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Llenp Hamiero 3aJaHusi — BCIOMHUTh OCHOBHBIC MPaBUIJIa M TIPHEMBI pe-
IICHHs aNreOpandecKux HEPaBEHCTB M CHCTEM YpaBHECHUWI. MHOrue u3 HUX
BaM XOpOIIO HW3BECTHBI, HEKOTOPBIC MOKaXYTCS HOBBIMH H, C IEPBOIO
B3I, AaXe JIMIIHAMH, HO HE CICHIMTe MX OTOPOCHTH Cpazy — PELIUTe
M3BECTHYIO BaM 3a/1auy pPa3HbIMU CIIoco0aMH M BBIOEPUTE CaMU TOT CIOCO0,
KOTOPBIil BaM OOJIbIIIC HPAaBUTCSI.

§1. PapHOCHM/ILHOCTH YPABHEHUI M HEPABEHCTB

B nHamewm 3amanuu OOJBIIYIO POJb OyJIET MrpaTh MOHSATUE PaBHOCUIIb-
HOCTH.
JIBa HEpaBEeHCTBA

f.(x)>0,(x) u f,(x)>9,(x) (1)

fl(x):gl(x) u fz(x):gz(x) (2
Ha3bIBAIOTCSl PABHOCWJIBHBIMH Ha MHOXXECTBE X , €CIM KaKIOE pEIICHUE
MIEpPBOTr0 HepaBeHCTBa (yYpaBHEHHUs), IPUHAJIekKAIIee MHOXKECTBY X , SBIS-
eTcs PEeLICHHEM BTOPOTO M, HA00OPOT, KaXI0€ PELICHUEe BTOPOTo, MpUHAI-
nexaiee X , ABJISETCS PELICHWEM IIEpBOIrO, WM, €CIIM, HU OJHO U3 Hepa-
BEeHCTB (ypaBHeHHWi) Ha X He mMeeT pemieHwid. T. €. JBa HepaBEeHCTBA
(ypaBHEHHUSI) PaBHOCWIBHBI, MO OMPEACIICHUIO, €CIIM MHOXKECTBA PEIICHUMN
3TUX HEPaBEHCTB (ypaBHEHUI) HA X COBMAJAIOT.

Otcrona cieayer, YTo BMECTO TOrO, YTOObI PelIaTh JaHHOE HEPABEHCTBO
(ypaBHEeHHE), MOXKHO pellaTh JIF000E Ipyroe, paBHOCHILHOE JaHHOMY. 3a-
MEHY OJHOTO HepaBeHCTBa (YpaBHEHUsI) JPYTUM, PaBHOCHIBHBIM JAHHOMY
Ha X , Ha3bIBalOT PaBHOCWIIBHBIM IepexofoM Ha X . PaBHOCHIBHBIN mepe-

WJIM J1BA YPABHEHUS

X0/1 0003HAYAIOT JIBOWHOM cTpenkoit <> . Eciu ypaBHenue f (X) =0 (umm
HepaBeHCTBO f (X) >0) paBHOCWJIBHO ypaBHEHUIO g(x) =0 (unm HEepaBeH-
CTBY (X) >0), To 3TO MBI OyZieM 0003HAYATh TaK:

f(x)=0< g(x)=0 (um f(x)>0<g(x)>0).

Mpumep 1. x> —4 =1—x* < sin? x—2 =0, T. K. HI TO, HU JPYTOE HE

UMEET pPEIleHUs.

BaxxHO HOHMMAaTh, YTO JJIS J0KA3aTeIbCTBA HEPABHOCUIIBHOCTH JBYX He-
paBeHCTB (ypaBHEHHI) HET HEOOXOIMMOCTH peIIaTh KaXKJ10€ U3 HEPABESHCTB
(ypaBHeHHIT), a 3aTeM YOSKIAThCSI B TOM, YTO MHOXECTBA MX PEIICHUNA HE
COBIMAJAIOT — JIOCTATOYHO yKa3aTh OJIHO PEIICHHUE OJHOI0 W3 HEPABCHCTB
(ypaBHEHHMIT), KOTOPOE HE SIBJIICTCS PEIICHUEM JAPYroro HepaBeHCTBa (ypas-
HEHUSA).
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IIpumep 2. [Ipu kakuX 3HAYCHUAX TTapaMeTpa @ CUCTEMBI

ax+3y=6a—4, X2 —2y* —6x+8=0,
u
X+Yy=2a x2+y2—(2a+4)x+2(a2+a+2):0
PaBHOCUIIBHBI?
¢ Pemum cHauana nepByto, 6oee MPOCTYIO CHCTEMY

{ax+3y=6a—4, {y=2a—x,
=3

&
X+y=2a ax+3(2a—x)=6a—-4 < x(a-3)=—4
a#3,
4
X=-—,
a-3
< 4  2a’-Ga+d
y=2a+ = :
a-3 a-3
a=3,
|0 x=-4c0.

IMoncraBuM a =3 BO BTOPYIO CUCTEMY
x? —2y* —6x+8=0,
a=3: ) =
X +y?—10x+28=0<(x-5) +y’ +3=0= ¢,

IMpu a =3 cucTeMbl paBHOCHJIBHBI, T. K. IPU 3TOM 3HAYCHUU MapaMeT-

pa 00e cucTeMbl HEe UMEIOT PELLICHHUH.

Ilpu a#3 mepBas cucremMa MMEET CIUHCTBEHHOE pEIICHHE. 3aMeThM,
YTO BO BTOPOH cHCTEME Y BXOAUT TOJBKO B YETHOH CTENEHH, 3HAYMT, €CIIU

peUICHUEM SABJIACTCA Iapa (XO’ yO)’ TO I1apa (XO’_yO) TOXKE 6y,I[CT peuieHu-

eM. IIpu atom eciu Y, #—-Y, < Y, #0, To pemennii Oyner nsa. CienoBa-

TCJIbHO, CAMHCTBCHHBIM PECHICHUEM MOKET ObITh TOJLKO napa (XO,O) . Ilo-

CMOTpHMM, IIPHU KAKUX & TaKO€ PCIICHHE Y CHUCTEMbI €CThb. HO)ICTaBI/IM oTy

1apy B CUCTEMY
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X: —6X, +8=0< X, =3+1,
N
xj—(2a+4)xo+2(a2+a+2)=0 X, = 4,

2 2’
a“--3a+2=0<a=
1.
Urak, Takux a Ttpu: 0,1, 2. Ho mpum sTHX a BTOpas cUCTeMa MOXKET

UMETh U IPYTHE PELeHUs, a €Clu y He€ PYruX pelleHuil HeT, To e€ eluH-
CTBEHHOE PEILICHHE MOXET HE COBHANATh C PELICHWEM IIEPBOM CHCTEMBI, U
TOTa TAaKOE @ HE YIOBIIETBOPSET YCJIOBHIO 3agauu. [IpoBepum 3TH 3Haue-
HUS IapaMeTpa.

4
1. a=0: Ilepras cucreMa UMEET PEUICHHE: X=— U Y = —5 #0. Cne-

A0BATCJIIbHO, CUCTEMBI HE PaBHOCHUJIbHBI, T. K. pCHICHUA CUCTEM HC COBIIaJa-
10T (y BTopoit y=0).
2. a=1: Bropas cucrema UMeeT BH
x> —2y* —6x+8=0, y =0,
2 2 <
X“+y —6x+8=0 x=3x1=4,;2.

CHe}IOBaTeJIBHO, CUCTCMbI HE PAaBHOCWJIbHEBI, T. K. BTOpasd MMCCT ABa pCUIC-
HUA.

ax+3y=6a-4, X =4,
3. a=2: =
X+y=2a y=0
x? —2y* —6x+8=0,
X2 +y° —(2a+4)x+2(a2+a+2):0

4 X =4,
= =
X=% y =0.

u f=—

x* —2y* —6x+8=0,

2
(x—4)" +y? =0<:>{
CrenoBartesibHO, CUCTEMBI IIPU ATOM 3HAYEHHH & PABHOCUNbHbL — OHH HMe-
10T €IMHCTBEHHOE PELICHNE (4; 0) .

