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§1. BekTOpbI B NIPOCTPAHCTBE

OcoOCHHOCTh TOHATHSL 6eKMOP 3aKIIOYAaeTCsl B TOM, YTO BCE ONpeaene-
HUSI M TEOPEMBI, CBSI3aHHBIE C BEKTOPAMH, IIOYTH JIOCIOBHO MEPEHOCATCS Ha
MPOCTPAHCTBEHHBIN ciayyail. PekomMeHayeM BaM OCBEKUTh B MAMSTH COOT-
BETCTBYIOLUI pa3el MIaHUMETPUH.

HanomanwMm, aro

1. OTpe3ok, KOHIBI KOTOPOTO YIOPAA0UYEHBI, HA3bIBAETCS HANPABAEHHbIM
Ompe3KoM WIH eKmopom. B TpEXMEPHOM HNPOCTPAHCTBE BEKTOP UMEET TPHU
KOOPJMHATHL: €CJIM B IPSIMOYTOJIBHON JIEKapTOBOM cUCTeMe KOOpAUHAT TOY-
Ka A;(x1, y1, Z1) — ero Hadaio, a Touka Ay(xy, 2, Z) — €ro KOHeIl, TO KOOP.IH-

HaTaMM BeKTopa A A, Ha3bIBAIOT YHUCNA Xp — X1, V2 — V1, Zp — Z1. DTO 3aIUCHI-

Baetcs Tak A A, (xo— X1, Yo— V1, Zo— Z1).

2. Cymma BektopoB d(a,,a,,a,) # B(bl,bz,ba) W TIPOM3BENICHHE BEKTOpa
d Ha 4YHCIO A ONPENeNsAIOTCS aHAJIOTUYHO JIBYMEPHOMY CIIyYaro:
d+b=c(a +b,a, +b,,a,+b,) u Ad=d(ra,ra,,\a,), H COXpaHSIOTCSA
BCE CBOMCTBA 3TUX ONEPALIMM.

3. JIBa HEHyJIEBBIX BEKTOpA HA3BIBAIOTCS KOIUHEAPHLIMU, CCIH CYIIe-
CTBYET IpsiMasi, KOTOPOM OHU NapaiienbHbl. HyneBoil BekTop mo omnpenene-
HUIO CYMTACTCS KOJUIMHEAPHBIM JT060MY Apyromy. Bexmop b konwmneapen
HEHY1e80MY 6eKmMOpy & mo20d U MOAbKO mo20d, Ko20a Cywecmsyem maxoe
yucno A, umo b =\a.

4. Ecin BexkTopsl 4 ¥ b He KommuHeapHsI, TO /IS T060rO BEeKTOpa €,
JIEKAIIEro B OJHOM MUIOCKOCTH ¢ @ u D, CyliecTByeT eaMHCTBEHHas mapa

YHCEN X U Y TAKKX, YTO ¢ = xd + yb (meopema o pasnosicenuu).

5. ba3ucom Ha TIOCKOCTU Ha3bIBAETCS YHOPSIJOUYECHHAs Hapa HEKOJUIMHE-
apHBIX BEKTOPOB.

6. Tpu BekTOpa HA3bIBAIOTCS KOMNIAHAPHLIMU, €CIIH CYIECTBYET ILIOC-
KOCTh, KOTOPOI OHU MapayieNbHbl, B YaCTHOCTH, €CJIH XOTS OBl OJINH U3 HUX

HyseBoit. Eciu éexmopur & u b ne xonnmuneapuvl, mo éexmopwr a, b u ¢
KOMRNIAHAPHBL M020d U MONLKO M020a, K020d CYWecmEyIom Yucid X u y ma-
Kue, umo ¢ =Xa+yb.

7. Bazucom B IIPOCTPAHCTBE HA3bIBAETCS YHOPSI0YEHHAS TPOKa HEKOM-
IJTAHAPHBIX BEKTOPOB.

8. Eciu BexTOpBI 0a3uca nepreH uKy/IapHbl (MM, KaK TOBOPST, OPTOro-
HaJIbHBI), 4 UX JUTMHBI PABHBI €JIMHUIIE, TO OA3KC HA3BIBAETCS OPIMOHOPMUPO-
éannvim. ECIn B IPOCTpPaHCTBE BHIOPATh Hawano — Touky O, OT Heé OTIIO-
’KUTh BEKTOPbl OPTOHOPMHPOBAHHOIO 6a3uca, BJ0Jb HUX HAIPaBUTh KOOP-

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa



2013-2014 yu. rog, Ne5, 11 k1. Maremaruka. CtepeoMerpust

JUHAaTHBbIE OCHM M 3aHyMepoBaTh HX, T. €. Ha3BaTb IepByr ocbio Ok,
BTOpYI0 — ocbto Oy, TpeTbio — ocbto OZ, TO MOMYyYUM H3BECTHYIO BaM
JIEKapTOBY MPSIMOYTOJIbHYIO CUCTEMY KOOPAMHAT.

9. Ecm BekTOpHl @, D M ¢ He KOMILIaHapHBI, TO JUIS JTIOOOTO BEKTOpa

d CyIIIeCTByeT CAUHCTBCHHAs TpOI/IKa I[eI/ICTBI/ITCJ'II)HLIX 4yucen x, y u Z 1a-

kux, uto d = Xa + yb + ZC , I 9TOM X, y U Z Ha3bIBAIOTCSI KOOPAWHATAMHA

Bextopa d B Gasuce {4,b,¢ }.

10. Cxanspnvim npouseéedenuem IByX HEHyJIEBBIX BEKTOPOB Ha3bIBAETCS
NpOU3BEICHHE [UIMH 3TUX BEKTOPOB HA KOCHHYC yIjla MexXay HUMHU. Ecim
OJIUH M3 BEKTOPOB HYJIEBOM, TO yrold MeX1y HUMHU HE OHNpeelEH, a CKajsap-
HOE MPOU3BEJEHHUE MO OMPeIe]ECHHI0 CYMTAIOT PaBHBIM HYyJI0. B OpTOHOp-

MHpPOBaHHOM 0a3uce CKalsIpHOe Npou3BeacHHe BektopoB a(a,,d,,8;) u
b(b,b,,b,) ompenensiercs paBencrsom d-b =ab +a,b, +ab,. (Tpebosa-

HHE OPTOHOPMHMPOBAHHOCTH 0a3uca OYECHb CYIIECTBEHHO. B mpou3BonbHOM
0asuce BBIpaXCHUE [T CKAISIPHOTO MIPOM3BEICHHS TOPa3I0 CIIOKHEE).

11. Jwuna eekmopa a(a,,a,,8;) pasHa |d|=+d-&, B OpTOHOPMUPOBAH-

Hom Gasuce: |a) = Ja? +al +al .

12. CxanspHOE TPOM3BEACHIE PABHO HYJIO TOT/Ia M TOJBKO TOTJa, KOTJa
BEKTOPHI MEPICHINKYIISIPHBI MIIA XOTS ObI OIMH U3 HUX HYJIEBOH.
13. U3 ompeneneHus CKalsSpPHOTO MPOU3BEJCHUS MOXKHO BBINHCAThH BbI-

b
al- |

albl+a2b2+a3b3 .
\jaf +al+al -\/bf+b22+b§

§2. Yroa mexay npsiMmbIMu

jsb

pakeHHe Il KOCHHYCa yria MeXIy BEKTopamMH COS¢ = , @ B OpTO-

Q)

HOPMHPOBaHHOM 0a3uce COS¢@ =

Yenom Mexmy mepecekaroluMuCs TPSMBIME Ha3bIBAETCS] HaUMEHBIIAN
U3 TUIOCKUX YTJIOB, 00pa30BaHHBIX ITUMHU HPSIMBIMH.

Yenom mexmy ABYMs CKpPEIIMBAIOIIMMUCS TPSIMBIMH Ha3bIBACTCS YTOJ
MEX]Ty MePECeKAOIIUMUCS MPAMBIMU, TapaJICIbHBIMK JAHHBIM MPSMBIM.

Yeon mexny napajuieIbHBIMU TPSIMBIMH TIO OMPEICIICHUIO I10JIaraeTcs
PaBHBIM HYJIIO.

Yron mexay npsameiMu u3mensiercst ot 0° go 90°.

ITockosbKy KOCHHYC yIjJla MEXIY HMPSIMBIMH HEOTPHULIATESNIbHBIN (yroi
OCTPBIM WM MPSMOM), TO OH PAaBEH MOJYJII0 KOCHHYCA yIiia MEXIy BEKTO-
pamu, HalpaBJIEHHBIMU BJOJb JAHHBIX MPSIMBIX, 3 HIMEHHO,
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AB-CD A D1(0;2;2) Cy
CoOSa = |/—"—= /i
e oo W
rae ABu CD —moGbie BeKToph, ! E !
HAMpaBJICHHBIC BJONb JaHHBIX doo
IPSAMBIX. K(0;1;0)fe/ Ly
e 3amaua 1. Touka K —cepe- / /LD' """""" C
IMHA pebpa AA, Ky0a P
ABCDA;B,C;D;. Haiigute yron .
Mexay npsmeivu BK 1 AD;. A(0;0;0) B(2;0;0) X
A BBeném mpsiMOYTOJIBHYIO CH- Puc. 1

CTeMy KOOpIMHAT C HayajoM B
TOUYKe A, KaK TIOKa3aHo Ha puc. 1,
3a eIMHHMILY JUIMHBI IPUMEM JUTHHY oTpeska AK . OnpenemeM KOOpPAHMHATEHI

touyek B, K, D; 1 HaX0IMM KOOpPIMHATHI BEKTOPOB BK u AD
B(2,0,0), K(0,1,0) = BK = (-2,1,0);
A(0,0,0), D,(0,2,2) = AD, = (0,2,2).

Ecnmu o — yron mexny npssmeiMu B K 1 ADy, To

cosa—|W'AT)1|—‘ 2_|_
BK|-|aD]| V5 -2v2]
3HAYMT YroJl MEXIy IPAMBIMA PAaBEH arccos———. A

J10

Ecnu B 3agade pedbs MAET O IPSIMOYTOJb-
HOM Mapajulesienuneie Wi Kyoe, To yaoOHo
BBECTH TNPSMOYTOJBHYIO CHCTEMY KOOPJMHAT
BIOJb pEOEpP M MOCUMTATh TaK, KaK MBI 3TO
clienanu B npeasiayuei 3aagade. Ho ecnu 3to
cienath HeynoOHO, HallpuMep, B 3ajade JaH
TeTpa’ap, TO Jy4lle BOCIIOJIb30BATHCS BEK-
TOPHBIM METOJIOM.

e 3anaua 2. B mpaBuiIbHOM TeTpa’zpe
ABCD Touku M u N — cepenunbl pédep AB u
CD. Haiitu yron mexay npsimbivu MN u BC.

