos = + —.
51 17 17 17
Orser. (-1)° 7+ LarccosR 40 nez.
51 17 17 17

Ipumeuyanne 8. I[Ipu nmoucke BO3MOXKHBIX BAPUAHTOB PELICHUS 33aJa4d
ObIBacT BaKHBIM 3aMETHTh BO3MOXKHOCTH YJOOHOTO (C palMOHAIBHBIMH
YHCIaMH) BBEJCHHUS JIOTONHHUTEIBHOTO apryMeHTa ajisl NpeoOpa3oBaHUs
BhIpakeHHs aCOSX+hSin X. Jlns 3Toro nonesHo 3HaTh Hapsl LEIbIX YMUCE,
CYMMBI KBaJIpaTOB KOTOPBIX JAlOT KBaJpaT TpeThero Ienoro yucna. [Ipuse-
JeM HEKOTOpBIE U3 HUX.

[42 | e
a+b4567891012151821

3 15
8 10
12 13 15
b 15 17
16 20
20 25 29
24 25 26 30

1.8 MeToxa OneHKH

Crydaercs, 94To IpeaBapuTeIbHas OIleHKa JICBOW M TIPaBOW JacTed ypas-
HEHHs IOMOTAeT Cpa3y PELINTh YPaBHEHUE WIIU I10Ka3aTh, YTO PEIICHUH HET.
Ipumep 12. Peumts ypaBaenne 12sin X +5c0s X =18.
Pemenne. Tak kak | SiN X [<1,| cos X |<1, To
12sinx+5cos x <17 <18,

YpaBHEHHUE HE UMEET PEUICHUN.

OteBet: .

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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Ipumep 13. Peunts ypasuenne Sin’ 6X +cos® x = 0.
Pemenne. Tak kak 00a cIaraeMblX HEOTPHIATENBHEI, TO PABEHCTBO JIO-

CTUTacTCs TOJIBKO B CIIy4ac BBIIIOJHCHHUSA CUCTCMBI.

x—”n'
sin6x=0; T 6 ya
& = X=—+7m.
cosx =0. V4 2
X=E+ﬂ'm.

T
OTBeT: E+7zm. meZ.

Mpumep 14. Petuts ypasrenue Sin‘ X +cos® x =1.
Pemenne. YuursiBas 1o, uto |Sin X |<1,| cos X |[<1, momydaem BO3MOX-

HBIE CIIy4aH, YAOBJIETBOPSIOIINE YPABHEHHUIO:

sinx =0,
cos X = =+1. 7K
] S X=—
sinx =+1, 2
cos x = 0.
Ecnu xe 00a ciraraeMbIx OIHOBPEMCHHO MCHBIIIC 1, T. €. BBIIIOJIHACTCA
[sinx|<1, .
CUCTeMa , TO YPaBHCHHUE HC UMCCT PCIICHUU. ﬂOKa)KeM 9TO.
|cosx <1,

T.x |sinx|<1, o sin* x<sin®x u . k. |cOSX|<1, To COS®X < COS*X .
Takum o6paszom, Sin® X+ cos® X <sin®x+Ccos’°X=1, T. €. UCXOAHOE paBEH-

CTBO 3aB€IOMO HEBEPHO.

OrTBer. %k keZ.

Ipumep 15. Jlokasats, uto ypaBHenue SIN4XSiN3X =1lue umeer pe-

[IEHUH.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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I[OKafiaTe.]'leTBO.
sin4xsin3x =1;
COSX—COST7TX = 2;

cosx =1 X =2,
= = X =14 = 7 + 22m.
cos7x =-1. X =7+ 27m.

Ho 14n=#1+2m|n,me Z = X €, uto u TpebOBaIOCh 10Ka3aTh.
OTtBer. .

2. YpaBHeHHUsI ¢ IapaMeTpaMu

Ecnu crout 3agaya pemiuTh ypaBHEHUE C IapaMeTpOM, TO HY>KHO OIpe-
JEIUTh, MPU KAKUX 3HAYCHUSX IMapaMeTpa CYLIECTBYIOT pELIEHUs, U AJiA
BCEX TaKMX 3HAYCHUN HAWTH BCE PeIlleHUs] ypaBHEeHUsA. Eciau xors Obl 01HO
3HAaY€HUE NapamMeTpa HE UCCIEAOBAaHO, PEUICHUE 3a/ladyd HE SBJSETCS MOJ-
HBIM.

Ipumep 16. Pewnts ypasuenue aCoS2X+SinX+a+1=0 npu Bcex
3HAYEHUAX IMapamMeTpa a.