OtBet: 2;3. ¢

IIpu penieHnn HEpaBEHCTB U ypaBHEHUI 4acTO HMCIIOJIB3YIOTCS CIENyIO-
II1€ PaBHOCWJIBHBIE NTEPEXO/IBI.
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1. Bcrm dpymxumn f (), g(x), h(x) ompenenens va muoxectse X , T0
Ha PTOM MHOKECTBE

a) f(x)<g(x)e f(x)+h(x)<g(x)+h(x). (YP 1)
6) f(x)=g(x)<= f(x)+h(x)=g(x)+h(x). (YP2)

2. Ecmm h(x)>0 ma X, 1o Ha X
f(x)<g(x)< f(x)h(x)<g(x)h(x), (YP 3)

T. €. YMHOXXCHUEC HCpPaBCHCTBA HA MOJJIOKUTECJIbHYIO (byHKIII/IIO MNpUBOAUT K
PAaBHOCUJIIbBHOMY HEPABCHCTBY C TEM K€ 3HAKOM.

3.Ecmm h(x)<0 ma X ,Toma X
f(x)<g(x)< f(x)h(x)>g(x)h(x), (YP 4)

T. €. P YMHOXCHUU HEPABCHCTBA HAa OTPHIATE]bLHYI0 (YHKIUIO 3HAK He-
PaBEHCTBA MEHAECHm A HA TIPOTUBOIIOIOKHBIN.

4. Ecin h(X)iO Ha X ,ToHa X
f(x)=9(x) <= f(x)h(x)=g(x)h(x). (VP 5)

5. Ecnin 00e yacTi HepaBeHCTBA HEOTPHUIIATENLHBI HA X , TO BO3BEACHUE

B KBapaT 00enx JacTel IPUBOAUT K PABHOCHJILHOMY HEPaBEHCTBY, T. €.
f(X)<g(x)< f2(x)<g?(x). (VP 6)

Ecnn o0e yacTu HepaBeHCTBa OTPHULATENBHBI, TO YMHOXHB 00€ 4acTu
Ha (—1), mpuaéM K HEpaBEeHCTBY HPOTUBOIIOJIOKHOIO 3HAKa, HO C IOJIOKU-
TEJIbHBIMU YacTsIMHU, U K HeMy npumeHuM (YP 6).

Ecnu neBast 1 mpaBast 4acTH HEPaBEHCTBA UMEIOT PA3Hble 3HAKH, TO BO3-
BEJICHUE B KBaJpaT MOXET NPUBECTU KaK K BEPHOMY, TaK U K HEBEPHOMY
HepaBeHCTBY: —4<5; 16 < 25; —7<5, HO 49 > 25, mosTOMY B 3TOM cllydae
Henb3a BO3BOAUTH HEPABEHCTBO B KBAJIPaT.

6. Ecnin 00e gacTu ypaBHEHUS] HeompuyamenbHol, TO

f(x)=g(x)< f2(x)=09%(x). (YP7)
7. st mo0bIx f( ) ( ) Ha X u ar000T0 HaTypajIbHOTO N
( ) (X)@ f2n+l( )_g2n+l(x). (YP 8)

8. Hepasencrso Buna f(x)>0(<0) naseiBaercs nectporum. Ilo ompe-
JIETIEHUIO,
f(x)=0,
f(x)>0(<£0) YP 9
(x)=0(<0) f(x)>0(<0). VP9)
§2. Mppanuona/bHble HEPAaBEeHCTBA

I/IppaLII/IOHaIIBHBIMI/I Ha3bIBAIOT HCEPABCHCTBA, B KOTOPLIX MNCPCMCHHBIC
BXOJAT 1TOA 3HAKOM KOPHH. Tak kak KOpPCHb yETHON CTEIICHU CyHIEeCTBYCT

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
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TOJBKO y HEOTPHLATENBHBIX YHCEN, TO IPH PEIICHUH HEPaBEHCTB, COIEp-
JKaIllUX TaKoe BBIpaKeHHUe, Ipexe Bcero ynooHo Haiitu O/13.

Mpumep 3. (MI'Y, 1998) Peruure HepaBeHCTBO /X +3 > X +1.

¢ DTO HEpPaBEHCTBO MOXHO
PELINTh HECKOJLKUMH CIIOCO0aMu. ,
Pemmm ero rpapuuecku (puc. 1). / :
1
1

[octpoum  rpaduku  QyHKOMHA
y=+vx+3, y=x+1 u mocmor-

puM, TIe TepBblii rpaduK pacro-
JIO)KEH  Bblle  BTOporo.  Jlus
HAXOXIECHUSA PEIICHUS] OCTaHETCs Puc. 1

-3 X

pelIUTh TONBKO ypaBHeHHE X +3 = X+1 (M He HAJO paccMaTPUBAThH CIIY-
Jau pa3HbIX 3HAaKOB
s X +11).

\/x+3=x+1<:>{

OrBer: [—3; 1) ..

Cuauana npuBenéM yKe BbIBeACHHbIE B 10-OM Kilacce YCJIOBHUSI paBHO-
CUJIBHOCTH JIJISI YpaBHEHUH (B 4aCTHOCTH, JJISI TOTO, YTOOBI ObLIa MMOHSTHA
IIpUBEAEHHAS YXKE 3/1€Ch HyMEPALMsl YCIOBUA PABHOCWIBHOCTH JUIsl KOPHEH

X+1>0,
, & x=1=xe[-31).
X+3=X"+2x+1

(YP K)): f(x)=a’< f(x)=a". (YPK 1)
f(x):g(x)a{g(x)zo’ (VPK?2)
f(x)=9°(x).

f(x)=y9(x)= f(x)=g(x). (YPK 3)
g

, (VPK 4)

n.1. Hepasencrsa Buaa | f (X) > g(x) u /f(x) <g(x).
o3: f(x)=0.

PaccMoTpuM HepaBeHCTBO 4/ f (X) =g (X) . JlokaxxeM, 4T0

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
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0;
(VP K5)
0

1. Ecom X sBIsETCS pELIGHHEM HepaBeHcTBa o f (x)=g(x), To
f(x)>0 u \[f(x) cymectsyer. [Ipi 5TOM HePABEHCTBO 3aBEIOMO BHITO-

HEHO NpHU g(x)<0. Ecmn xe g(X)ZO, TO BO3BEJCHHE B KBaapaT 00eux
yacTell HepaBeHCTBA NPUBOOUT K  PaBHOCWIBHOMY  HEPaBEHCTBY

f2(x)=g?(x).

2. Ilyctb Temepp X SIBASETCA PELICHUEM COBOKYITHOCTH HEPABEHCTB

{g(x) <0,

f(x)>0;

f (X) U 3aBeO-

-
]
(9]
<
E
[¢]
Q
—
w
<
(@]
—

0
MO BBIIIOJIHEHO HepaBeHeTBo 4 T (X) = g(X);
6) ecin g(x)ZOnf(x)—gz(x)ZOQ( f(x)—g(x))(erg(x))zO,
10 f(x)-g%(x)20 [T (x)-g(x)=0.

Mosxao OJI3 HepaBeHCTBAa HAWTH OTNIEIHHO, TOTJA YCIOBUE PABHOCUIIb-
HOCTH TIPUMET BUJI:

0, (YP K6)

Tenepb pPaccMOTpPUM HEPABCHCTBO euoa

f(x) <g(x).

Loxasicem, 4To

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna



2013-2014 yu. roz, Nel, 11 k1. MaremaTuka.
Anrebpanueckre ypaBHEHUsI, HEPABEHCTBA, CHCTEMbI YPABHEHHI U HEPABEHCTB

g(x)=0,
f(x)<g(x)={f(x)<g®(x), | (YPKT)
f(x)=0.

1. Ecnim X sBmseTcs pelICHHEM HEPaBeHCTBA ,/f (X) < g(X), TO

f(x)>0 u cymecrsyer /f (x),aTorna g(x)>0, u Bo3Be/CHNE B KBAJPAT
o0enx wuacTeli HEpaBeHCTBA MNPUBOAUT K DPABHOCHILHOMY HEPABEHCTBY

f(x)<g?(x).
g
2. Ecnin X sBisieTCsl pelIeHWeM CHCTEMBbI HEPaBEHCTB - f
f

1o f(x)=0 u cymecryer ./f(x), a Torma f(x)—g?
& (T -9(0))(JF(x)+9(x))<0. Ho, mo yeommo, g(x)=0,
nostomy f(x)-g?(x) <0 [f (x)-g(x)<0.