A Beenéwm 6aszuc

Puc. 2 a=BC, b=BA, ¢=BD (puc. 2). Torna
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4= o[ =le[=a, a-B=6-6=6-é=a-a-cos60°=a—22,

W=W+E+W=E+(E—B)+E=l(é—5+6).
2 2 2
-
Ecnu a — yron mexay npsmeimua MN 1 BC, To COS¢r = ————— .
[MN|-|BC|

=1(az+62+62—2a-5+2a c—2b 6)—
4
2 2 2 2
I PP PP L L L I
4 2 "2 "2 2
‘W‘:ﬂ, ‘E‘:a, cow:ﬁ, Te a=". A
2 2 4

3agaun Ha HAXOXKICHHE yIiia MEXKIY Mps-
MBIMH MOTYT OBITH PELIEHBl U YHCTO I'€OMET- E1 D;
putecku. JIis HAXOKICHHS YIila MEXKIY CKpe-
IMBAIOMIUMUCS NPAMBIME @ U D, BBIOMpaoT
KaKyro-HHOyAh TOUKy C W HPOBOIST Yepe3 Heé A B Cq
npsiMeie @’ ¥ D', COOTBETCTBEHHO Mapaslieiib- ! '
Hbie a u b. Mckomplii yron Oyaer paBeH yriy Ee/d---4
MEXKTY TIepECEKATOIIMMUCS IPIMBIMU a '1 D F<1l
® 3anavya 3. B npaBUIBHONW IIECTHYTOJIb-
Hoii mpu3me A...F;, Bce pébpa KOTOpO# paBHEI
1, HaiiT! yron Mexay npsiMmbiMu AB; u CD;. A B
A 3amernm, uro mpsimas AF; mapaniensHa Puc. 3
npsimoii CD; (cm. puc. 3) u, cienoBaTensHO,

UCKOMBIH yroi paseH yriy BiAF;. B tpeyronsauke BiAF; AB, = AF, = \/E ,

BF = J3 . Tlo Teopeme KOCHHYCOB OJTyYaeM, 9TO KOCHHYC HCKOMOTO yIia
1 1
paBeH 7 MTOSTOMY CaM yTroJl paBeH arCCOSZ . A

§3. Paccrosinue oT TOYKH 10 NPAMON

Paccmosanuem om mouku 0o npsamoii Ha3bIBae€TCs JUIMHA NEPHIEHIUKYIIS-
pa, OMYIIEHHOTO U3 3TOW TOYKH Ha MPSAMYIO.
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® 3ajnaua 4. /lan npsmoyronsHbi napamtenenureg ABCDA,B;C,D,, B
xotopoM AB =1, AD = 2, A4; = 2. Touka p D
M — cepemuna muaroHamu AD; TpaHm ! 5 ©
AA;D;D. Haiizute paccTosaue oT Touku M Rl
no mpsimoit B1D. I\ﬁlj«l’;l;l)l
A BBeném cuctemy KOOpJIHMHAT, KaK TI0- Bl N K(x: ;

. (x;y52)
ka3aHo Ha puc. 4. [Ipenmonoxxum, 4To TOY- R -
ka K gexurt Ha npsamoit B;D u MK L B;D. A\q-------- ==~ D|(2;1,0)
Tpebyercss HaiiTu mmHy oTpe3ka MK. v
ITycte (x; Y; z) — xoopauHathl TOukd K. \

 —

Bektop B,K xommuneapen sexropy B D, B C X
t.e. BK=1B,D. Puc. 4

Hmeem: B1(0;0;2), D(2;1;0), BK (x;y:z—2) u BD (2; 1; -2). U3 pasen-
CTBa, Wz/l@, T.e (x; y; 2 -2) = M2; 1; -2) cmenyer x = 24, y = 4,
Z — 2 = — 24. Bekrop W (x—1;y—1;z—-1) nepuneHaMKyIsIpeH BEKTOPY
@ (2; 1; -2), ux craIsIpHOE MPOU3BEICHHE PABHO HYJIIO, TIO3TOMY

2x-1)+(y-1)-2(z-1)=0.

[MoxcraBnsieM croma x = 24, y = A, z =2 — 24, Haxomgum, A 25, TorJa

K(E ; § ; §j U KOOpPAMHATHI BEKTOpa MK takoer: X—1=24-1= % ,

9'9'9
y—1=2,—1=—g, z—1=2—2/1—1=1—2/1=—%, W(l;—f;—lj.

Ompenenum gy BekTopa MK | T. e. paccTostHre OT Touku M 10 TIpsi-

16+1+1 P2

Mmoit B,D: ‘MK‘ =MK = a1 =— 3amMeTuM, 9TO TaKXKe OMPEEICHO
U nojiokeHne Touku K, W3BECTHBI ee KOOpJAWHATHl W, HAIPUMEP, MOXKHO

Haiitu B,K :B,D =g. A

e ['eoMeTpUUECKUil MOAX0/ K HAXOXKICHUIO PACCTOSHUS OT TOUYKH A 10
OpsSMOHW @ COCTOMT B TOM, YTOOBI HaWTH OCHOBaHHME A’ MEpIIEHAUKYIPA,
OITYIIEHHOTO W3 TOYKH A Ha mpsMyio a. Ecinm Ttouka 4’ HaxoOgwTcs BHE
ydyacTKa MpsIMOH @, JAaHHOTO B 3aj1aue, TO Yyepe3 TOUKY A IPOBOIAT NPSIMYIO ¢,
napajuieIbHyI0 @, U BBIOUpAIOT Ha Hel Oonee ynoOHyo Touky C, opToro-
HaJIbHasl IpoeKHA KoTopoi C’MPUHAIICKUT JAHHOMY YYacTKy IpsIMOH a.
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3anaua 5. B npaBuibHO# MIecTUYTONHHON
npusme A..F;, Bce pebpa koTOpoil paBHBI 1,
HalTU pacCTOSHUE OT TOYKA B A0 MpsAMOU
AF,.

A Tlycts O; — IEHTp BEPXHETO OCHOBAHUS
npu3Mbl (puc. 5). Ilpsmas BO; mapamnensHa
npsmoii AF; u, cienoBaTenbHO, paccTOSHUE
oT Touku B no npsmoit AF; paBHO paccTosi-
HAto oT Touku O; no mpsmoit AF;. B Tpe-

yronpHuke AO:F; umeem AQO, = AF, = J2,

O,F; = 1. Ilo teopeme Iludaropa naxomum,
YTO BBICOTA 3TOT'0 TPEYrOJIbHUKA, OITyIIEHHAs Puc. 5

7
Ha cropony O;F;, paBHa - 3amumiem  GopMysy  IUIOIIATU

N

9TOrO TPEYTOJILHUKA JBYMSI CIIOCOOaMU J2-h=2" rge h — Bbicora,

omyuieHHas Ha AF;. CienoBaTebHO, HCKOMOE PACCTOSHUE PABHO

§4. PaccTrosiHMe OT TOYKH 10 MJIOCKOCTH

oJlro6asi MIOCKOCTh B JEKAPTOBOI CHCTEME KOOPMHAT MOXET OBbITh 3a-
naHa ypapHenueM AX + By + Cz + D = 0, rae xots Obl 071HO U3 uucen 4, B,
C otnnuno ot HyJs1. [Tycts nana Touka M(Xo; Yo; Zo), HaiIéM paccTOSIHUE OT
Heé J10 MI0OCKOCTH

Ax+By+Cz+D=0.

Ilycte  mpsmMas, mpoxonsiuas  4epes
TOYKY M TEpHeHAUKYISPHO IUIOCKOCTH (L, M(o: Yor Zo)
nepecekaer eé B Touke K ¢ koopauHatamu

(x; Y, 2). Bektop MK mepreHIuKymspes

IJIOCKOCTH @, KaK u BexkTop N (4; B; C), T. e. J
sekTopel MK u i komummaeapusr, MK = A1 . K(X; y; 2)
o

Tax xak MK (x — xo; ¥y — yo; Z — Zp) u
N (4,8,C), o x — xo = A4, Yy — Yo = /B, Puc. 6
7-120=AC.

Touka K nexur B mockoctu o (puc. 6), €€ KOOpAUHATH YI0BJIETBOPS-
10T YPAaBHEHHMIO IUIOCKOCTH. IToacTaBusiem
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X=xg+ A4,y =yo+ AB, Z = 7y + AC B ypaBHenue 4Ax + By + Cz + D =0,
noyyaeM A(Xg +1A) + B(yo + AB) + C(zo + A1C) + D =0,
Ax, + By, +Cz, + D

A +B?+C?

Haxomum nmuny Bektopa MK, koTopast 1 paBHa pacCTOSHUIO OT TOYKH
M(Xo; Yo, Zo) o mwiockoct AX + By + Cz + D

MK| =[an[ =|4|-VA* +B* + C”.
Urak, paccrostaue h ot Touku M (Xo; Vo) Zo) 10 IIOCKOCTH
Ax + By + Cz + D = 0 takoBo

. |AX, + By, +Cz, + D|.
JA? +B? +C?

ollpu reomerpuyeckoM crnocode Haxox-

JICHUSI PACCTOSIHUS OT TOYKH A 10 TIOCKOCTH E; D1
O HaxOJ T OCHOBaHME INepreHANKysapa AA4’', |
OIYIIEHHOTO W3 TOYKH A Ha IJIOCKOCTH Q. F : "
Ecnu Touka A" HaxoauTCsl BHE ydacTKa IJI0C- A B; _+~1C1
KOCTH ¢, YKa3aHHOT'O B 33/1a4e, TO Yepe3 TOU- : :
Ky A TpOBOIAT TPSMYI0 ¢, MapaieNbHYIO il Bl
IJIOCKOCTH ¢, ¥ BBIOMpAIOT Ha Hei Gomee E &~l.___ O “
yno6Hy0 Touky C, OPTOrOHaIbBHAs TPOEKIIKS L - - -7 :
koTopoil C' MPUHANNIEKUT JAHHOMY Y4acTKy z
wiockocty «. [nuHa otpeska CC' Oyzer A B

paBHa UCKOMOMY PacCTOSIHUIO OT TOYKU 4 110 Puc. 7
IUIOCKOCTH .