Pemenne.

a—2asin’x+sinx+a+1=0;
2asin® x—sinx—2a-1=0;
[Ipoussenem 3ameny: S = SiN X, |S| <1.VYpaBHeHne IPUHAMAET BHUT:
2as’ —s—2a-1=0<2a(s—1)(s+1)—(s+1)=(s+1)(2a(s-1)-1)=0.
Tenepp HY)KHO HE MPOCTO PELINTh KBAJPaTHOE ypaBHEHHUE, a HAWUTH Te pe-
LIEHUS, 111 KOTOPBIX |s| <1.

T
Ecmm a=0, To S=-1= X=——+ 27N — 0JHO pelIcHHE.

Ecim a#0, To (s+1)(2a(s—1)—1)=0<:> L I[TpoBepuM ycio-
s, =1+—.
2a
BUE |SZ|S1:

st tcte 4stcosas o x=(—1)”arcsin(1+ij+7rn.
2a a 4 2a
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1
[Tony4aem, yto pemeHne S=—1 cymiecTByeT NpHu BceX a, a nmpu a < 2
CYILIECTBYET JIBa PEILICHUSI.

1 N
Otser. Ilpu aS_Z nBa pemenus Xx=(-1) arcsm[1+2i]+7rn,
a

1
x:—%+27rn;neZ.HpH a>—Z OJTHO pelIeHne x:—%+2ﬂn. neZ.

YacTo B 337a4ax ¢ mapameTrpaMu TpeOyeTcs HalTH TakWe 3Ha4YeHHs Mapa-
METpa, MPU KOTOPBIX KOPHH ypaBHEHHS O0JIAJal0T ONPEACICHHBIMU CBOM-
CTBaMU — IPUHAUICKAT HEKOTOPOMY HMHTEpBally, IPUHUMAIOT ONpEeIcH-
HBIE 3HAYCHUSA U T.1. B mpumepe 16 Takum BompocoM MOT ObI OBITh, HAIIPH-

MEp: «HaUAWTE BCE 3HAYCHMs IapameTrpa d, IIPU KOTOPBIX YpPaBHEHUE
UMEET POBHO 2 PEIICHUS».

3. UppauuoHajbHble TPUTOHOMETPUYECKHE YPABHEHM

[1 .
IIpumep 17. Peuts ypaBHEHUE Z —COS X =SInX.

Pemenne. Ypasuenue / A(X) = B(X), xax ussectHo u3 kypca anre0psl,
Ax)=B*(x),
B(x)>0.

[IoJjiy4acM TIIOCJI€ BO3BCACHUA 0o0enx uYacTted B KBagpar, H606XOILI/IMO

PaBHOCHIIBHO CHUCTEMC y IIO3TOMY M3 KOpHeI\;I, KOTOPBIC MBI

oT00Opartk Te, 1151 KoTophix SINX>0.

1 .
f— —COSX = Sinx;
4

l—cosx =1-cos’X;
4
4c0s*x —4cosx —3=0;

1
COSX = ——.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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IIponssenem otr6Gop KopHeH. OTMETHB MMOyYeHHBIE KOPHA Ha TPUTOHOMET-
PUYECKOM Kpyre, YBUAMM, 4T0 HepaBeHcTBY SIN X >0 ynosnerBopser pe-

27
mIeHue X = ? + 270.

OTBeT: 2?” +2zn.ne”Z.

4. CucreMbl TPUTOHOMETPUYECKHX YPABHEHMIT

B aTtoMm r[aparpa(be MBI OTpaHUYIUMCA PACCMOTPCHUCM HECKOJIBKUX THUIIOB
CUCTCM TPHUT'OHOMETPUYCCKUX ypaBHeHI/Iﬁ C AByMs NEPEMCHHBIMHA X u y ,

OTUIIIEM BO3MOJKHBIE CIIOCOOBI X PEUICHHUS Ha TIpUMepax.

4.1. IIpocTeiimme U CBOASIINECH K MPOCTEH UM CHCTEMBI.

IIpumep 18. Peruts cucremy:

tg(x+vy) =1L

4cosy cos(x + %} =1.
Pemenne.

tg(x+y)=1 x:%wzn—y;
4 Zlo1 =
COS YCO§| X+ =+ 4cosycos(x+%j:1.

VA
X=—+2mM-Y, -
4 y

T
X=—+2mM-Y,
4.cos ycos E—y+27zn =1. )
2 4cosysiny =1.
= =
/4 S5z
X=—+47+272m-Y, x:7+27zm—y;
| (—4cosysiny =1.