Mpumep 4. MDTU, 1998) Pemre HEpaBeHCTBO 3«¢3X2—8X -3>1-2x.

¢ Ilepeviit cnocod
Bocnonszyemcs (VP K6):

{1—2x<0,
3x*—8x—-3>0;
2
33x2 —8x—3>1-2x < 1-2x>0, =
9(3x* —8x - 3) > (1-2x)’
(x>0,5,
-1
XE(—oo;?:|U[3;+OO); X €[3;+0)
x<0,5, < Xe(_w;WJQ
23
. _00;34—30\/5 g 34+3o\/§;+oo
23 23

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
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& Xe [—oo; %J U[3;+0). Orser: (—w;mj U[3;+0).

23
Bmopou cnocoo

MosxHO 0()OpMUTH pelIeHNe HEPaBEHCTBA U HECKOIBKO IO — IPYTOMY.

Haiiném cnauana O/13:

3x? —8x—320<:>(x—3)(x+%)20<:>Xe(—oo;—%}u[BH-oo)_

Teneps HEPaBEHCTBO MEPEMUIIEM B BUC 3«}3X2— 8x—-3 - (1— 2X) >0.

1
1. Ecmm 1-2x<0, 1.e. X> 5 , TO HEpaBEHCTBO BBIMMOTHEHO B O/13, T. €.

Xe[3;+oo).

2.Ecmn 1-2x>0, 1. €. XS%,TO

3J3x? —8x -3 >1—2x<:>9(3x2 —8x—3)>1—4x+4x2 =N

23 23
3ameTtum, uto OJI3 B 3TOM City4yae BBIIOIHWIOCH A8MOMAMUYECKU.

34—305}

C>23X2—68X—28>0<:>X€(—00;

34—30\/§]U£34+30\/§_

.. 1
VYurém, uTo X< —— TOorjga X €| —x;
2 23

O6benunsts 1 u 2, moirydaem

OTBeT: (—w;%}u[&ﬁtw). *

n.2. HepaBeHncTBO BHjia 1ff (X) < 1fg (X)
PaccmoTpuM HepaBEeHCTBO 6uoa «f f (X) <, fg (X)

Jokaxem, 4to

+OOJ.

<

WSWQ{: Exizg.(x),

X

(VP K8)

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
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1. Ecamn WSW,TO f(X)ZO, g(X)ZO u f(X)Sg(X), T. €.

X SABISICTCS pCIICHUEM CUCTCMbI HCPABCHCTB {

f(x)<g
f(x)>0.
F(x)<g(x),

2. Ecmu X aBnsercs peHICHUEM CUCTEMbI HCPABCHCTB {f ( ) 0 TO
X)=0,

f(x)=0, g(x)=0, aff (x) u 1fg(x) cymecTByloT. Ilpu  3TOM
f (X) <g (X) = «f f (X) < a}g (X) , T. €. HEPaBEHCTBO BBITIOJIHEHO.

3ameuanue. JInst cTporux HEPAaBEHCTB B YCIOBHSX PAaBHOCHIBHOCTHA HAJO
MIPOCTO 3aMEHUTH 3HAUOK = WM < Ha > WM < COOTBETCTBEHHO.

IIpumep 5. Pemnte HEpaBEeHCTBO J2x+1< m
o V2x 1< -4 + x+5 <
2X+1< X} —4x* + x+5 & X° —4x* —x+4>0,
{2x+12 0.
(x=1)Yx+1) x—4)> 0 x e[ L1]U[4400),

g 1 @xe[—

s ;1} U [4;+oo).

N | —

5-
OtBeT: {—%;1}u[4;+oo). .

n.3. HepaBencrBa Buaa

Posib conpsixéHHbIX BBIPAsKEHUH

OObluHO TpU pelieHHH HepaBeHCTB, umeromux OJ[3, Hamo cHauana
Haitu O/13. IIpn Haxoxxnernnn OJ[3 Takoro CloXXHOrO HEPaBEHCTBA, KaK

f(x)-9(x)
h(x)
f(x)>0,
{h(x) #0

Y PELIAlOT HEPABEHCTBO ,/ f (X) -0 (X) >0.

>0, yuuTens W WIKOJBHUKHA OOBIYHO PEMIAI0T CHUCTEMY

. 3aTeM MIKOJHHUKY MHOTAA OMMMOOYHO OITyCKAIOT 3HAMECHATEIb

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
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Met B O3 0pobu He 6ydem 3anMCHIBaTh YCIOBHE h(x) #0 u Tem Oonee

He OyZieM TpaTWTh BpeMs W CHJIBlI Ha pelIeHre 3Toro HepaBeHcTBa. Ompas-
JIBIBACTCSL 3TO TE€M, YTO B JaJbHEHIIIEM HCIIONB3YEeM TOJIBKO KIACCUYECKULL
METOJl WHTEPBAJOB JUIS PAIlMOHANBHBIX (PYHKIWH, B KOTOPOM YCIIOBHE

h(X) # (0 aBTOMaTHYeCKH BBHIMOTHICTCS, OO HYIU 3HAMEHATENsl HAHOCATCS
Ha YHCJIOBYIO OCb Kpyarcoukamu («IOBIPKaMm»), T. €. OTpaHUYCHUE h(X) #0
3anoxcerno 6 camom memode. 910 OJ13, KOTOPOE OTIIMYAETCS OT MPUBBITHO-
ro LIKOJIBHOTO (C h(X);éO), M0 TPEIOKEHUIO CaMUX YyuuTenel, Oymem
oboznayare He O[3, a O/I3*. Wrak, Hanmpumep, IUII HEPABEHCTB BHIA

\lf(x)_g(x) *.
TZO Ooynem uckatb OJ13*: f(X)ZO.

PaCCMOTpI/IM AOBOJIBHO 4aCTO BCTPECYAIOUICCCA HEPABCHCTBO BUAA

B MeTonnyeckoil muTeparype mpeanaraeTcs pacCMOTPETh ABE CHCTEMBI
B 3aBUCUMOCTH OT 3HAKa 3HAMEHATEIIA h(x) , IPUYEM B KOKJIOM €CTh Hepa-

BEHCTBO C KOPHEM. DHTY3Ma3M peLIaTh 3a4ady [IPH 3TOM OBICTPO «HCIapsi-
eTcs».
MBI MOCTYNUM uHaue: PacCMOTPUM JBa ciy4yash B 3aBHUCHMOCTH HE OT

sHaka h(X), a ot swaka §(X), ¥ HEPAaBEHCTB C KOPHEM PEILATH He Npuoém-
cs.

Paccmotpum otaensHo pasiocms [ f (X) —g(X). Ormerum aBe ocoben-
HOCTH IIOBEJICHUS 3TOM Pa3HOCTH:

1) ecmm g (X) <0, To pazHOCTS / f (X) -g (X) rotoxuTenbHa B O/13;

2) ecm ¢ (X) >0, To pa3HOCTh 1} f (X) -g (X) MOYKET OBITh KaK ITOJIOXKH-
TENBHOM, Tak U oTpuuarenbHord B O/13. 3ameTum, OTHAKO, YTO B 3TOM CIydae

cymma 4/ f (X)+ g(x) Beerma meorpunarensra B O3, a yMHOKEHHE PA3HOCTH
M p w p

( f(x)-g (x)) Ha HEOTPHILIATEILHOE BBIPAKEHIE (ﬂ f f(x)+9g(x )) HE U3MEHUT

3HaKa pa3HOCTH, T. €. BBIPAXKCHUC

(VT -000)({TT0 +9(0)= F (x)-8°(x)
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MIMEET TOT e 3HAK, UTO U (,} f(x)-g (X)) B OJI3. HoBoE BHIpaskeHHE YiKe He
COZICP’KMT PaJMKAIOB (KOpHEH), a BBIPaKCHUE (, [f(x)+g (X)) Ha3bIBACTCS

COMPSDKEHHBIM IS ( f(x)-g (X)) BeIpakerreM. OTCIONA CIIEMYET BaKHOE

npasmio TTK1:

Ecin g(Xx)>0, To 3uak passoctu [ f (X)—g(x) cosna- (K1)

naer co 3Hakom pasnoctn f (x)—g*(x) B OZ3.