3agaua 6. B npaBunbHO# mwectuyronsHoi npusme A..F;, Bce pébpa Ko-
TOPOM paBHBI 1, HAWNTH paccTOsHUE OT TOYKU B 10 TuiockocTu AFF;.

A Tlycts O — 1eHTp HWKHETr0 OCHOBaHUS Mpu3Mbl (puc. 7). Ilpsmas BO
napaiensHa npsimMoit AF u, cienoBarenbHO, PacCTOSHUE OT TOYKM B 110
miockoctu AFF; paBHO paccrosauto OH ot Touku O no miockoctu AFF;.
B tpeyronsauke 4AOF umeem 4O=0OF=AF=1. Bsicota OH 3TOr0 Tpeyroib-

OTKynma A =—

HHUKa paBHa 7 . CJ'IC,Z[OBaTeJ'IBHO, HUCKOMOC PAaCCTOSIHUC PaBHO —— . A

eVkaxkeM emg OJUH Ccrnocod (memod ecnomozamenvhoco 06bEMQ)
HAXOKJICHUS PACCTOSIHUS OT TOYKH O IIOCKOCTH. M3BeCTHO, 4TO 00BEM
mupamMuIsl V, Iomane €€ OCHOBaHMs S ¥ JUIHHA BBICOTHI N cBs3aHbI (hop-

. 3V
MyJionu h 2?. Ho JAJIMHA BBICOTHI NMPAaMUJibl €CThb HC UTO MHOC, KaK pac-

CTOSTHHE OT €& BEPIIMHBI 1O IINIOCKOCTU OCHOBAaHMUA. CHC,ZIOBaTeJ'ILHO, JUIA
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BBIYHCIICHHS PACCTOSIHUS OT TOYKH /10 IIOCKOCTH JOCTATOYHO HAUTH 00BEM
Y TUIOIA/lb OCHOBAaHUS KaKOW-HUOYb MUPaMUIbI C BEPIIMHOW B STOH TOUKE
U C OCHOBAHHUEM, JIEXKAIIUM B JaHHOH MIIOCKOCTH.
3agaua 7. [lana npaBunbHas npusma A4..D;, B D C
Kotopoit AB=a, AA;=2a. HalitTu paccTosiHUE OT .
TOYKH TIEPECCYCHUS] JAWAroHae OCHOBAHUS !
A,B,C1D; o mmockoctu BDC;. ;
A Paccmotpum tetpadap O;DBC; (puc. 8). !
1
1
1
1

Hckomoe paccrosiHue h ecTh IJMHA BBICOTBI 3TO-
ro TeTpasapa, ONMyLIEHHOW U3 Touku O; Ha IJoC-
kocTh rpanu BDC,. JIns eé HaxoxkaeHus gocra- 2a e
TOYHO 3HaTh 00B6EM V TeTpasapa O;DBC; u mio- LA
mank Tpeyronsauka DBC;. Beruncnum ux. 3ame- D¥% - tH--JC
UM, yTo npaMas O;C; NepneHAUKyIspHa IJI0C- p = !

koctu O;DB, 1. k. oHa mepnenaukynsipua BD u / .
BB;. 3Ha‘II/IT 00BEM Terpasapa O;DBC, pasen A a B

3
OC S 1il2aa 2:8._ Puc. 8

[Tnomane Tpeyronsuuka DBC; paBHa

1 a? 3a°
S==-BD-CO== a\/_ 43? +?:T. Orcrona h=— =?. A

§5. Paccrosinue Mexk1y CKpelMBaOIMMHCHA NTPIMbIMU

ollycTh IUIOCKOCTh 0 MapajuiesibHa IUIOCKOCTH f3, TpsiMast b JiexuT B
IUTOCKOCTH f3, TouKka B JeXUT Ha npssMoi b. O4YeBHIHO, YTO PacCTOSHHUE OT
TOYKH B J10 TWIOCKOCTH (¢ PaBHO PACCTOSIHHIO OT MpsiMoii b 10 mtockoctu o 1
PaBHO PACCTOSIHUIO MEXTY TUTOCKOCTSAMU o U 5.

ePaccMOTpyM JIBE CKperuBaromuecs npsmoie a u b. TIpoBeném uepes
OPSMYIO @ TUTOCKOCTh, MapauiesibHyro npsimoii b. Yepes mpsimyro b mpose-
€M TIOCKOCTh, MEPIEHANKYISPHYIO TNIOCKOCTH @, TICTh JIMHUS Tepecede-
HHS 9THX IUIOCKOCTeW D; (3Ta mpsiMas ecth mpoekuus mpsimMoi b Ha moc-
KOCThb ). Touky mepecedeHust mpsMbix a U b; 0603naunm 4. Touka A sBns-
eTcsl IIPOCKIMEei HEeKOTOpol Touku B npsimoii b. 13 toro, uto ABL a, cneny-
et, uto ABla u ABLby; xpome Toro b || by, 3nauutr ABLb. Ilpsmas 4B
nepeceKaeT CKPEIIMBArONIHecs NpsiMble a 1 D U meprneHAuKysipHa | TOH, 1
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npyroii. OTpe3ok AB Ha3bIBaCTCS 00WUM NEPNEHOUKVAAPOM TBYX CKPEIIU-
BaIOIIUXCS MPSIMBIX.

B

J/

o /[nuna 0bwe20 nepneHoOuKyIapa CKpewusaruuxcs npsamvlx pasHa pac-
cmosiHuto om 1000t mouxu npsmou b 0o nrockocmu a.

* Paccmosinue medncdy CKpewusaromuMucs npsamviMy paBHO JUTHHE WX
obrrero mepreHankysapa. I[ycTs B mpocTpaHcTBe 3aaaHa mpsMas |y ¢ us-

BECTHBIM HAIPaBISIOIINM BEKTOPOM &, (Hanpasisiowum eexmopom IpsiMoit
Ha3bIBACTCS HEHYJIEBOW BEKTOP, MapaylIeibHBIN 3TO# mpsmoi), mpsiMast |, ¢
M3BECTHBIM HAIPABISIOMM BEKTOPOM 4, ,

TOUKU A1 U Ay, IexKalIre COOTBETCTBEHHO Ha T

Iy u l,, xpome TOro, W3BECTEH BEKTOP
E =T . Ilycts orpe3ok PiP; — o0mmit
neprexaukyssp k Iy u | (em. puc. 9). 3ana-
Ya 3aKJII0YaeTCsl B HAXOXKACHUH [UIMHBI 3TO-

—_—

ro orpeska. [Ipencrasum Bexrop PP, B Bu-

J€ CyMMBI ﬁ+ AA, + AP, . 3arem, moss-

3ysCh KOJUIMHEAapHOCThIO BekTopoB P A 1

Puc. 9

a, AP, u &,, nonyuum s BeKTOpa ?Pg
MIpEJICTaBIICHUE @ = Xa + y% +I, e X 1 y — HEU3BECTHBIE TTOKa YUCIIA.
OTH 9nciaa MOKHO HAWTH M3 YCJIOBHS MEPIICHIUKYIISIPHOCTH BEKTOpa ?P;
BEKTOpPaAM 51 u 8,, T. €. U3 CIEAYIOIIEH CUCTEMbI JIMHEHHbBIX YPaBHEHUH:
xi+y§£+? 5; =0,
xaj+y§£+? -52’ =0.

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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R — — 2
Iocne sToro naxoaum muny Bektopa PP, @ PP, = \/(Xai +ya, + F) :
3agauya 8. BeIUMCINTH paccTOSIHUE MEXIY CKPEUIMBAIOLIMMUCS JHaro-
HAJISIMU JIBYX COCE/IHUX I'paHel Ky0a ¢ peOpoM a.

A Tlycrts nan xy0 A4..D; € pebpom a.
Haiiném paccrosiHue Mexay NpsIMbIMU
ADl u DC, (pnc 10) Beeném 0asuc

=DA, b=DC, DD 3a Hampas-
Jstrone BeKTophl npsameix AD; u DCy

MOKHO  B34Th AD, =Cc-a u

TQ:5+6. Ecmm P,P, — obmwmit mep-

NEHIUKYJSIP K PaccMaTpuBaeMbIM IIpsi-
MBIM, TO

RP, =x(c-d)+y(b+c)+d

CocTaBUM cHCTEMY YpaBHEHHH IS
HaXO0)KJICHUSI HEM3BECTHBIX YHCET X H

x(c-a)+ylb+c)+a)(c-a)=0
x(€—-a)+ylb+c)+a) (5 6):0.

IIpuBeném 3Ty CUCTEMY K PABHOCUIIBHOM:

2x+y-1=0,
x+2y=0.

2 1
OTcrona HaxXoauM X = 5, y =——.Torma

_— 2 N 1=y L1 ~ 1
Plezg( a)—é(b+c)+a=3a b+ +36
PP, = %(3_5+5)2:%,A

e J[Be cKpeluBaroIuecs MpsMble BCErla JIeXaT COOTBETCTBEHHO B I1a-
paJuIENbHBIX INIOCKOCTSX, U PACCMOAHUE MENHCOY NPAMBIMU PAGHO PACCMOS-
HUIO MeHCOY IMUMU HAOCKOCHAMU.

3agauya 9. B npaBunbHO# mwectuyronsHoi npusme A..F;, Bce péOpa Ko-
TOpOH paBHHI 1, HAlTH paccTossHUE Mexkay npsiMbiMu AA; u BC.