4cos ycos(%— y+7z+27zmj:1.

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
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T T
X=—+2mM-Y,; X=—+2m-Yy;
4 d 4 Y
. 1 Kk T 7Zk
sin2y =—. =(-1) —+—.
y=> y=(1 5+
< <
Y4 ) 5 )
X=—+22m-Y; X=—+27m-Yy,
4 4
- 1 |+17Z- 721
sin2y =——. =-1) " —+—.
sny= it Y 5+5

Jlanee MOXHO paccMOTPETh 4 BO3MOKHBIX CITydast I Ka)KIOW CHCTEMbI
(k=1+4p; 2+4p; 3+4p; 4p|lpeZ wn |=1+4q; 2+4q; 3+4q;
4q|q e Z), Ho MBI OrpaHUYMMCS] KOMIIAKTHBIM BHIOM.

OTBerT.

(ﬁ_(_l)kl_ﬁmn;(_l)kLﬁj;

4 12 2 12 2
S5 7oA R
=i (—1) == )=+ =
(4 1) 2 2+ 1) 2 2)

4.2. CBeleHre TPUTOHOMETPHYECKOI CHCTEMBI K aJredpanyeckoii

. COsX—cosy
IIpumep 19. Pemuts cucremy: 1-sinx
2cos ysin2x =1.
Pemenune. OJ13: (1—sin X)COS X # 0 < sin x #1. TIpeoGpasyem nepsoe
ypaBHeHHE (BBIOHEeHHE yenoBus OJ[3 mpoBepuM B KOHIIE peIeHHUs):

sin x(1—sin x) = (cos x —cos y )cos X, -
2cosysin2x =1.

Sin X +C0S XCOS Y = C0s” X +sin’ x =1,
4cosycosxsinx=1.
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nenaeM 3ameHy U =SIiNX,0 =COSXCOSY u mojiy4yaeM aireOpandecKyro

CUCTEMY:
1
u+ov=1 v=1-u, U_z’
R 2 R
4up =1. 4u° —4u+1=0. u—l
>
Bosparmaemcs k X (Bo3HHKaroIue penieHus ynosiersopsitotr OJ13):
. . 1
SINX =—, SINX=—,
. 1
SINX =—,
2

3
= COSX:i7, & C0SX ==

COS XCOS Y =%.

i7cosy:1. Cosy==

AN

OTBerT.

Z+27zn;iarccosi+27zm ; 5—”+27zn;7ziarccosi+27zm )
6 J3 6

J3

IIpumeuanne 9. ObpaTute BHUMaHuUE, YTO B mpuMmepe 19 Ha mocnenneM
3
JTane yKa3aHo, Ka3ajJoch Obl, M30BITOYHOE ycioBue: COSX=t+——. Dro

CAENaHO JUTsl TOTO, YTOOBI OMpeNeNuTh 3HaK COSY, 0003HAYMB CBS3b ITOM

¢byHKImu ¢ COS X (¢ moMoIipio cuMBoIa + ).

4.3 Pa3yioeHne OTHOTO U3 YPABHEHHUIl CHCTEMBI HA MHOKHTEIH

Ipumep 20. Pemnts cucteMy ypaBHEHUI

cos 7xcos(x + y) = sin6xsin y,
sin2y +cos x =0.
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Pemenue. [IpumenseM MeTo1, pa3oOpaHHBINA B puMepe 9:

cos 7xcos(x + y) = sin6xsin y,
sin2y +cosx =0.

- {cos(Sx +y)+cos(6x —y)=cos(6x — y)—cos(6x +y), -

sin2y +cos x = 0.

sin2y +cosx =0.

- {cos(8x +y)+cos(6x+y)=0, - {cos(?x +Yy)cos x =0, -

sin2y +cosx =0.

cos(7x+y)=0, 2y = 7 —14x+ 27,
{sin2y+cosx:0. {sin2y+cosx:0.
cos x =0, = cos x =0,

{sin 2y +cos x =0. {sin 2y =0.