Tenepb HCIIOJIB3YEM 3TU CBOMCTBA AJIg pelICHrs JOBOJBHO CJIOKHBIX HE-
PaBE€HCTB B A

%20 wan ({T(x) -9 (x))h(x) 20

Celiyac MBI MIOKaXEM, YTO MOXKHO OOOMTHUCH, XOTS U ABYMS CIIy4asMu, HO
0e3 KopHeil.

9-9(0x)_
)

1. MBI yke 3aMeThiIH, 9TO, €cliid g (X) <0, TO YHUCITHTENH MMOJOKUTEICH

F)-9(%) 0% s
() >0<h(x)>0.

2. Ecmu xe ¢ (X) >0, TO pa3HOCTh MOXXET MCHSTh 3HAK B 3aBUCHUMOCTH

PaccmoTpum, Ans onpeaenéHHOCTH, HEPAaBEHCTBO

B O/13. Ho Torma

OT 3Ha4YeHHH X, HO cymMMa ,;f (X) +g (X) Bcerna HeorpuuarenbHa B O/13,

¥ YMHOXXCHHE 00€HX YacTell HepaBEHCTBA HA 3TO CONPsicEHHOe BRIpaKEHUE
NPUBOAUT K PAaBHOCHIFHOMY HEPaBEHCTBY, T. €. B O3TOM Cly4ae

M(X-9() 27 (x)-8°(x)
) )

MEHSETCS JIMIb 3HaK HepaBeHCTBA. OObeIUMHHMB 00a YCJIOBHSA, MOJydaeMm
HOBOE 3aMeYaTeNIbHOE YCIoBHe paBHOCHIbHOCTH B O/[3:

_{g(x)<0,

h(x)>0(<0),
g
f

>0. [na HepaBeHCTBa APYroro 3HaKa

%2 0(< o)g (x)=0, (YPK16)
ng(X)zo(s 0).

h(x)
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Hatinennrie B pesynbrate uccienoBanus coBokymHoctr (YP K9) pemre-
HUs creayeT cpaBHUTH ¢ OJ13.

2
Mpuwep 6. (MI'Y, 1995) Pemmre repaserctso —a =X >,

Jax+15+2x

¢ O3 . 4x+15>20<= x> —%. Teneps B O/13 nmpeoOpasyemM HepaBeH-

ax+15-4%0 («/4x+15+2x)(«/4x+15—2x)

BO: = >0
4% +15 +2x 4% +15 +2x
Jax+15-2x>0, y
=
J4x+15+2x #0.
[TormpobyeM pemuTh 3Ty CHCTEMY —1 /i
rpaduuecku. M3 rpaduka Ha puc. 2 /] |
BHJIHO, YTO HEPABEHCTBO BBIITOJIHEHO 15, _3 5 X
15 ey
OT TOYKH X = _Z 0 abcLMCcChl TOY- B R
KM TiepecedeHus KpuBoil Y = +/4X+15
¥ TIpsIMOit Y = 2X. Puc. 2
Haiiném sty abcuuccy:
2x >0,
2x >0, = _3
V4x+15 =2x < , & X 2’(:)x=E
4x+15=4x 5 2
X=—
2

3aMeTI/IM, 4TO I pCIICHUA YpPaBHCHUSA Mbl BO3BOJWIN 00€e JacTH B KBaja-
pat, a, 3HAYUT, OAHOBPEMCHHO C HAIIIUM PCHINIIN «1Y7KOC» YPABHCHUC:

2x <0,
JAx+15+2x=0< J4x +1 :—2x<:>{

4% +15=4x>.

. 3
A B Hamed cucTeMe pelIeHHe 3TOTO0 YpaBHEHUS X = ) KaK pa3 HaM HaJo

HCKIIIOYUTh. [ J1aBHOE B TOM, 4YTO IJid PpCHICHHUA BCeH CHCTEMBI 0Ka3alloCh

3
=77
JIOCTAaTOYHO PEIINTh eAUHCTBEHHOE ypaBHeHne 4X +15= 4x° &

X==.
2
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15 3 3.5
Tenepb MoXKHO 3anucaTh OTBeT: X €| ——;——= |U| ——=;—|. ¢
4 2 22
IIpumep 7. Pemmre HEpaBEHCTBO N2-x+4x-3 >2.
X
» Haiiném cragama O/I3*: 2—Xx>0<>x<2. Temepsr BocCIOIB3yeMCs
(VP K9):
- - 2—x+(2x-3 2—x—(3-2x o4s*
V2oxrdx=3,,  N2ox+(2X3) o N2oX-(3-20) 98
X X X
_ - 3
3-2x<0, >3 x>
x> 0; 2 3
3 X< —,
< | [3—-2x2=0, = XSE’ Rt 2 E=
2 7
2-x—(2x=3) o | |4 -11x+7 (x—)(x—l)
X 2 —— <0 4 <0
L X f—

¢ yuémom OJ3*
= x e(—o0;0) U1 2].

x<3,
2
CucreMy HepaBEeHCTB ( 7) ( 1) PELIHIA KIACCHYECKUM METOJIOM
X—— |(Xx—
NELYAREY
WHTEPBAJIOB — pHC. 3.
0 T 15175 x
Puc. 3

Otser: (—o0; 0)U[L; 2]. <

x/x2—4x+3—2(x+7)<

IIpumep 8. <
prvep x> —x—T2
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» HepaBeHCTBO JTOBOJIBHO TPOMO3JIKOE U CIIOKHOE.
Haiingm  cmasama  OJI3*: X°-4x+320< (x-1)(x-3)20<

< xe(—o0; 1] U[3; + ). 3atem paccMOTPUM omdenbHo [Ba Cilydas B 3aBH-

CHMOCTH OT 3HaKa (X +7).

1. Ectm X+7<0< X<—7, TO unciuTenb nonoxureacH B O/3* u

VX2 —ax+3-2(x+7) oW
3 <0 <
XS =X-72
€(—8; —7).VuuteiBas orpanHuYeHHe X <—7, MOJyYaeM, YTO OKa3anockh,

X2 —x—72<0 < (x+8)(x-9)<0 <=

YTO STOT MPOMEKYTOK MpHHAAIEKUT OL3*.
2. Ecimn Xx+7>0< x>—7, To Bocnonb3yemcs npasuiom [1 K1. Toraga

x> —4x+3-2(x+7) OOg*(X —4X+3) ((X+7))230<:>

X2 —x—72 ) x+8
(X 30— \/32 J( —30+\/32 J
2 X>—
3x +60x+19320c> 20<:>7
(x+8)(x—9) x+8)

u(9; +oo) c yuéroMm orpaHumueHusi X =—7 . Oxa3za-

- [_7; 30 +3\/321}

JIOCh, YUTO M 3TH MPOMEXyTKH npuHaaiexar OJ13*. [Toatomy

(—8; %\/ﬁ}u(g; +00).
(_8, —30+432_1}
’ 3

Xe

OTBerT: U(9; +). «

[T~ 5,
h(x)

PoJib conpsiaéHHBIX BbIPpAsKeHU

Wzo(so).

Ha BH/J TOBOJIBHO CJIO’KHOC HEPABCHCTBO. Paznoctn a? f (X) A ’ g (X) IAC-TO Ha
YUCJIOBOM OCH NOJIOKUTECIIbHA, TAC-TO OTpHULATC/IbHA, HO Cymma KOpHeﬁ

n.4. HepaBencra Buaa

Teneps paccMOTPUM HEPABEHCTBO BHUIA
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1; f(X)+4 fg (x) Bcerna Heorpuarensha B OJ13. TloaroMy yMHOKEHHE 00CHX

yacTell HEpPaBEHCTBA HA 3TO COMPAHCEHHOe BbIPAXKEHUE MPUBOIUT K PaBHOCUIIb-
Homy B OJ13 HepaBeHCTBY, M IMEET MECTO YCIIOBHE paBHOCHIEHOCTH B O3

F \/7 0ﬂ3f h( g)](x)zo (YPKI0)

WM TIOJTHO® yCHOBHe paBHOCHWIBHOCTH, BKItovaromee O/13:

(YPKI1)

IO

OTcrofia, B YaCTHOCTH, clieayeT nosiesnoe npasuio (11 K2):

3uak pasnoctn [ f (X)—, fg (X) coBmamaer co 3HAKOM PasHOCTH
f(x)—g(x) BOJ3. (I1K2)
IMpumep 9. (lemosepcust EI'D - 2010) Pemure HepaBeHCTBO

1-x° -1
—F—F=<
X+1

U HaliluTe HaAMMEHBINYIO JUIMHY MPOMEXYTKA, KOTOPBIA COIEPKUT BCE €T0o
peLICHHS.