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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A Tlycte O u O; — UEHTPHl OCHOBaHUI E; D,
npusMsl (puc.11). [Tnockocts AOO;, B KOTOPOi E

1
! 1
NeXUT npsaMas AA;, mapaienbHa IIOCKOCTH ! O :" o
BCC,, B kotopoii nexut npsimast BCy. U3 Toukn Ay : By v
1
O omyctuM nepneHaukyissp OH Ha MI0CKOCTh _E.a- i .D\ \
r-T o "
AN
/‘\
BCC,. Ero nnuna paBHa 7 H, CJIeIOBaTEIb- .-1/H v C
3 A B
HO, UICKOMOE PACCTOSIHAE PABHO - A Puc. 11

§6. Yroa Mexay npsiMoii U IJIOCKOCTBHIO B IPOCTPAHCTBE

® Venom medncoy HaKIOHHOU U NIOCKOCHbIO HA3bIBACTCSl YroJd MEXKAY
HaKJIOHHOM M €€ MPOEKUHEeNW Ha 3Ty IJIOCKOCTh. Ecnu npsMas napasiesibHa
IIJIOCKOCTH HUJIN JICKUT B HCI\/'I, TO YTOJI MEXKOY HpﬂMOfI " IINIOCKOCTBIO CUUTA-
eTcs HyJeBbIM. Eciu nmpsiMasi nepneHIuKyJssipHa III0CKOCTH, TO YTOJI MEXIY
HUMH IO OTpeieieHnIo cunTaercs paBHbiM 90°. Eciu Bektop 1 (@;b;c) mep-
NEHIUKYJSIPEH MIOCKOCTU ¢, TO YTOJl ¢ MEXKAY 3TOU IUIOCKOCTBIO U MPSIMOM
a, IPOXOAsIIEH yepe3 TOUKU A U B, onpeaensieTcs: U3 paBeHCTBa

fi- AB By A

-]
3agaua 10. B kybe A..D; Haiitm yron

Mexy npsimoii BD; m mmockoctrio BCyD. D

sin¢=‘cos(ﬁ,ﬁ)‘ =

A Tlycts peOpo kyba WMeeT NIUHY da. N
BBenéM npsSMOYTOJIBHYIO CHCTEMY KOODPIH- B,
HaT ¢ HayaloM B Touke D um Gazucom AR \ &

R ——

{QEE}, TZI€ BEKTOPBl €,,€,,6; HMEIOT ’ A g
eIMHUYHBIE UTMHBI M COHAIIPABJIEHBI C BEK- C & D

topamu DA, DC, DD, (cm. puc.12). B Puc. 12

9TOM cHCTeMe KOOpJAWHAT BEPITUHBI KyOa

umerot koopauHater: A(a, 0, 0), B(a, a, 0), C(0, a, 0), D(0, 0, 0), 4:(a, 0, a),
Bi(a, a, a), C1(0, a, a), D1(0, 0, a).

Hanpagsnsromuii BexTop npsmoii BD; — BekTop BTZ)1 =(-a,—a,a).

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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CocrtaBuMm ypaBHeHue 1uiockoctu BCiD. Ilycth 0HO wuMeeT BHI
a;X+b,y+c1z+d;=0. Dra mrockocts mpoxoaut yepes Tpu Touku: (0, 0, 0),
(a, a, 0) u (0, &, &), moaCTaBIsAEM KOOPAMHATHI ITHX TOYEK B ypaBHEHHE

d, =0,
IUIOCKOCTH M MOJTy4aeM CHCTEMy ypaBHeHHi: {a-a, +a-b +d; =0,
a-b+a-c +d, =0.

Haxomum a =-b =c, d, =0. Torna ypaBHeHue 3T0i mIockocTu Oyaer
X-y+z=0, n=(1,-11).

1.(-a)+(-)-(-a)+1-a
Uckomblit yron paBeH sin(p:( a)+(-)-(-a) ):

a
w/12 + (1) +12 3a

1
=—, T. €.
3

1
=arcsin=. A
¢ 3

o [Ipu reoMeTpuuecKOM CIOCO0E HAXOXKICHHUS YIJla MEXKAY HAaKJIOHHOH a
U IUIOCKOCTBIO ¢, MIEpEeCceKaroliell 3Ty HAKJIOHHYIO B HEeKoTopod Touke O,
BBIOUPAIOT KaKyl-HUOYIb TOUKY 4 HPSMOU @ W OMYCKAIOT U3 He€ MepIeH-
TKyJsip AA' Ha Tuiockocth . Yronm AOA' Oyaer UCKOMBIM YTIOM MEXKAY
NpsIMOM @ U TJIOCKOCTBIO «. JIs1 ero HaxXoKJeHHs MOXXKHO HCIOJIb30BaTh
3HA4YEHUS! TPUTOHOMETPHUECKUX (PYHKIHMHA OCTPBIX YIJIOB HPSMOYTOJIBHOTO
Tpeyronbanka AOA' v TeopeMy KOCUHYCOB.

3agauya 11. B npaBuibHON mIECTHYTOJb- E; D,
Hoii ipu3Me A..F;, Bce pé0pa KOoTOpor paBHBI .
1, Haittu yron mexay npsamoit CD; u mioc- F ) I
kocthio ABB;. : ! .

A Tlycte O; — IEHTP BEPXHETO OCHOBAHUS A HJ'/\\ By
(puc.13), npsimast O, H nieprieHAUKysipHa A1 B;. E.\ .t
[psmass BO, mapamiensHa CD;. Hckowmsrit - \ \
yroil ¢ paseH yriny HBO;. B npsMoyroisHOM \

TpeyronbHuke HBO; wumeem BO, =\/§ , \ C

NG A B

O.,H= 73 . CnenoBarespHo, Sin@ = 1 A Puc. 13

*
C moMoIpi0 BEKTOPOB yroJl HaxonuTcs Tak. IlycTs B mpocTpaHCTBe

3aaaHbl INIOCKOCTh & C M3BCCTHBIM 0a3ncom {é,b} , TOUKa A, JICKamliasa B

_—

9TOM MJIOCKOCTH, ¥ Touka M BHe €&, npuuéM Bektop AM =T npexamnosnara-
eTcsi u3BeCTHBIM (B TOM ke 6asuce). Ilycts N — opToronanpHas mpoeKmus

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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Touku M Ha mockocth o (puc. 14). 3amaya
3akioyaercst B Haxoxkaennu yrna MAN. Tlpen-

CTaBUM BEKTOp MN B Buze Pa3HOCTH BEKTO-
poB AN u AM, a 3atem, TIOJIB3YSICh KOMILIA-

M
F
HapHOCTBIO BEKTOPOB AN, & u b CENINEY
€ro B BUIE MN—Xa+yb—r,rz[ex1/1y7He— / \

b A
W3BECTHBIE IIOKA YMCIA. OTH YHCIa MOXHO /s =
HalTU W3 YCIIOBHA NEPIEHAMKYJISIPHOCTU BeK- &

topa MN Bekropam 8 u b, 1. e. u3 cnenyro- Puc. 14
LIeH CUCTEMBI YPaBHEHUIA:

xa+yb—r)a=0,
xd+yb—F)-b=0.

—_—

Ecin AN = 6, TO, OUEBHUIHO, MpsiMast AM TepICHIUKYIIPHA MIIOCKOCTH O,
HHave
cos Z(AM,a) =cos Z(AM, AN ) =

‘(xé+—y5)-?‘ D, o
- ‘xa+y5‘-|F| ' A
3agaua 12. B xy0e A..D; naiitu
yron wMexnay npsmod BD; wu
miockocTeio BC1D.

A Tlycte anuHa peOpa KyOa
paBHa a. Beeném Oasuc Di 210/
a=DA, b=DC, ¢=DD _-
(puc. 15). Obo3naunm uepes D, — A B

OPTOTOHAJILHYIO MPOCKIIMIO TOYKH
D; Ha mrockocte BCiD. Torma Puc. 15

DD, = X(é + 6) + y(B + 6) +d+b—c. Cocrasum CUCTEMY ypaBHEHMI NI

HaXO0XACHHUS HCU3BCCTHBIX YMCCII X U ).

xld+b)+ylb+c)+a+b-¢c b)=0,

+
+C)=0.

o

xl@+b)+ylb+c)+a+b-¢c
[IpuBeném a1y cucreMy K paBHOCHUIIBHOM:
2X+y+2=0,
{x+2y=0.

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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4 2 o .
OTcroia HaXOOUM X = —g , Y= g . Teneps Haif1€M KOCHHYC HCKOMOTO yTiia

sp= 2B ED] _ :
o8] [eD| (a+b—c) -\/(—45—25+26j
3° 73 '3

2

C

8
—a
3 _22 . CiientoarensHo, Z£(BD,,BC,D)= arccos%.

ﬁ-zjga_ :

a

§7. Yroa Mexay miocKoCTAMM

Puc. 16

e [lycts TutockocTH @ u [ mepecekaroTcs 1o mpsMoit ¢. IlimockocTs y
HEePUEeHIUKYISpHA MPIMOH ¢ M TIepeceKaeT INIOCKOCTH ¢ U 5 TIO TIPSIMBIM @ U
b. Yron mexmay npsMbiME a U D Ha3bIBaeTCs yenom meacoy niockocmamu o
u f. On m3mensercs ot 0° go 90°. Yron Mexay IIOCKOCTAMHU paBeH JH00
YTy MEXJy BEKTOpaMH, MEPIEeHIUKYISIPHBIMU IIOCKOCTSAM (puc. 16a), mu-

00 momonusieT ero a0 180°. B oboux cimyyasx COS¢)=‘COS L(E,ﬁz)‘ . Utax,

sextopsr N, (&,b,¢) u n,(a,,b,,C,) coorBeTCTBEHHO HEPIEHANKYISPHBI

mwiockoctsiMm X +by+¢z+d, =0 u a,x+b,y+c,z+d, =0, yron mex-
JLy TMH TUIOCKOCTSIMH OTIPEJIENSETCS U3 PABEHCTBA

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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coswz‘cosdnj,nt)‘: LML
I |

3agaua 13. B npaBunsHO#N mectuyronsHoi nupamuae SABCDEF otHo-
IIEHNE JUIMHBI BHICOTHI K JUIMHE CTOPOHBI OCHOBaHHs paBHO ~/6:4 . Haiitu
yron mexy miockoctsimu SBC u SDE.

A Tlyers SH = \/_ 6a, torna AB=4a.
Beeném Gasuc da=HC, b=HD,
=HS, (CM puc. 17) BBYHCIHM
’=b’=16a’, C¢°=6a’, a-b=8a°
b-C=a-C=0. Ecit M u A— Heny-
JEeBbIE BEKTOPHI, IEPHCHANKYISPHBIC

SBC u SDE coorBercTBeHHO, a ¢ — yrom A
MEXIy OTHMH  IUIOCKOCTSIMH,  TO

|

W

[Tycte M= xa+ yb + zC . Toraa
(xé+ yb + zé)~5=0,

QJl 01

i 31
=

Cosgp =

(xa+yb+zc)-(c-4)=0.
Cucrema NpuUBOJIUTCS K paBHOCHUIBLHON
8x+16y =0,
{62 —-16x-8y =0.