PaccmotpuM BTOpOE ypaBHEHHE NIEPBOM CUCTEMBI OTAEIIBHO:

sin(z —14x + 27n)+ cos x = 0;
sinl4x +cosx =0;

m{%—mg+ww=m

Bo3sBpamaemcst k mepBoii cUCTEME:

10 14 ) 11 14
Y, =—rx+an-—mly,="—z+zx n-—m|
13 13 15 15

YuuTeIBas pe3ysbTaThl BTOPOW CUCTEMBI, I0Jy4aeM OTBET.
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Ortser.
T 2 10 14
——+—am,—xz+xN-——m||
26 13 13 13
T 2 11 14
———+—7/M,—7z+xz|N——m||
30 15 15 15
£+7zk;@}
2 2

4.4 PemnieHue CUCTEMBbI TPUTOHOMETPUYECKUX YPABHEHHUIT
METO0M MOJACTAHOBKH

IIpumep 21. Peruth cucteMy ypaBHEHUH:

tgx = ctgy/8ctgx,
{sinzy(tgzx—2t9x+4)— 2tg?y =0.
Pemenune. Onpenenum O/13:
cos Xsin x > 0;
{sin ycosy = 0.
Jlanee, U3 mepBoro ypaBHEHUs BbIpazuM tQy U MOJICTaBUM BO BTOPOE.
[Ipu sTom B cuny ycnosuit O3, nenum o0e yacTu BTOPOTO ypaBHE-
HUA Ha SiN° Y 6e3 JOMOTHNUTEIBHBIX OrpPaHUYEHHIL.

3 1/8ctgx

tgx

&
tg2X — 2tgx + 4 = 22 =2(tg’y +1).
cos’y
B 1/8ctgx a/8ctgx
Cotgx oy = tgx
=S = \
tgzx—Ztgx+4=2[ 83 +1]. tgzx—2tgx+4:28+tsgx.
tg®x 19X

© 2013, 3OTII M®THU, Ceprees ®énop Onerosuu
22



2013-2014 yu. roxg, Ne3, 11 kn. MaremaTnka.
TpUroHOMETPUYECKHE YPaBHEHHS, CHCTEMBI, HCPABCHCTBA.

Hcnonb3yem ¢popmyiy st CyMMBI KyOOB U pacKiIaabIBaéM BTOPOE
YPaBHEHUE HA MHOKUTEIIHN.

tgy = a/8ctgx 1

tgx

(tg?x~ 2tgx+4)[1—2 fox+ zj —0.
tg°x

3ameuaeM, 4TO JUCKPUMMHAHT KBaJpaTHOIO TpeX4djeHa B MEPBOU
CKOOKe OTpHIIAaTENIeH, U TI0JYy4aeM PaBHOCUIBHYIO CHCTEMY:

a/8ctgx
tgy ==,
tgx
tg®x — 2tgx —4 =0.

Pemnraem BTOpO€ ypaBHEHUE aHATIOTMYHO IIPUMEDPY 5.

gy = J8ctgx | tqy = VECLOX ,

tgy =1,
tgx = W tgx <:>{ ay ~

tg’x—2tgx—4=0.  |(tgx—2)(tg*x+2tgx+2)=0.

Yo6exnaemcs, uto O/I3 He HakIaaAbIBaeT OrpaHUUYEHUN Ha perle-
HUE, TT0JIy4aeM OTBET.

OTBerT. (arcth +7n; % + ﬁmj .

5. TpuroHomMeTpuiecKue HepaBeHCTBA

IIpu pemeHnn TPUTOHOMETPUUYECKUX HEPABEHCTB HCIOJB3YIOTCS CBOM-
CTBa TPUTOHOMETPUYECKUX (PYHKIMI, B IEPBYIO O4Yepe/ib, CBOWCTBA MOHO-
TOHHOCTH Y IEPUOUIHOCTH.

OyHKIMM CHHYCA U KOCUHYCA UMEIOT NIEPUOA 277 , TIO3TOMY HepaBEeHCTBA
OTHOCUTENBHO CHHYCa U KOCHMHYCa AOCTaTOYHO PEIIUTh Ha KaKOM-THOO OT-
pesKe JuMHBI 277 (He 00A3aTENbHO HAYMHAMOIIEMCS OT Hayajla KOOP/MHAT,
OTpE30K BBIOMpaeTcss U3 yAoOCTBa — TakK, YTOOBI PELIEHHEM HEpPaBEHCTBA
ABIsUICS 1 MPOMEXYTOK, a He 0ObeIMHEHHE HECKOJBbKMX). 3aTeM cieryeT
TIPOJUTATH TOJTyYEHHOE PEIIEHHE HA GECKOHEYHOCTD, TIPUOABUB uKcia Buaa 270 .
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B CiIydya¢ HCpaBCHCTB OTHOCUTCIIBHO (bYHKI_II/Iﬁ TaHI'CHCAa W KOTAaHI'CHCA,
pemeHne CIeayeT npoajIeBaTh, COOTBETCTBCHHO, C IICPUOIOM TT.