P 3ameuartenbHblid npumep Ha npumenenue (YP K11)!

[TpuBeném BcE K 00IIEMy 3HAMEHATEIIIO, 3aTEM Pa3IOKUM Pa3HOCTh KYy-
0oB Ha MHOXHTenu. [Ipum 3TOM ydTéM, YTO HENOJHBIM KBAJPaT CyMMBI

2
X° + X+1nauxorna B 0 He 06pau1aeTc;I — OH BcerjJa IOJ0XXUTEJICH, IOTOMY
YTO €ro JMCKPHMHHAHT oTpurareneH. IlosTomy Ha X +X+1 MOXHO co-
Kkpatuth. 3ateM Bocnonbdyemed (YP K11), unm, uro 10 e, TeM, 4TO yMHO-

JKEHUE HEPABEHCTBA HA HOJ0JCUMENbHOE CONPAICEHHOE BBIPAKEHUE IIPUBO-
JINT K paBHOCWJIBHOMY HEpaBeHCTBY. Toraa

1-x3 _1<x<:> 1-x3 —1-x—x°

< <0<
1+Xx 1+Xx
2
1-x)(x*+x+1 —(\fx2+x+1) [
@\/( )( ) ) £O<:>\/1 x1 x+x+1SO
+ X + X
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R s re I

<0< (1—x)—(x2+x+1)<0©

1+x <
1+x
X <1,
= <= Xel-2;-1)u|0;1].
WZOQXE[—Z;—].)U[O;—FOO) E[ ) [ ]
+ X

HepaBeHCTBO pelieHo METOJJOM HHTEPBAaIOB — puC. 4.
HaumeHsbIiass JuyinHa TPOMEXKYTKA, KOTOPBIH COJEPIKHUT BCE PEIICHHUS,
paBHa 3.

Puc. 4
Oteer: [-2; -1)U[0;1], 3. «

Va4x? —3x+2 —/4x-3
Ilpumep 10. Pemmre HepaBeHCTBO > <0 u
X —5X+6
HalIuTe HaMMEHbBUIYI0 [UIMHY IMPOMEXKYTKa, KOTOPBIM COAEP)KUT BCE €ro

pelIeHusl.

4x% — 2>0
» Haiiném cravana OJI3%*: XT3+ R 3
4x-3>0 4

Ternepb MOYKHO PEIIUTH HEPaBEHCTBO, MpuMeHHB npasuio (11 K2):

*\/4X —-3X+2 «¢4x 0ﬂ3*4x —3X+2-4X+3

X* —5x+6 x* —5x+6
4x* —TXx+5 1
o—F T <0 —F——
X* —5x+6 (x=2)(x-3)
Hamexut OJI3*. HawMeHnbinas yiMHA MPOMEXKYTKA, KOTOPBIH COJCPIKUT
BCE perueHns, papHa 1. Oteer. (2;3), 1. «

<0<

<0< xe (2;3). [IpomexyTok mpu-

n.5. HecTtporoe HepaBeHCTBO

,ff X

( )zo(s 0).

g(x)

BOCHOJ’IBSyeMCﬂ OIpPEACIICHUEM HCECTPOTOro HCPABCHCTBA U 0CcO0OEeHHO-

CTBIO UPPALlMOHAIBHBIX HEPABEHCTB.
[Tonyunm
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_{f(x)zo,
f X)#0;
() >0(<0) = 9(x) (YP10)
g(x) f(x)>0,
g(x)>0(<0).
6-x—x
Ipumep 11. Pemute HepaBeHCTBO 1 <0.
X —
{G—X—%zQ
J6—x—x Z-1%0;
4 Bocnonbsyemcs (YP10): ¥ <0< X ” &
x° -1 6—x—x>>0,
x*-1<0
X=-3,
X=2,
‘e (_31 2), & Xe {—3} U (—1,1) U {2} OTtBerT: {—3} u(—l 1) U {2} .
xe(-11)

§3. HepaBeHcTBa, coep:kamue MOIyJIb

B stom maparpade paccMaTpuBalOTCsI HEPaBEHCTBA, COJEpXKaIIue repe-
MEHHYIO 110J1 3HaKOM a0COJIIOTHOW BEJIMYMHBI (1101 3HAKOM MOZYJIA).

Bo MHOrux cimydasix IUisl peIIeHHs] TaKMX HEPAaBEHCTB LIEIeco00pasHo
Pa3OUTh YUCIIOBYIO OCh HAa IPOMEXYTKHU TaK, YTOOBI (DYHKLNH, CTOSLINE MO
3HaKOM MOJYJISl, Ha K&KJIOM M3 IPOMEXYTKOB COXPAHsUIM 3HAK, T. €. ObUIN
WIN TIOJIOKUTENbHBIMU, WIH OTPULATEIBHBIMH. Torzna Ha KaIOM TaKOM
NPOMEXYTKE HEPaBEHCTBO MOXHO 3amucarb 0e3 moxmyis. B takom ciyuae
TOBOPST, YTO MBI PACKPBUIA MOJYIb.

X —
Hpumep 12. (MI'Y, 1993) Pemute HepaBeHCTBO —]24 <1.
X+
X— X=1-x-2
. u <l L <0.
X+2 X+2
1.x—120c>x21:x_1_x_2=>— 3 <0 x>-2.

X+2 X+2
[lonmy4yaem B 3TOM ciiyyae X>1.
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—X+1-x-2 2X+1 X+0,5

2. x-1<0&x<1: 0 0.
X+2 X+2 X+2
|
[/ 4 Misr1/00774 5
-2 =05 1 x
Puc. 5

M MBI mosrydaem B 3TOM ciiyvyae X € (—oo; —2) U (—0, 5;1) .
OO0bemuHss pe3yabTaThl 1. 2., mony4aeM OKOHYATEIbHBIN
Otser: (—o0;—2)U(-0,5;+x)
Mpumep 13. (MI'Y, 1992) Pemute HepaBEeHCTBO w <1.
2|x—6|]—-4
|x—5/-1 |x—5/—2|x—6]+3
¢ <l <0.
2|x—6|—-4 2|x—6|—4
X—5-2x+12+3 10-xX
1. x>6: =

2x-12-4  2x-16
Yuntsias ycnosue X > 6, nomydaem X €(6;8)U[10;+00).

Xx—-5+2x-12+3 3x-14 14
= <0 xe (-0 4)u| =+ |.
—2X+12-4 8—-2x 3

YuuTsiBas yciaoBue X € [5; 6] , TIOy4aeM X € [5; 6].
—X+5+2x-12+3 x-4 {—130
= <0<

<0< xe(—0;8)U[10;+wx).

2. 5<x<6:

3. x<5: = <
—2Xx+12-4 8—-2x X#4
YunrsiBas yciosue X <5, nomydaem X € (—o0;4)U(4;5).
OTBeT: (—oo; 4) U (4; 8) U [10; +oo) ..
n.1. HepaBencrBa Buia | f (x)| <g(x)
[IycTh B HEKOTOPOH TOYKE @ BHIOJHEHO HEPABEHCTBO | f (x)| <g(x),

Toraa g(a)>0 u |f(a)|<g(a).