[Tonoxxus, Harpumep, y = —1, nmosyunum x = 2, Z = 4. Urtak, M=2a —b+4c.
YroObl MONyuuTh BEKTOp M, MepneHAuKyIspHbIi miockoctu SDE, ngocra-
TOYHO B BBIP&KEHMM LI M IOMEHSTh MECTaMH BEKTOpsl & u b, u
| 1 T.€. Q= Z A
|m|- |n| 1212 2’ 3

e 3anaua 14. B ycnoBusax 3amaun 13 HalTH yros MexIy IUIOCKOCTSIMHU
AA;D u BC,D.

A Vpasuenue mwiockoctu AAD: y = 0, Bekrop 1, = (0,1, 0) nepnenmnu-
kysiped AA;D, ypaBrenue ruiockoctu BC1D: x —y +z =0, n,=(-11)
nepreHaukysiper BC,D. Torna uckomerit yron ¢:

fi = 2b —a +4C . Haxoaum CoSp =

© 2013, 3OTII M®THU, KouepoBa Anna CepreesHa
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[1-0+(-1)-1+1.0] 1 1
coso N Ne T.€. @ arccos\/:)_).
e [Ipu reomeTpuueckoM crnoco0e HaXOKICHHUS yIiia MEXIY MIOCKOCTS-
MU @ "1 [ BRIOHPAIOT KaKylo-HHOYIb TOUKy C, MPUHAIISKANIYIO UX JTHHUH
nepecedeHus |, 1 BOCCTaBISIOT MEPICHUKYISIPBI ¢ U D k muHun |, nexarye
B IUIOCKOCTSAX @ U 3 COOTBETCTBEHHO. Ecni TMHMS TIepecedeHus MmI0CKOCTeH
o ¥  He laHa WIM HaXOOUTCS BHE JAHHOTO PUCYHKA, TO JUISI HAXOXKICHUS
yTia MeXIY IUIOCKOCTSIMEA ¢ U [, BRIOWPAIOT KaKue-HUOYb TNIOCKOCTH & ' U
[, COOTBETCTBEHHO MapajuleJIbHble ¢ U [, JTUHUS IEPEeceueHUss KOTOPBIX
pacriosioxxeHa Ha pucyHke. [locie 3Toro HaxoAAT yroia MeXay IIIOCKOCTSIMU
a'np’.
3agaya 15. B npaBuibHOM 1IECTUYTOIBHOM E, D,
npuzme A..F;, Bce péOpa kotopoi paBHHI 1,
HallTH yroia Mexnay IuiockoctasMu ABB; m !
CDD;. A \B ™
A TInockocts CDD; mapanienbHa miocko- '
ctu BEE;, cnenoBarenpHO, yroia MexAy IUIOC- I .-\: -=q1-- -k‘
koctamu ABB; m CDD; pasen yrmy mexmy FX~~ o \
mwiockoctsimu ABB; u BEE; (puc. 18). IIpsamas \ C
BB; sBnsercs JNUHUEH TEpEeceUeHust ITUX A B
mwiockocten, AB u BE nepneHaukyisipHsl BB;.
Takum 00pa3oM, MCKOMBIA YTroi paBeH YTy Puc. 18

ABE w paBen 60°. A

A

§8. Cdepa, onncanHas 0K0J10 MHOTOrPAHHHUKA

Cdepa onmcana 0KoJI0 MHOTOTPaHHHKA, €CIIM OHA MPOXOAUT Yepe3 Kax-
JI0 €ro BepluHy (MHOTOTpaHHUK BIUcaH B chepy). LleHTp Takoit cdeps
PaBHOYNAJIEH OT BEPLIMH.

Kaxnoe pebpo MHOrorpaHHMKa — XOpJa ONUCAHHOW c(epbl, OITOMY
yenmp ONUCAHHOU chepbl — mouka nepecederuss NIOCKOCmel, NPOX0OAUUX
nepneHouKyIAPHO péopam uepes ux cepeounbl.

Kaxxnass rpanp BIMCAaHHOTO MHOTOIpDAaHHHKA BIIMCaHa B OKPY)XHOCTb —
cedeHue cdeprl INIOCKOCTHIO 3TOH rpanu. IlepneHauKynap u3 ueHTpa cepsl
Ha IJIOCKOCTb €€ CEYEHUS NMPOXOAUT uepe3 LEHTP OKPYKHOCTU 3TOro ceue-
HUAA.

3HAYNT, YeHMP ONUCAHHOU CPhePbl RPUHAONEHCUM 8CEM NEPREHOUKYTIAPAM K
2PaHAM, NPOBEOEHHBIM HePe3 YEHMPbl ONUCAHHBIX 6OKPY2 HUX OKPYIHCHOCIE.
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Ecnu oxpyscnocmo nexcum 6 niockocmu o, a mouka M ue npunadne-
JCU IMOU NIOCKOCMU, MO Yepe3 My OKpYiHCHOCmb U mouky M modcHo

nposecmu cgepy.

o ['eomeTprueckoe MECTO TOUEK, PaBHOYAAJIEHHBIX OT BCEX TOUEK OKPYK-
HOCTH, €CTb IPsIMasi a, IPOXOISIIAsl Yepe3 LICHTP OKPYKHOCTH (puc. 19).

I'eomeTpruyeckoe MECTO  TOYEK,
paBHOYAANEHHBIX OT TOYKH M U HEKO-
Topol TOUKH A OKPYKHOCTH, €CTb
TUTIOCKOCTh [, TIEPICHAUKYISpHAS OT-
pe3ky MA w mpoxopsmas yepe3 ero
cepeanHy.

[Ipsimast @ u TmockocTh f HE mapai-
JeNbHBI, MHAYe To4Ka M jexana Obl B
(Tutockoctu @), OHH TIepecekaroTcs. Ux
TOYKa TepeceueHus — Touka O — paB-
HOyJaJIeHa U OT TOYKUM M, U OT Bcex
TOYEK OKPYKHOCTH. W

OTcrona cliefyer, 4To 0KOI0 nupa-
MUObL MOJICHO onucamv cgepy moaod
U MOALKO M020d, K020d OKOLO eé oc-
HOBAHUSL MOJICHO ORUCAMb  OKPYIIC-
HOCHb, B YaCTHOCTH

a) oKoao 000U MpeyeonrbHoU Nu-
Pamuodbl MONCHO onucams cghepy,

0) oxono npasurbHOU NUPAMUObL
MOdHCHO onucamb cepy.

3agaya 16. B Terpadape ABCD
pebpo AC paBHo 6, pedpo BD pasHo 8§,

BCE OCTalbHble péOpa paBHbl ~ 74
(puc. 20). Haiitn pagnyc cdepsl, onu-
CaHHOM OKOJIO 3TOTO TETpaspa.

Puc. 20

A Tlycte M u N — cepenunbl pédep BD u AC; tpeyronpauku ABC u
ADC — paBuble paBHOOexnpeHHble ¢ ocHOBaHueM AC, mostomy ACLBN,
ACLDN. Orcroga crnenyer, uto miockocte BND neprnienaukynspaa pedpy
AC ¥ mpoXOIUT Yepe3 €ro CepeluHy, LEHTP ONMMCAHHOH cdepbl JIEKUT B

wiockoctu BND.

Tpeyronsauku BCD u BAD Taxke paBHble paBHOOEIpEHHBIE C OOMINM
ocHoBanuem BD, mosromy CM_LBD, AMLBD, u mnockocts CMA nieprieH-
IuKyJsipHa pedpy BD u npoxonut yepes ero cepenuty. LleHTp onmcanHOR

cepbl JISKUT B 3TOH TIOCKOCTH.
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ITImockoct BND u CMA niepecekarotcs no npsimoit MN, rieatp O cdepsl

2
nexuT Ha 9Toi npsmoii. Haxomum: BN = ND =, |AB® — A—C = \/g ,
2

2
MN = BNZ—(%j =7.

U3 mpamoyronbHoro Tpeyronsauka MOD umeem: MO =+/R* —MD? =
=+/R? —16, a u3 mpamoyronsHoro Tpeyronsauka NOC BbIpakKaeM:
ON =+yR? ~CN? =/R? -9,

torza u3 MN = MO + ON crenyer VR? —16 +R*—9 =7.
Pemras ypasaenue, Haxoqum R = 5.

[Ipenmonoxkenue o Tom, uro Touka O nmexut He Ha oTpeske MN, a Ha
npsimoii MN BHe ero, MpUBOIUT K OTHOMY W3 YPaBHEHUIA:

JR?-16 —/R? -9 =7, 6o VR -9 —+/R2-16 = 7.