IIpumep 22. Pemmnts HepaBeHCTBO COS X < E .

Pemenne.
DTO HEpaBEHCTBO YINOOHO pemaTh Ha TPHUTOHO-
METPUIECKOM KpyTe.

1 7T 5
Buamo, yTo COS X < E Ha IPOMEXYTKE E? .

YuuteiBas NnepeoaUIHOCTD, rnojry4yacem, 4qTo

XE(£+2ﬂn;5—”+2ﬂ'nj, neZ.
3 3
OTBerT. (%+2ﬂ'n;5§+2ﬂ'nj, neZ.

COSX——<

N~

IIpumep 23. Peruth HEpaBEHCTBO:

'—\
N |~

Pemenue. Onpenenum OJ13: oS X > >

[TpaBasi yacTh HEpaBEHCTBA HEOTPHIIATENIbHA, TO3TOMY BO3BEAEM
o0e JacTu B KBaJpar

COSX——<

N

1
2
3
COS X < —.
4
C yuérom O/I3 nonyvyaem cucrtemy HEpaBEeHCTB

1
COSX > —;
2

3
COSX < —.
4
Pemias HepaBeHCTBa Ha TPUTOHOMETPHUYECKOM Kpyre, OTYyYaeM, 4To

Xe {—% + Zzn;—arccos% + Znn} u[arccos% + Zﬂn;%+ Zﬂn} neZ.
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OTBer.
T 3 3 T
_5 + Zﬂn;—arccosz +27n |u arccosz + Zﬂn;g +2zn| ne”Z

[Tpu pemernu 6ojee CIOKHBIX HEPABEHCTB HEOOXOIUMO C TOMO-
MIBI0 TEX € MpeoOpa3oBaHMid, YTO NPHUMEHSUIMCh NpPU PELICHUU
ypaBHEHUH (pa3IoKEHHE Ha MHOXKUTENIM, 3aMEHa IepEMEHHOU
U T..), CBECTH HEPABEHCTBO K IIPOCTEHIIEMY WM COBOKYIIHOCTU

IPOCTEHIINX U TAKUM 00pa30M PELIUTH ETO.

KoHTposbHbIE BONIPOCHI

Pemuts ypaBuenust 1-8

1(2). 6cos x+2cos3x =1.

2(2). sinx—2cosx =0.

3(3). sin® x —3sin xcos x + 2cos’ x = 0.
4(3). sinx+cos3x = 0.

5(3). 5+5sinx—2sin2x—-5cos x =0.
6(4). sin5xsin 2X = cos 7X oS 4X.

7(4). 3sinx+4cosx = 4.

8(3). 20sin x+ 21cos x = 30.

9(5). PemmTh ypaBHeHue 3@’ -sinXx=a npum  Bcex

3HAYEHUSX a.
10(4).Peruth ypaBHEHHE

V14 4sin X =—2¢0s X.

11(5). Pemuthb cucremy
cos 5x cos(2x + 3y) = sin 3y sin 3x;
cos(5x —3y)=0.

12(4).Pemnth HEPaABEHCTBO
I3 2 1
——C0S" X < —.
4 2
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3agaun

Pemuts ypaBHenus 1-7

1(3). 5sin? x +5sin xcos x = 2.

2(4). 4tg_x =17sin X + 6.COS X.
COS X

3(5). 27tgx + 4 =19sin xcos x —17sin? x.
4(3).2—cos 2x+§sin 3x =0.
5(5). (15c0s x +8sin x)(32sin x —17 cos 2x —14) = 655.

6(4). ctgx = 1/1—s!n X
1+sinx

7(4). +/3sin x —cos 2x —8 = 3cos? 2x —1.
8(5). Pemutp ypaBHeHHE aC0S2X +3C0S X +6—7a =0 npu Bcex

3HAUYCHUAX a.
cos(3x + y)+cos(x + y) = -2;

9(4). Pemuts cucreM
@ Y {2cos(2x+y)+ cosx =1.

cos(6x + y)cos y +sin3xsin(3x + 2y) = 0;

10(5).Pemmuts cucremy < siny 1 3.0

cos3x sin ycos3x

11(3). Pemuth HepaBEeHCTBO
[sin 2X+sinx+ ?]{cos 2X — gj <0.

cos3y +cos’y +12cosy -9 =0 ;
\J3—4cosycosx —4sin x < b .

12(5). Pemuth cucremy {
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