Tor;[a HUMECT MECTO KapTHUHKA

N a) |

- 9(a) 9@) X

—n
o @

Puc. 6
u HepaseHcrBa —g(a)< f(a)<g (a).
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M, HaoGOpOT: MycTh B HEKOTOPOH TOYKE @ BHITIONHEHHl HEPABEHCTBA
-g(a)<f(a)<g(a). Torma, Bo-neperix, —g(a)<g(a)<g(a)>0, a,

BO-BTOpEIX, |f (a)| <g(a). CnenoBatenbHO, MIMEET MECTO YCIOBUE PABHO-

CHJIBHOCTHU

f(x)<g(x),

f(x)>-g(x). (VP ML)

|f(x)|<g(x)<:>—g(x)< f(x)<g(x)<:>{

n.2. HepaBeHcTBo Buia | f (X)| > g(x).

IIycTh B HEKOTOPOU TOUKE & HEPABEHCTBO BBIIIOJIHEHO, T. €.

[ £(x)]>g(x).
9TO O3HAYaeT, YTO, HJIH,
a) g (a) <0 (MomyJib MPUHMMAET HEOTPHUIIATEIILHBIC 3HAYCHHS U BCET/Ia
0oJbIIIe TF000TO OTPUIIATENFHOTO YUCIIA), WITH,
0) ecu g (X) >0, UMeeT MecTo KapTHHKA

-f(@) . | f@

- 9(a) 0 9(a) X
Puc. 7
{ f(a)>g(a),
" COBOKyHHOCTI) HepaBeHCTB
f(a)<—g(a).
U, Hao6OpOT, MyCTh B HEKOTOPOH TOUKE  UMEET MECTO COBOKYITHOCTh
HepaBeHCTB |: f (a) g g (a), TOFI[a
f(a)<-g(a). ’

a) ecin g(a) <0, TO HepaBEeHCTBO | f (a)| >g(a) BobimonHeHo,
0) ecru ¢ ( a) >0, To WMeeT MeCTO MpeAbLIYINAasl KAPTUHKA W BBITIOJIHE-

HO HEPABEHCTBO | f (a)| >g(a).
Crie/loBaTeNbHO, HIMEEM PABHOCHITBHBIE COOTHOMIECHHS

F(x)>g(x),

f(x)<-g(x).

[f(X)>9(x) < (YP M2)
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Ipumep 14. (MI'Y, 2000, BMK) Pemure HepaBeHCTBO
sz —8X+ 2‘ - xz‘ > 2X+2.

‘xz —8x+2‘—x2 >2X+2,

0Hx2—8x+2‘—x2‘>2x+2<:>[ =

‘xz —8x+2‘—x2 <-2x-2

X> —8X+2>x* +2X+2,

X —8X+2<—x*-2x-2;
=

‘x2—8x+2‘£x2—2x—2 X* —8X+2< X2 —2x—2,

X2 —8X+2>—x>+2X+2

‘x2—8x+2‘2x2 +2X+2,
=N

[x<0,
xe[1;2],=2,

s S

I X € (—o0;0] U [5;0)
OtBerT: (—oo;O]u[l;Z] u[5;+oo). .

n.3. HepaBencTso BuIa | f (X)| < |g (X)|

PaccMOTpHM pa3HOCTh | f (X)| —|g (X)| . OHa MO3XeT OBITH H0OOr0 3HaKa,

HO CyMMa |f (X)| +|g (X)| BCErJa HEOTPULIATEIIbHA, U YMHOKEHHUE PA3HOCTH
Ha ATy CyMMY HE U3MEHMT 3HaKa Pa3HOCTH, T. €.

(17 Cl=la A (al+[a ()=
=(f 0O ~Jo ()= (12 ()= (x)) = (F ()= g ())(F (x)+ g (x)) u
3HAK PAa3HOCTH |f (X)| —|g (X)| COBIIA/IA€T CO 3HAKOM

Npon3BeIeHUs (f (X)+ g(X))(f (X)— g(x)) (IImi1)

Hmeewm eliie 0THO YCIIOBUE PAaBHOCHILHOCTH

[ (0l<la (= (£ (-9 ()(f () +a(x))<0. | VP M3)
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IIpumep 15. (MDTH, 2000)

=X +7x—-6

[X* —6x+5—|x* —2x-3

¢ O/13*: —x* +7x—62>0<(x—1)(x—6) <0< x €[16].

|x2—6x+5|—|x2—2x—3|
ST, Ny

(2x* —8x+2)(-4x+8) (X_(2+J§))(X_(2_\/§))(X_2)

Pemute HepaBeHCTBO | <0.

B O/13* umeem <0< (B cuny YPM3)

>0

[[x2—7x+6=0,
Xx=1,
x;tZi\E, <:{ 6
<1 x#2, o

(x=(2+8))(x~(2-VB))(x-2) > 0= (2-VB:2) U2+ /3i-4<c).

YuureBas O/13*, nonyuaem

| ]
5 777}, T77774 >

v

2-43 1 2 2+43 6 x
Puc. 8
Orser: [L2)U(2+43;6]. ¢

§4. CucremMbl ypaBHeHHUIA

1. CambIM pacpOCTPaHEHHBIM METOJIOM PEIICHHUI CHCTEM SIBIISICTCS Me-
TOJ MOCJIE0BATEILHOI0 UCKIIOUEHUs] HEU3BECTHRIX: BRIpAKaeM OJHO He-
M3BECTHOE M3 OJHOTO M3 YpaBHEHWH W MOACTaBIsieM B ocTanbHbIle. [lomyya-
€M HOBYIO CHCTEMY, B KOTOPOM YHCJIO YPaBHEHHUH M HEM3BECTHHIX HA OJHO
MeHble. C HOBOW CHCTEMOM MOCTYyMaeM Tak K€ A0 TeX MOp, [OKa 3TO BO3-
MOYKHO.

OaHaKo OYEeHb YaCTO IMPH PEHICHHH CHUCTEMBI 3THUM CIIOCOOOM MBI IPH-
XOJIMM K YpPaBHEHHUSM, KOTOPHIE HEBO3MOXKHO permuTh. OOIMUX MPpaBWI IS
pEeIIeHus] CUCTEM HE CYIIECTBYET, HO JJII HEKOTOPBIX CHCTEM CYIIECTBYIOT
CIICLUATIbHBIEC IPUEMBIL.

2. OTHOPOIHBIC CUCTEMBI

3. CUMMETpHUYECKHE CUCTEMBI

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
23



2013-2014 yu. roz, Nel, 11 k1. MaremaTuka.
Anrebpanueckre ypaBHEHUsI, HEPABEHCTBA, CHCTEMbI YPABHEHHI U HEPABEHCTB

4. YacTo cucteMy MOXHO PEIINTh, €CITH €€ CHadana yrmpoCTUTh C TIOMO-
IIbI0 PABHOCHJIBbHBIX TPEOOPa30BaAHMI.

[IpuBeneM mpuUMepbl HEKOTOPBIX MPEOOPA30BAHUM, MPUBOIAIINX K PaB-
HOCHUJIbHBIM CHCTEMaM.

1. Ecnu moboe ypaBHEHHE CHCTEMbl 3aMCHUTH PAaBHOCHIBHBIM EMY
ypaBHEHUEM, TO MOJIYYUM PAaBHOCHIILHYIO CHCTEMY.

2. Ecniu B 0JTHOM W3 ypaBHEHUH CHCTEMBI JICBasi YacCTh SBJISCTCS TPOU3-
BeJIcHUEeM JBYX (YHKIMH, TO CHUCTeMa PaBHOCHIIbHA COBOKYITHOCTH TIPH
ycnoBuH, uto crupasa (. Hampuwmep,

{ f,(x,y)=0,

,y)=0.
o 9(x) (VP C1)

g(xy)=0 {fz(X'Y)ZO
I g(xy)=0.

3. Ecniu xakoe-HHOYb ypaBHEHHE CUCTEMbl YMHOKUTH HA YHCIIO, OTINY-
HOE OT HYJISI, TO MOJIYIHUTCS CUCTEMa, paBHOCHIIbHAA ucxonuoi. (YP C3)

4. Ecnu K OTHOMY W3 YpaBHEHHMH CHCTEMBbl PUOABUTH JINHEHHYIO KOM-
OMHAIMI0O HECKOJBKUX JPYTHX, TO MOJIYYHM pPABHOCHJIBHYIO CHCTEMY.

f.(x,y)=0, f.(x,y)+af,(x,y)=0,
Hampumep, {fz(x, y):O Q{fz(x, y)=0 YP C2)
a— MMPOU3BOJIBHOC YUCIIO.
5.{](1()(, Y)=91(X, Y),<:> ]]: ((X y))gl(X )(/))( ())
f(x¥)=8:() f,(xY)=0,(xY)
i f.(x,y)=0,
gl(x,y)zo,
PN R(0y)=0.(0y); (YPC3)
fl(xvy)gl(xay)>0,
f2(xy)=97 (xY),
[ f(xY)=0,(x.y).