IlepBoe W3 HUX HE HMEET CMbICIA

(x/R2 -16 < x/Rz —9), a BTOpPOE HE UMEeT
peuieHuii. A

e Ha npumepe crueayrwooueil 3anadu K

NPOJEMOHCTPUPYEM BEKTOPHBI METO.
HaXOK/ICHUs pajanyca cdepsl, ONMMCAHHON

OKOJIO MHOTOTPDAaHHHUKA. P
3apaua 17. Pebpo ky6a A..D; pasno 1. .22 C /P/
Uepes BepmnHy A KyOa M cepenuHBI pé-
oep BC, DD;, A;B; mpoeenena cdepa.
Hatiigure pamuyc 3To# cdephl.
A Baeném 6asuc a=AA, b=AB, ¢=AD, (puc. 21). [Tycts Toukn P,
K, M — cepenunsl pédep BC, DDy, A;B; cooTBeTcTBeHHO, Touka O — IEHTP

Q)
O

Puc. 21

cdepsl, 1 MyCTh AO = xa+ yb+z¢ . [Tockonbky
AQ =OK'=OP’=OM=R?,

rae R— panuyc cdepsl, U3 3TUX PaBEHCTB CIIEyeT, YTO
(AG—OK)(AG+0K ) =0,

(E - @)(E + @) =0, (E - W)(E + W) =0, cilemoBaTENBHO,
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(AG-OK)AK =0, (AG—OP) AP 0, (AG—OM ) AM =0, 1o

FO—O?zFO—(CTA+W)=E—O#A—R=2TO—R. AHajmoruyHo,
AO-OP =2A0—- AP, AO-OM =2A0 - AM. Takum obpa3om, moryda-
€M, 4TO (2@—R)ﬁ<:(2@—ﬁ)ﬁ:(2ﬁ)—ﬂ)m:o, OTKyJa

B
AO-AK =-AK ,
2
1 ——
AO-AP == AP |
2
S [
AO-AM == AM .
2
X+22= >
4
5
[Mony4aem paBHOCHIBHYIO CHCTEMY: {2y +Z = 7
5
2X+y=—
Y= 4
oTCIOZIa X=Yy=12 >
T Jit = = = — u
12
D C
_‘AO‘ *F = t
° HpnBeaeM T€OMETPUYECKOE pellIe- | M B
HHE 3TOH JKe 3a1a4H. A — >
KI/’ W
5 NGRS
A Haiiném AP =AM = AK =§ , N N
I N N \
J6 o 0,7 N
MK =KP=MP=—, clenoBaTeibHO, L Ne---Jc
2 /B N
nupamuga AKMP ¢ BepmmHO# A4 — mpa- g0 -%
BHJIbHASL. gl ----"""
[ycts N — OCHOBaHHME BBICOTEI M3 TO4- A B
k1 A Ha ockoctb KMP, a L — cepenuna Puc. 22

AM. V3 monobus tpeyronpankoB AMN u ALO (puc. 22) Haxogum
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L Am
R 2 2 V3 23 1
—— =% MN==.KM.—= =,
AM AN 3 2 23 2
2
AN2=AM2—MN2=§—1:§, AN:ﬁ. Urtak, R:l-AM =%. A
4 2 4 2 2 AN 12

§9. buccekrop

buccexmopom 08yepannoco yena Hazvlgaemcs noayniocKoCmys, KOmopas
NPUHAOTEHCUM DIMOMY Velly, UMeem eparuyeli e2o pebpo u pazoeisem y2ol
Ha 084 08Y2PAHHLIX Yeiad PAGHOU BENUUUHDL.

Puc. 23 Puc. 24

Bynem paccMmarpuBath yribl MEHBIIE Pa3BEPHYTOTO.

buccexkTpuca KaXx1oro JMHEHHOIO yIila JaHHOTO ABYTPAHHOTO YIia IIpH-
HAJIJIEKHUT ero OUCCEKTOpY (Ha pHC. 23 OUCCEKTOP ¥ COAEPIKUT OUCCEKTPHCY
OC nuneitnoro yria AOB). TlpaBuiio mocTpoeHust OrccekTopa: epes pedpo
yria u OUCCEKTPUCY €ro JIMHEHHOro yria.

Kak u y OMCCEKTpHUCHI IIIOCKOTO yIJia, TOYKH OHCCEKTOpa O0JIaJaroT
CBOWCTBOM PaBHOYJAJIEHHOCTH OT IPaHEH JBYIPaHHOTO yIJa.

Buccexmop 0eyepannoeo yena ecmv eeomempuyeckoe Mecmo MoueK
BHYMPU IMO20 V2id, PASGHOYOALEHHBIX OM NA0CKOoCmel e2o 2pareli (puc. 24).

§10. Cepa, BniucanHasi B MHOTOTPAHHUK

Coepa enucana ¢ MHO202paHHUK, €CITA OHA KaCAETCs BCEX €ro IpaHei.
Llenmp snucannoii cghepvl pasnoyoanén om ecex NIOCKOCmell 2panel Ha
paccmosiHue, pagHoe paouycy.

Crie10BaTeIIbHO, YEeHMP 6RUCAHHOU Chepbl NPUHAONEHCUM DUCCEKMOPaMm
6cex 08yepaHHbIX yenos mHozoepannuxa. OOpaTHO, €Cli CYIIECTBYET TOYKA
O, obOmas BceM OHMCCEKTOpam, JieXallas BHYTPH MHOTOTPaHHHMKA, W OHA
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yIaneHa OT TpaHed Ha paccTosHUE I, To cdepa ¢ meHTpoM B Touke O U pa-
Juyca I KacaeTcsl BCeX rpaHel MHOIOIpaHHHUKA.

Teopema. B 110601 mempa’zop MOA*CHO enucams cghepy u moabKo 0OHY.

o Ilycte B, — buccexTop AByrpanHoro yria ¢ pedpom AC, a f3, — buccek-
TOp JABYrpaHHOro yria ¢ pebpom AB (puc. 25). Dtu

OHMCCEKTOPBI MMEIOT OOLIYI0 TOUKY A, CIelOBaTENbHO, B
nepecekyTcs o Hekoropomy aydy AK . Kaxnas Touka
9TOTO Jy4Ya JISKUT Ha [y U MO3TOMY PaBHOYJAAIECHA OT K
wiockocter ACB u ACD, nexur Ha [, paBHOyJalicHa "
ot miockoctet ABC n ABD. 3HauuT, Kaxkaas TOUKa Jy-
ya AK paBHoynaiena ot Tpéx rpaneii: ABC, ACD u A i B
ABD, u nya AK mpuHAIEKUT OMCCEKTOPY NBYTpaH- A
HOTO yriia npu pebpe AD. c

ITycte mya AK mnepecekaet rpans BCD B Touke M. Puc. 25

Konupr orpeska AM mpuHaaiexar pa3HbIM IpaHsIM JIBY-

rpaHHoro yria mnpu pedpe BC, mo3ToMy OHMCCEKTOp 3TOTO yria nepeceKkaer
otpe3ok AM. Touka nepecedenus: O nexut Ha myde AK u paBHOymaieHa ot
rpaneii ABC, ACD, ABD. B T0 e Bpems pac-

crosiHUs oT Touku O mo mockocreir ABC nu D
BCD paBHbl, Tak kak Touka (O TPUHAIIEKUT
OMCCeKTOpY ABYTPAHHOTO yria, 00pa3oBaHHOIO
3TUMH IUIOCKOCTAMU. TakuM oOpa3zom, Touka O
paBHOYZaJieHa OT BCEX TIpaHeill Terpadzapa, a A
cdepa c neHTpoM B Touke O U pajinycoM, paB-
HBIM PACCTOSHHUIO OT TOUkd O JI0 TpaHu TeTpa- L

3npa, BIUcaHa B Terpasap. Touka O ompenens-

€TCsl €AMHCTBEHHBIM 00pa3oM. W

3agaua 18. B ocnHoBanuu terpasapa ABCD Puc. 26
JSKUT NpAMOYronbHbIN TpeyroiasHuk ABC, B kotopom yron C mpsmoi;
pebpo AD mepnenmukymspao miockoctd ABC (puc. 26). Haiitu pammyc
BriucanHoi cdepsl, eciin AD =BC = 3, AC = 4.

A Tlo teopeme 0 TpEX MepHeHAUKYIIspax npsiMast BC mepreHInKyIspHa
iockoct ACD) (1. k. DA — nepnenaukyisip k miockoctu ABC, npsimas BC
neprneHuKyaspHa npoekiuu AC, cieoBaTelbHO, OHA IMEPIECHINKYIISpHA
HaknonHout DC; utak, «BCD = 90°, «.BCA = 90°, cienoBaTenbHO mpsiMast
BC neprienmukynspra miockoctd ACD). 3uaunt yronm DCA — nuHe#HBIH
yros AByrpanHoro yria npu peope BC u 6uccekrop BCK mpoxoaut uepes

A

B
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ouccextpucy CK storo nuueiHoro yria. LlenTp BnucanHO# chepbl IEXUT
Ha dTOM OHCCEKTOpE.

Hanee yron BAC — nuHe#HbII yron AByrpaHHOro yria mpu pedpe AD,
npoBoauM ero ouccekrpucy AL, a 3atem ouccektop ADL. LlenTp BnircaHHOM
c(hepsl JIOKUT Ha dTOM OHCCEKTOpE, CIIEIOBATEIILHO, IICHTP cephl JSKHUT HA
npsimoii LK nepeceuenns 6uccekropoB BCK u ADL BHYTpH TeTpaszpa.

[Tycts O — nentp chepsl, Touka O nexuT Ha LK, paccrosHust ot Touku O
no ocHoBanust ABC u o rpanu ACD pagHbl (TOr/1a pacCTOSHUS OT TOYKH O
IO BCEX rpaHel OyAyT paBHBI).

Ecmu ON_LABC, 1o ON || DA, ciaemoBarensHo, Touka N iexur Ha AL. Ec-
au OM_LACD, to OM || BC, 3nauut touka M nexwur Ha CK. Utak, ON =OM.

U3 ycnosus cneayet, uto ACAD =A ACB, no3ToMy paBHBI UX OUCCEK-
Tpuchl coorBeTcTBeHHBIX YrioB ACD u CAB 1 oHM OTCekaloT Ha paBHBIX
cropornax AD u BC paBabeie otpe3ku AK = CL. Otcroma ciemyer, 4ro
AKCL =A L4K. 3naunt, ZCKL=ZKLA. 13 3TOro paBeHCTBa U U3 paBEH-
ctBa OM = ON cnenyer, uto AMOK = ANOL. ITosromy u OK = OL, T. e.

1
MO = E CL. D10 1 ecTh UCKOMBIN pauyc.

Ilo cBoticTBy OnccexTpuch B Tpeyronpauke ABC 6uccektpuca AL memut
cropony BC B otHomennu CL : BL = CA4 : B4 = 4:5. Orcrona
- 4 4 2
NL==—BC=—u MO =—.
9 3 3
Bmopoii cnoco6. Ilycts O — uentp cepsl. PaccMoTpuM deTsipe mupa-
MUBI ¢ o0mmell BepmmHOW O M OCHOBaHMSMH — IpaHsMu Terpasapa: ABC,
ABD, ACD, BCD. Lentp O onuHakoBO yIal€H OT BCEX I'paHel IMHpaMuabl
Ha paccTosHKE I, paBHOE PaJNyCy BIIMCAHHOW cepsl, T. €. Yy BCeX ITUX M-
paMuj OJMHAKOBasi BbICOTa, paBHas I CyMma 00bEMOB BceX YETHIPEX MH-
paMuz CoCTaBIIsET
1 1
5 r(SABC +S 80 +Saco + Secp ) = § rs,,
(S — mnomanp monHoi nmoBepxuoctu upamunsl ABCD) u paBaa 00bpémy V

camoii mupamuael ABCD, 1. e. V =%rSn, OTKyHda I = Sﬂ . O0BéM tIMpamu-

1
JIbl MOYKET OBITh HaliieH 1o popmyrie V = 3 AD-S ...
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Hmeem S, =%AC-BC=6, S e :%AD-AB:%,
1 1 15

Saco =5 AC+AD=6, Sycp = DC - AB=—".