OOparuM BHUMaHHE HA TO, UYTO B PABHOCUIJIBHOW CHUCTEME HOSBUIIOCH 00-
noanumenvroe HepaseHcmeo! (T. K. BO3BEICHUE B KBaJpaT HE BCera Ipu-
BOJIUT K PABHOCHJIBHOMY YPaBHEHHIO. )
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(
6 {fl(X,y)gl(X,y),<:>{fZ(X,Y)—gz(X:Y);
(% y)=0,(xy) { (

L fZ(X, y) fl(X1 y) = gz(X1 y)gl(xly)'

OOpatuM BHUMaHHUE Ha TO, YTO B CUCTEME OCTAETCSA TO YPaBHEHHE, B KO-
TOPOM 00€ YaCTH OTJIMYHBI OT HYJIs!

. {f(x,y)=0,<:>{f(x,y)+g(x,y)=0,
0

(YP C4)

g(xy)=0 f(xy)-g(xy)= (VP C5)
s
(%, y) 0
{f(xy a(xy { (x,y)+9(x,y)=0,
f(xy)+a(x, ) 29 X,y)= -g(x,y)=0

2 +y-12=3
Ipumep 16. Pemmute cucremy ypaBHeHHH < Y +Z —2X =1,
X' +yz+y-2z=3.

¢ Bripazum Yy u3 BTOporo ypaBHeHus: Y =1—2+ 2X, MOJACTaBUM B Tep-
BOE U TPEThE U NOJyUYUM CUCTEMY C JBYMS HEU3BECTHBIMU

22 +(1-z+2x)-z=3, 2x2 +2x-22=2,
o
X' +z(1-z+2x)+(1-z+2x)-22=3 X +2zx+2x—22-22=2.

2
Tenepp BbIpa3uM M3 HEepBOro ypaBHeHHA Z=X" +X—1 u, moacraBuB BO
BTOPOE, ITOJYYUM YpaBHEHHUE C OJHUM HEU3BECTHBIM

x* +2x(x2 +x—1)+2x—(x2 +x—1)2 —2(x2 +x—l)=2<:>
X=l=z=1=y=2,

S x-1=0=
X=-1=2z7=-1=y=0.

Otser: (1;2;1), (-1;0;-1).
X—2y+3z2=9,
IIpumep 17. Pemure cucteMy ypaBHeHHit < x> + 4y +9z% =189,

3xz =4y>.

© 2013, 3OTII M®THU, Konecurnkosa Codust Mnbruaudna
25



2013-2014 yu. roz, Nel, 11 k1. MaremaTuka.
Anrebpanueckre ypaBHEHUsI, HEPABEHCTBA, CHCTEMbI YPABHEHHI U HEPABEHCTB

¢ BI:IpaSI/IM X M3 IICPBOT0 YPABHCHUA U IIOACTAaBHUM BO BTOPOC U TPETHE
YpaBHCHUA. Tor,ua IMOJIy4YUM PABHOCUJIBHYIO CUCTEMY

X=2y-3z+09,
4y® +97° —6yz —277+18y =54 <
6yz —9z° +27z7-4y* =0.

Teneps nprbOaBUM KO BTOPOMY YPaBHEHHIO TPETHE

X=2y—-3z2+9,

y=32=4=x=3;
<118y =54 y=3, =
3

y=3,z=1=x=12.

(6)]
[+

182 -9z +272-36=0<=z=

N ‘

Otser: (3,3,4),(12,3,1). ¢

Mpumep 18. (MDTH, 1996) Pemnte cucremy ypaBHEHUA
X2 +2xy —8y® +9x+ 30y +8=0,
X* +6xy +8y° —2x—-8=0.

¢ B nmanHOli cucteme OymeM paccMaTpuBaTh KaXKJ0€ ypaBHEHHE Kak
KBaJpaTHOE OTHOCUTENLHO, HAalpUMep, X. Tak Kak JTUCKPUMHHAHTHI 000HMX
YPABHEHUI SBISAIOTCS IIOJHBIMM KBaJpaTaMH, OKa3bIBA€TCS BO3MOYKHBIM
CBECTH CHCTEMY JBYX HEJIMHEUHBIX YPABHEHHH K COBOKYIIHOCTH YETBIPEX
JIMHEWHBIX CUCTEM.

X* +2xy —8Y” +9x +30y +8= X" +x(2y +9) - (8y* —30y -8) =0,
o
X* +6xy +8y* —2x-8=x" +2x(3y—1)—(8—8y2)=0

2y-9+(6y-7
Y 9+ (6y )<:>(x—2y+8)(x+4y+1)=0,
= 2 =

x=_3y+1f(y_3) < (x+2y+2)(x+4y—-4)=0
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[(x-2y+8=0, X=-5,
X+2y+2=0; y=§;
X—2y+8=0, 2

X =-4,
X+4y—-4=0; {

o sl ly=2 =

X+4y+1=0,

X=-3,
X+2y+2=0; 1
X+4y+1=0, VZEJ

| [(X+4y-4=0. {Q_

()TBeT:(—5;2),(—4;2),(—3;%).0

Hpumep 19. MDPTHU, 1999) Pemmre cuctemy ypaBHEHHIA
X? —4x+4y+27=0,
{y2+2x+8y+10=0
. {xz —Ax+4y+27=0,

y® +2x+8y+10=0.
3aMEeHUM BTOPOE YPaBHEHHE CUCTEMBI CYMMOM

x> —4x+4y+27=0,
=N =N
X2 —4x+4y+27+y* +2x+8y+10=0

x? —4x+4y+27=0, 1°-4-1+4(-6)+27=0,

= 2 2 X:l, = X=1,
(x-1) +(y+6)-—0¢>{y=_6 y=—6.

3aMeTHM, YTO PELIeHHEe BTOPOr0 YPAaBHEHMS — 3TO eulé He pelieHue CU-
ctembl. [lomyueHHbIe yncia HEOOXOIMMO TOACTaBUTh B OCTaBIIIeeCs IIEPBOE
ypaBHEHHE CHUCTEMBI. B 1aHHOM ciydae mocie MOJICTAaHOBKH MOJIy4aeM
TOKIECTBO.

Orteer: (1,—-6).¢
§5. OnHopoaHbIe YPaBHEHHUS U CHCTEMBbI

Oyuxkupss  f(X,y) HasbiBaeTcs omHOpOAHOH cremern Kk, ecam
f (tx,ty) = t*f (X, y) . Hanpuwmep, dyukuus f (X, y) = 4x°y —5xy° + x°y?

SIBJISIETCST OJHOPOHOM crerenu 4, T. K. f (tx,ty) = 4('[X)3 (ty)—5(tx)(ty)3 +
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+(x)’(ty)’= t4(4x3y—5xy3+ x2y2) . Ypasuenne f(X,y)=0, rme f(xy)-
OoaHOpOaAHAsA (I)yHKIII/IH, HAa3bIBACTCSA OAHOPOAHBIM. Ono CBOOUTCA K ypaBHC-

y

HHIO C OOTHUM HCHU3BCCTHBIM, €CJIM BBCCTHU HOByIO nepeMeHHon t= ; .
f(x,y)=a,

,rae T(Xy),0(xy) -
S(y)— 7€ TO9) (%)

OTHOPOJAHBIE (DYHKITUH OJHOM M TOU K€ CTENeHH, HA3bIBAE€TCS OTHOPOTHOM.
Ecmu ab #0, ymMHOXHM IepBoe ypaBHeHHe Ha b, BTopoe — HA a H BbI-
YTEeM OJIHO W3 IPYTOr0 — MOIyYUM PAaBHOCHIBHYIO CHCTEMY

{bf (x,y)-ag(x,y)=0,
g(x,y)=b.