3ameuanue. ®opmyna I = — BepHa JJIs JTFOOOTO ONMUCAHHOTO BOKPYT Ce-

n
PBI pagryca ' MHOTOTpaHHHKA M MIPUTOIHA [T OTIPEICTICHIS pauyca 3TOH

chepsl. Utak, S, =27,V ZEAD-SABC =6, r :ﬂ:z. A
3 S, 3

IIpamas u cgpepa mo2ym pacnonazamucs mpems CHOCOOAMU.

[Mycts R — pagnyc cdepsl, OK — neprnenaukynsip u3 meHTpa cdepsl Ha
IpSIMYIO d.

1) Ipsimast a He mepecekaeT chepy, eciu OK > R.

2) Ilpsimast a kacaercst chepsl, ecmn OK = R (mpsiMasi mpoxoauT 4epes
KOHEII paanyca Ha cepe U MeprIeHIUKYIIpHA STOMY PaIHyCy).

3) llpsamas nepecekaet cepy B AByx Toukax, eciu OK < R.

Cekymiye 1 KacaTelibHbIe K cepe 00JafaloT TaKUMHU K€ CBONCTBAMH,
KaK U K OKPY>KHOCTH, B YACTHOCTH:

a) eciu 0ge npsimvle Nepecekarmcs 6 mouke S, u KaAcarwomcs cgepul 8
mouxax K u L, mo SK = SL (ceoiicmeo xacamenvnuix);

0) ecnu 0ge npsimble nepecekaiomest 6 mouke S, 00HA Kacaemcst cghepul 6

n

mouke K, Opyeas nepecexaem cpepy 6 mourax M u N, mo SK? = SM -SN
(meopema o kacamenvnoit u cexywieir);

B) eciu 08e npsimble Nepecekaiomcs 8 mouke S,
00Ha u3 Hux nepecexaem cgepy ¢ moukax M U N,
opyeas — ¢ mouxkax P u Q, mo SM -SN = SP - SQ

(Touka S MOXET pacnoyaraTbCsi CHapyxu (meopema
0 ceKywux) vy BHyTpH chepsl (meopema o nepece-
Karowuxcs xopoax)).

3agaua 19. B terpasape ABCD 4B = 2, CD =4,
a octayibHBIE pEOpa paBHBI 6. Ha otpeske MN, co-
eauHstonieM cepeannsl pédep AB u CD, kak Ha nua-
MeTpe mocTpoeHa cdepa, KoTopas nepecekaet pedpo
BC B Toukax P u Q. Haiinure mymny orpeska PQ.

A 3amertnm, uto otpe3ok MN neprneHaukymspeH
péopam AB u CD (puc. 27). [eiictBurensHo, DM = MC kak menuaHsl B
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paBHBIX 10 TpéM ctopoHam TpeyroiasHukax ABC u ABD. Tak xak MN —
nuametp cdepsl, To mpsimbie 4B u CD — kacarenbHbIe K cdepe.

[ycts BP = x, CQ = y. [lo TeopemMe 0 KacaTenbHOW M CEKyIICH
BM ?=BP-BQ u NC *= QC- PC, oTKyza Io;Iyd4aeM CHCTeMy ypPaBHCHHIA

{X(G—y)=1,

y(6—x)=4.
. _11+4/105
—

OTa cucTeMa HMEET ABa PCIICHUA:

y 11-4105  13-.105
4 7 4

Y1

1

2 2

13+4/105
—

1
IlepBoe pemenue naér PQ=6-Xx, -y, = %, BTOPOE pEIICHNE 0TOPACHI-
BaeM, Tak Kak 6 —x; —1,< 0. A

§11. O0bém TeTpasapa

B 3amauax 8 u 20 yxe obcyxnanucek aBe Gpopmynsl 00bEMa TeTpadipa.

1
1.V :§SOCH -H , rme H — BBICOTa K OCHOBAHUIO, U

1 .
2. V :§Sn I, Toe r— paguyc BIOUCAaHHOHW cdepsl, & S, — IUIOMALb

MOJHOM OBEPXHOCTH TETPA3Ipa.

[MepBast u3 HUX, ocHOBHas (opmyia 00bEMa, YACTO WCIONB3YeTCs IS
ONpENEICHUS] PACCTOSIHUS MEXAY CKPEIIMBAIOIIUMUCS MPSMBIMH, PACCTOSI-
HUS OT TOYKH JI0 IJIOCKOCTH (KaK B 3ajia4e /), pacCTOSHUS MEXy TUIOCKO-
CTBIO M IApAJUIEJIBHON €d IMPSIMOM WIH PAaCCTOSIHUS MEXAY JABYMS IIJIOCKO-
CTSIMH.

Hanum xpatkuii BEIBOA emié ABYX Gopmyn o0bEMa TeTpadpa:

2 sina .

3.V =§Sl-SZ-T, rae S, u S, miomany AByX IrpaHed, a— IMHA
ux obmiero pebpa, & — BeNMYMHA JBYTPAHHOTO YIia MEXIY dTUMH TpaHs-
MH.

4.V = %a -b-d-sing, rae a u b — gIMHBI TPOTHBOMOIOKHBIX pEdEp TET-

paszipa, @ — yrojl MEXAY CKPELIMBAIOLUIMMHUCS MIPAMBIMHA, HA KOTOPBIX JIEXKAT
9TH pé6pa, d — paccTostHIE MEXTy ITUMHU MPSIMBIMH.
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o Paccmorpum  Tetpasmp

ABCD, B xotopom AC = a, mio- D

miaau rpaneit ABC u ADC paBHbI

S1, u S, cootBercTBeHHO. [lycTh B
BepmmHa D mpoexTupyercs B

TOYKy O TUIOCKOCTH OCHOBAHUS

ABC u DK L AC (puc. 28). Tlo ATPTS2
TeopeMe O TPEX TMePIeHANKYIIs- o K C
pax OK L AC. a) Puc. 28 6)

VYron DKO nubo paBen Benu-
4yuHEe o, AByrpanHoro yria mexay rpansmu ADC u ABC (puc. 28a), 6o
/DKO = 180°~« (puc. 286). Eciin xe touka O nexwur Ha npsmoid AC, To
mwiockoctn ADC n ABC neprieHauKymsipHBI Ipyr npyry, « = 90°. Bo Bcex
ciyyasix DO = DK-sin a.

Tak kak S, :%AC-DK, TO

. L . Lac Dk
V=28, -DO==S,-DK -sing==8,2 - sina,
3 3 3 Lac

otkyna V =ESI-S2 -w. ]
3 a

Jns nokaszarenscTBa (GopMyiisl 4 TOCTPOUM TETpasAp 0 Hapaulesent-
neqa, MPOBOAS Yepe3 KaxJI0e ero pedpo MIOCKOCTh, NapauIeIbHYI0 IPOTH-
BoJIeXkaleMy peOpy. Tpu mapbl mapamienbHBIX INIOCKOCTEH 00pa3yroT ma-
pajutenenumnesi, B KOTopoM péopa UCXOAHOTO TETpadIpa SABIAIOTCS JHaroHa-
JsiMU TpaHeit (puc. 29).

O 3a OCHOBaHHE MapaJuleNenunesa

npuMeM TrpaHb ¢ jauaroHanpio CD, eé
Iom@aas 0003HAYMM S, TOorma O0BEM

napamutenenunena V =S - d, rae d — pac-
CTOSIHUE MEXIY TUIOCKOCTBIO OCHOBAHUS
¥ IUIOCKOCTBIO MapauIeNIbHOM el rpaHy.
OO0béM  mapajulesienunena  paBeH
cymme o0béma Tetpasapa V u o0bEma
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YEeTBIPEX MUPAMUJ, B KAKIOW U3 KOTOPHIX OCHOBAHHUE COCTABIISIET TIOJIOBUHY
mwiomaau S napamienorpamma KCFD u BeicoTa coBmazaer ¢ BBICOTOH Iia-
paiienenumnena.

Uraxk,

v=V +4(EESdJ:V +ZV,
32 3

Otkynma V =%V.Ta1< Kak V=S-d :[%AB-CDSin(pjd, TO

\Y =%AB-CD-d -sin(p:%abd singp, rneAB=a,CD=hb. =

®dopmyna 4 0coOeHHO yI00Ha B CITydae, KOTAa MPOTHBOTIOIOXKHBIE pEopa
terpasapa (Hanpumep, AB 1 CD) neprneHIuKyIsspHbl APYT APYTY.

3agauya 20. B terpasnpe ABCD rpanun ABC n ABD umeroT mumomanm p u
g u 00pa3yrT MeXIy co00H yron «. HaiimuTe tuiomans ce4eHus, mpoxos-
mero yepes pedpo AB ¥ IEeHTp BIMCAHHOTO B TETPadAp IIapa.

A Tlyctb a = AB, x — momaap UICKOMOTO cedeHns. Bocmonb30BaBIINCH
dhopmymoit 3 mns oobema Terpadapa ABCD u ero wacreit, momyanm

.« .
2 pXSInE . 5 qxsmE 2 pgsina
3 a 3 a 3 a
2pq cos 4
CremoBaTeibHO, x=—— 2 A
P+q
3agauya 21. B xakoM OTHONIEHUH JETUT 00BEM TeTpasjpa IUIOCKOCTS,
napajuieibHasl JBYM €ro CKpEIIMBAIOIIHUMCS
p€Opam u jensimasi OJJHO W3 JIPYTrux pédep B ‘
oTHOweHuu 2 : 1? a

A CeueHue TeTpadapa AaHHON MIIOCKOCTHIO
ABNIseTCS mapaivienorpaMMoMm. Kaxayio u3
JIByX TIOJTYYeHHBIX dYacTeil TeTpasapa MOXKHO
paspes3aTh Ha MHpPaMHUIy, OCHOBAHHEM KOTOPOWH

CIIY’)KHT 3TOT TapajlieliorpaMM, U TETPadap
(puc. 30). Puc. 30
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OOBEMBI 5THX THPaMUA PABHBI

V, = -d-S, :iabdsin(p
81

2 .
-d-S_=—abdsing.
ap 81 q)

A 00BEMBI TETPAdIPOB MOKHO BI:IpaSI/ITI: 1o q)opMyJIe 4.

V)= % % d- ga b- smgo—z—abdsmgo u
V;:% %d a- éb sm(p_éabdsm(p
Tem caMbIM, OTHOIIIEHHE 00BEMOB TTOTYICHHBIX YaCTEH paBHO
_ gabdsingo 2@ .
éabd sing T

V,+V,/
V, +V,

KOHTpOJ’[beIe BOITPOCHI

KontpoabsHsie Bonpockl 1-5 npeacrasiasiior codoii 3aganusa EI'D (C2). Pe-
HHUTE TEOMETPUIECCKUM UJIN BEKTOPHBIM cIocooom.

1(4). Bce rpanu mpusmel ABCDABC D, — paBHble poMObl. YTiibl
BAD, BAA , DAA pasubl 60° xaxzplid. Haligure yron mexay npsmoit BA
u mnockocteio BDB,.

2(4). Haiigurte pebpo ocHoBaHus npaBuibHOM mpusmbel ABCA'B'C’ ¢ 6o-
KOBbIM peOpoM AA' =2, eciii yroa MeXIy CKPEIIUBAIOIIMMHUCS NPSMBIMUA
AC’" u A'B pasen 90°.

3(4).Cropona ocHOBaHHs MMPaBUIIBLHOM TpeyronbHO# npr3mMbl ABCA'B'C’
paBHa 2, a AMaroHaigb OOKOBOW TpaHW paBHA \/g . Haiinure yron mexny

wiockocthio A'BC 1 IIIOCKOCTHIO OCHOBAHHUS TIPH3MBI.
4(4). Ocnoanne ABCD nHaknonnoit npmsmsel ABCDAB,C D, — kBaj-

par, a Bce OOKOBBIC TpaHU NPU3MbI paBHbIe poMObl. Yriusl BAA u DAA
paBHbl 60° xaxknaplid. Haligure paccrossHue OoT TOYKM A 10 IIOCKOCTU

BDD,, eciu cropona kBagpara ABCD pasna 10.
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5(3). lokaxwure, 4TO IJIOCKOCTb, JEJSIIas IOMOJIaM JBYTPAaHHBIA yrod
npu pedpe TeTpasapa, JeNUT NPOTHBOIOJIOKHOE pedpo Ha yacTu, MpoIop-
LUOHAJIBHBIE IJIOMASAM I'PaHeH, 3aK/IF0YA0INX 3TOT YOI

B konTponbHBEIX Bompocax 6 — 11 paccMmarpuBaeTcs MIOCKOCTh « , 3a-

naHHas ypaBHenmeM 4X+Yy+2z2—-4=0 u toukuA(LL1), B(135),
0(0,0,0)— Hayano KOOPAMHAT.

6(2). Haiinute yron mexay npsimoir OA # IIIOCKOCTHIO X .

7(2). Haiinute TOUKy nepecedeHus npsiMoir AB ¥ TUTOCKOCTH « .

8(2). CocraBbTe ypaBHEHHE IUIOCKOCTH, pOXosiiei yepe3 Touku O, A
uB.

9(2). CocraBbTe ypaBHEHHE IIOCKOCTH, MPOXOJSIICH 4Yepe3 CepeluHy
oTrpe3ka AB mepreHAMKYISIpHO eMy.

10(2). CocraBbTe ypaBHEHHE IUIOCKOCTH [3, MPOXOISIICH Yepe3 TOUKY
B mapamiensHO MIOCKOCTH & .

Haiigure paccrosiare MeXTy TUIOCKOCTSIMA & U [ .

11(2). Haiiaure koopauHAThl TOUKH A*, CHMMETPUYHON TOUYKe A OTHO-
CHUTEIIbHO IUIOCKOCTH X .

3agaun

(Bapaum 1 — 4 u3 BapuantoB EI'J (C2), ocTranbHble — U3 BADHAHTOB BCTYNH-
TeJbHBIX 3K3aMeHOB pa3HbIX JeT B MOTH).

1(5). OcuoBanmem mupamuasl SABC ¢ BeicoToit SH cmyxut mpsimMo-
yronbHbIH TpeyronsHUK ABC ¢ runotenys3oii AB, a AByrpaHHbIE YIIIbI IPU

. .9 y y
p66an OCHOBAHUA PAaBHBI 110 arCSlnE. HaI/I,E[I/ITe miomanab OOKOBOMH MO-

BepxHOCTH nTUpamMuzpl, ecin AH =1 u BH = 3J2.
2(6). OcnoBannem mumpamuasl FABCD  sBisieTcss OpsSMOYTOJIBHUK
ABCD . IInockocts AFC mnepnenmukymspHa tuockoctu ABC, Tanrenc

16
yrna FAC pasen = TaHreHC yriia Mexay npsmoid BC u miockocThbio

FAC pagen 3. Touka M nexwut Ha pebpe BC, BM :EBC. Touka L ie-

*UT Ha IpsiMoit AF 1 paBHOyaanena ot touek M u C . O0béM nmpaMubt
LAMC pasen 48. Llentp cdepsrl, onucanHoii okoino nupamunsl FABCD ,
JISKUT B IUIOCKOCTH OCHOBaHMsI upamuiel. Haliaure panuyc 31oii cdepsl.
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3(4). dan npsmoyronsHbli napamienenunen ABCDABC D,. Ha ero pé-
O6pax AA u BB, nexar Touku M n P cOOTBETCTBEHHO Tak, 4TO
AM :MA =8:11 BP:PB=2:1.
Bo ckonpko pa3 06bEM JTaHHOIO Mapajulenenunesaa 6oble o0bEMa Mu-
pamMujibl C BEPIIMHOH B Touke P, OCHOBaHMEM KOTOPOMH sBIISIETCS CeYeHUE
JaHHOTO MapajuieenuIesa miockocteio BMD, ?

4(4). Bee péopa npasuibHoi npusmel ABCDEFAB, C D,E F, pasas! no 1.
Haiinure kocunyc yrna mexnay npsameimu AB, u BD, .
5(7). B xy6e ABCDABC,D,, pebpo xoToporo paBHo 4, Toukn E un F —

1171

cepenunsl pédep AB u B/C, cooTBeTcTBEHHO, a Touka P pacrosioxkeHa Ha
pebpe CD Ttak, uro CP =3PD . Haiitu:

1) paccrostaue ot Touku F 1o mpsmoit AP;

2) paccrostare Mex Iy npsmeiMu EF u AP;

3) paccTosiHHME OT TOUKU A 10 INIOCKOCTU TpeyronbHuka EFP.

6(7). B tpeyrombroii mupamune ABCD péopa AC u BD B3ammHO mep-
nenaukyssipasl, AB=BD=AD=a, cepenuna pedpa AC paBHOymaicHa
ot miockocteii ABD u BCD, yron mexay pedbpom AC u rpansio CBD

.1
paBeH aI‘CSIn%. Haiitn nnuny pebpa CD, ZCAD wu yron mexny pedpom
BD u rpansio ACD.
7(6). B mpaBuibHO# TpeyronpHOil mupamuge ABCD anmuHa G0KOBOTO
pebpa paBHa 12, a yron mexay ocHoBanueM ABC u G0KOBOI rpaHbBIO paBeH

1
arccos——=. Touku K, M, N — cepenunsl pédep AB,CD, AC cootBet-

V105

ctBeHHO. Touka E nexwut Ha oTpeske KM u 2ME = KE . Uepes Touky E
HNPOXOIUT IUIOCKOCTh ¢ mneprneHaukyisipHo orpe3ky KN . B xakom oTHo-
HIEHUH IUIOCKOCTh ¢ AenuT pédpa mupamuapl? HaiTi miomans cedeHus
MUPAMUJIBI TUIOCKOCTBIO ¢ ¥ PACCTOSTHKE OT TOYKH N 10 TNIOCKOCTH « .
8(7). bokoBoe pebpo mpaBwiabHOM mnHpamuasl ABCD ¢ ocHoBanmem

ABC pasro 8410, ZADBzarCSin%. Toukn A, B, C, — cepenuHsl

péoep AD, BD,CD coorsercTBeHHO. Hatitu
1) yron mexxay npsameimu BA u AC ;
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2) paccrosHue Mexny npsameiMu BA u AC ;

3) pammyc cdepsl, Kacaromeiica miockoctd ABC wu orpesko AC ,
BA, CB,.

9(7). duaronans ocHoBanusi ABCD npaBuipHO# mupamuasr SABCD
paBHa 8, BeicoTa nupamuabl SO pasHa 1. Touka M — cepenuna pedpa SC,
touka K — cepemnmna pedbpa CD . Haiitu:

1) o06béMm mupamuasr BMSK ;

2) yron mexnay npsimeima BM u SK ;

3) paccrosinue meay npsmeimu BM 1 SK .

10(6). B npasunpnoii mupamuae SABCD (S — Bepmmba) BeaMdYHHA
JIBYTpaHHOTO yria npu ocHoBanuu paBHa 30°. Touku M, N,P u Q- ce-
penunsl cropor AB, BC,CD u DA cootBerctBeHHO. Touka E nexwur Ha
pebpe AB, Touka F — Ha pebpe SC . M3BecTHO, 4TO yIiibl, 00pa30BaHHbBIC
npsimoit EF ¢ mnockocteio SMP , mpsimoit EF ¢ mmockocteio SBA u mips-
moit DF ¢ mmockocteto SNQ , paBHbL. HaiiT BeInunHy 3THX YTIIOB.

11*(6). B mpaBwnbHOM 1mectuyronpHoOM nupamuae SABCDEF
(S —BeprminHa ) ATHHA CTOPOHBI OCHOBaHMsA paBHa 2. Bepmmuber K u M
pomba KLMF nexar ma pédpax AB m SD cootBerctBenHO, KM =3, a
orpe3ok KL mepecekaer pedpo SB . Haiitu 00béM mupaMu/ipl.
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