. X y .
[TepBoe ypaBHEHUE 3aMEeHOM MepeMEHHbIX | = — (wiu t = =) cBenéres K
X

Cucrema ¢ ABYMSA NIEPEMEHHBIMU

YPaBHEHHIO C OAHUM HEU3BECCTHBIM.

Ecm a=0 (b=0), 1o ypasnenne f(x,y)=0(g(x y)=0) samenoii

X y .
nepeMeHHbIX t=— (i t =) cBenércs K ypaBHEHHUIO C OJHUM HEU3BECT-
X

HBIM.
X—xy +y?=21,
Ipumep 20. (MI'Y, 2001, xumdax) Peumre cucremy
y>—2xy +15=0.
{Xz Sy =21 B¢ -xy+y?)+7(y* - 2xy) =0,
y -2y =-15 y* —2xy =15
x#0,y=0;
2
+
< 15X° ~19xy +12y? =0@5(5J —19[5]+12:o@5=19‘11, I
y y y 10
y’ —2xy=-15

{x=3y, X =133,
N
y:=3; y=+3;

x:fy, X =4,
57 <
y =45.

=

| ly*=25
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OTtBer: (3x/§; \/§), (—3\/§;—«/§), (4;5), (—4;-5). ¢

§6. CuMMeTpHYECKHE CHCTEMBI

DyHKIHsL f(X, y) Ha3bIBaeTCS cUMMeTprdeckoit, ecmu (X, y)=f(y,x).
f(x,y)=a
g(xy)=b

pUYecKue, Ha3bIBaeTCd CUMMETpUYECKOn cuctemoil. Takue cucTeMsl pera-

IOTCA  4alle BCECIoO C IIOMOIIbIO BBCICHHUA  HOBBIX MIEPEMCHHBIX
X+Yy=U,Xy=V.

Cucrtema ypaBHEHUM BHUIa { , TIe f(X, y), g(X, y)f CUMMET-

33y y =17,
IIpumep 21. Pemute cuctemy ypaBHEHHIA
X+Xy+Yy=>5.
¢ DOra anreOpanueckasi (CHMMETpUUECKas) CHCTeMa, OOBIYHO OHA pella-
€TCs 3aMEHOM X+ Y =U, Xy =V. 3aMeTHuB, 4TO
XYy = (x+y) (K —xy+y? )+ XY =

=(x+ y)((x+ y)’ —3xy)+ Xy* =u(u® =3v)+v*,
HEePETUILEM CHCTEMY B BUIIC
u®—3uv+vi=17, |u=5-v, v=2,u=3,
9, = =
u+v=>5 Vi -5v+6=0 v=3,u=2
(B cTaphIX MMEpEMEHHBIX)

X+Yy=2, X=2-Y,
= =%,
xy =3, y?—-2y+3=0
{x+y:3, {X:S—y, [X:Z,yzl,
SN &

Xy =2, y>—3y+2=0 x=1y=2.
Otser: (2;1), (1 2). ¢

A J[19 yCHemrHOTO BBITIOTHEHUS 3aJaHusi HEOOXOAWMO TOMHHUTH, UYTO
CTPOr0 MOHOTOHHAs (YHKITHS JIF0OOE CBOE 3HAYCHHWE NPHHUMAET TOJBKO

ONIMH pa3, T. €. eciu (PYHKIUS y(x) CTPOrO MOHOTOHHA, TO JUIS JIFOOBIX
x*eD(y), x**eD(y)cuenyer, uto Y (X*) =y (X**) <> x* = x**,

Bcenomuum erié cBoicTBa HE MPOCTO MOHOTOHHBIX (DYHKILIUH, & HEUEMHbIX
MOHOMOHHBIX.
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Ecmu dysKIms HeuéTHAS, TO P JIFOOOM X W3 00JIaCTH OTIPEICICHIS
f (X) =—f (—X) o f (X)+ f (—X) =0, T. e. QyHKIUS B CUMMEMPUUHBIX
TOYKAX MPUHUMACT CIIPOTUBOTIOIOKHBICY 3HAUCHHS.
B ciyyae MPOU3BOJILHOMN HEUETHOMU (hyHKIIIH paBeH-
crBo f (X1) =—f (Xz) MOJKET BBITIOTHATHCS B HECKOJBKUX TOYKaX (HE TOh-

KO B CUMMETPUYHBIX): Hanpumep, Y,

. TT . Vs . 2r
SIN—=-SIN| —— |=-=-SIN| —— |[.

3 3 3 ar --- |
Ecnu xxe hyHKIMS Heuémuas, a K TOMY e U _ A X| >

CTPOTO MOHOMOHHASL, TO PABEHCTBO I O 0

f (x)+ f (X,) =0 Bomonusercs moavko B cum- -a
METPUYHBIX TOYKaX — BCHOMHHUM Tpaduk QyHK-
wn Y =X — puc. 9. Puc. 9

Urax, ecmn f (X) neuémmuan u crporo monomonnas Gynxuns, To
f(x)=—F(x)ef(x)+f(x)=0cx=—xX.
[Mostomy mnst maxoti pyaxuuu | (X) o f (X)+ f (g (X)) =0 Xx= —g(x).
KoHTpoJIbHBIE BONPOCHI
1 < 1

Jx—g-1 6-x"

1 1
<
Jx=3-1 6-x

1(2). PaBHOCHJIBHBI JTH HEPABEHCTBA

6—XSJV—3—1?

2(2). PaBHOCHITLHO JI HEPABEHCTBO

CHUCTCMEC HEpa-

6—x>0,

BCHCTB
J|x—3|—l >6—Xx?

Pemute HepaBeHcTBa 3 — 5 ¢ noMonbi0 rpaduKoOB U YpaBHeHU i

3(2). Vx+2=>x—-4.
4(3). 17 —x —1+3x </x+3.

5(3). Pemmre waBHeHHe\j7+31X—10‘X2 + X—l‘ = \ﬁ(ZX—4).
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Pemnte HepaBeHncTBa 6 — 10 ¢ MOMOIIBI0 NPHBEIEHHBIX B TEKCTE YCJIOBUI
PABHOCUWJIBHOCTH (He PACKPBIBAsl MOAYJIN)

6@)V2+2x—ﬂ+2x>0
KQ-V3+q21+X

x> +5x+4

<1l.
xX? -4

8(2).

Pemnre HepaBencrBa 9 — 10

J— 2_ J—
98)¢422x X° =X 32&
X°—5x—-6

V2X2 —1—/Xx* +5x—6

V —ﬂ—h+7

10(2). <0.

3agaun

Pemnrte HepaBencTBa 1 — 5

3_ J—
13). 8+6x(2 X)S«/4x—3.

|3—4x|

a\/x2—5x+6—x+1>0
2x? -13x+30
[X* —5x+6[+[9—2x -

J19x2 —4x° —4x+19
JY:?-BX—H>
N8-x—|2x-1|
(Vx+3+(x-3))(Vax+5 +(x- ))<O
J(x+1)(2-x)(2+x) )

2
2X —2x+1<

2(3).

3(3).

4(3).

5(3).

6(3). Pemnre crcteMy HEpaBEHCTB 2x-1

25x* —3|3—5x| <30x—9.
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7(4). Haiinute Bce 3HaueHHs mapamerpa a, IpU KaXIOM M3 KOTOPHIX
ypaBHeHue X° — (|a + 5| — |a — 5|) X+ (a2 —144) =0 wuMeer aBa pasIUYHBIX
OTPHIATENBHBIX PEIICHUS.

8(2). 3x—2|x—2|=3{3x+18 -2|\3x+18 2|

9(3). Haiinure Bce 3HaueHHUS a, JJIsI KaXIOTO U3 KOTOPBIX YpaBHEHHUE

8x° + (a —|X|)3 +2%° —|X| +a = Oumeer Gonee TPEX pasIMYHBIX PEIIEHHH.

10(4). HaiinuTe Bce 3HaYCHUsI @, MPH KAKIOM U3 KOTOPBIX MPH JTFOOBIX
X BBITIOJTHSETCS] HEPABEHCTBO |X +1| +2 | X+ a| >3- 2X.
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