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§1. beckoHe4YHbIe YHCI0OBbIE NMOCTEA0BATEIbHOCTH

Onpenenenue. bheckoneunoil 4ucio8ol nociedosamenbiocmvio (AITA
IPOCTO 1OCIeA06aMeNbHOCHIHIO) Ha3bIBAETCA uncioBas Gynkuus X = X(Nn),

onpenenéHuas Ha MHOXecTBe N HaTypasbHBIX YHCEIL.
ApryMeHT N 3TOi QyHKIMH 3alIMCHIBACTCS B BUAE WHAEKCA, T. €. BMECTO

sanmen X(N) MCMOJB3YIOT 3aIiCh X,, @ caMmy IOCJIEIOBAaTEIbHOCTh 4acCTO
o6o3Hauaror (X,). Yucno X, Ha3pBAOT N-M (YMTAETCS: SHHBIM) WICHOM
nocnenosarenbaoctd (X,) . [lpuBeném npumepsi.
1)1;1;1;...(r.e. X,=1 qmaBcex Ne N);
(2)17; 2%; 3%; ... (r.e. X, =n° gmascex Ne N);
11

3) 1; 2; 3;...(T.C. Xn:%HHHBCGX neN);

(4) mocnenoBaTeNEHOCT, N -i WIEH KOTOPOW paBeH N -My 3HaKY IMOCIe

3anAToON B IECITHYHOM 3aIllUCH YUCcIa — |

33

(5) mnocnenoBarenbHOCTh, MN-i WIEH KOTOPOH paBeH KOJIHYECTBY
MPOCTBIX YUCEN, HE MTPEBOCXOAIUX N ;

6) x, =1, x, =1, X, =X, , +X, , msiBcex N>3

(mocnenoBarenbHOCTH DHOOHAYYN).

Kak Buanm, mocieaoBaTeIbHOCTH 3aJAI0TCA Pa3IHMYHBIMH CIIOCOOAMHU.
Hanpumep, ykassiaercst popmyna N -ro uiena (nmpumeps! (1) — (3)). 3axon
COOTBETCTBHS MEXAY HOMEPOM N M WIEHOM X, MOXET ObITb OIHCAH
ciosecHo (mpumepsl (4) — (5)). IlocmenoBaTenbHOCT MOXKET OBITH TaKXKe
3aaHa PeKyPPEHmMHbIM COOMHOWEHUEeM: TaHbl HECKOJIBKO IEPBBIX WICHOB
NOCJIEOBAaTEIFHOCTH W (OpMyJia, BBIpaXKaroUlas CIEAYIOIINE YJICHBI
MOCJIEIOBATEIFHOCTH Yepe3 npeasiaymue (mpumep (6)).

Jlerko ybemutbcs, uto B mpumepe (4) X, =2, X, =4, X, =2, X, =4 u
T. 1., T. e. X, =3+ (=1)". B npumepe (6) dhopmyiy N-ro uiena Haiitn

CJIOXKHEC!
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X =— _
n
NI 2
A BoOT sBHYI0O (hopMyIry N -TO WiIeHa TOCIEeI0BATEIHHOCTH (5) HamucaTh
HEBO3MOXKHO. TeM He MeHee, MHOruMe € CBOWCTBAa YCTaHOBJICHHI M 0€3

(hopMyIBL.
CkakeM HECKOJIBKO CJIOB O T€OMETPUYECKOM H300payKeHHH IOCIIE0Ba-

1[((1+5) (1=+5Y

TenbHOCTU. [TOCKONBKY TOCIe0BaTeNbHOCTL (X,) sBIsAeTCs GyHKUMEH, TO

TEOMETPHUYECKU €€ MOXKHO M300pa3uth rpadukom (puc. 1 a). OmHako yarie
BCETO YJICHBI MOCIIEIOBATEIILHOCTH N300PaXKAOTCS TOYKAMU KOOPAMHATHOM
MPSIMOH, CHa0KEHHBIMHA COOTBETCTBYIOIIIMMH TToMeTKaMu (puc. 1 0).

X

X+ -

I ] 1 | | ! 1
Of 12345 n N 0 X, XX, X, x, X
a) 0)
Puc. 1

Bomnpoc. Kakum o0mmM cBoiicTBOM 007121210 T TociieoBaTeabHOCTH (1),
(2), 5) n (6)?

OtBer. Kaxplii X 4ieH, HAYMHAs CO BTOPOTrO, HE MEHBIIE IIPEIbl-
JyILIETo.
Onpenenenne. Tlocnenosarensuocts (X,) HasbIBaeTCS cmpo2o 803pac-

maroweti, eCli KaXIbli €€ uwieH, HAuMHas CO BTOPOro, OOJIbIIE IPEJIbl-
pymwero, T. €. X, > X, mst mobdoro neN . Iocnenosarensuocts (X))
Ha3bIBACTCA cmpozo yowvisarowet, ecan X, < X, g moodoro neN.
[MocnenosatensHocTs  (X,) Has3bIBACTCS Hecmpozo yowleaiowel, ecin
X, <X, mis mo6oro neN. IlocienosarensHocts (X,) HasblBaercs

Hecmpoz2o eo3pacmarowetl, e X, ., = X, 1 modoro ne N .

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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Bce Takme mocnenoBaTenbHOCTH (CTPOTO BO3pACTaIOIIUE, CTPOTO YObI-
BAaIOIIME, HECTPOro YOBIBAIOIIME, HECTPOTO BO3PACTAIOIIME) HA3BIBAIOTCS
MOHOMOHHBIMU.

Ipumep 1.1. BeiscHUTSD, SBIIsSETCS T MOHOTOHHOH MOCTIEI0BATEIEHOCTh

_3n
n - .
n+2
Pemienne. YTOouHMM, 4eMy paBeH X,,,. Huad storo Bmecto N B
_3n 3(n+1)
N = noacrasuMm N+1, 1. e. X ,, = ——— . PaccMoTpuM pasHOCTb
n+2 n+3
Xy = 3(n+1)  3n _3[(n+1)(n+2)—n(n+3)] _
™ n43  n+2 (n+2)(n+3)
6

= >
(n+2)(n+3)
3HAUUT, X, > X, 111 moboro ne N . Ilo ompeneneHuo mnociaenoBareb-

HOCTh (X,) SIBISETCS CTPOTO BO3PACTAIOLIEH.

HpI/IBeHéHHLIe paccy)KILeHI/Iﬂ SABIAKOTCSA CTaH,uapTHLIMI/I HpI/I J0Ka3aTeiib-
CTBE MOHOTOHHOCTH MOCNEN0BATENLHOCTH. VICIIONb3ys 0COOEHHOCTH TOCIE-
NOBaTenbHOCTH (X,), MOKHO YCTAHOBUTH €€ BO3pAacTaHHe 0OJIee MPOCTHIM

3n+6—6:3 6

croco0oM. 3arnuiiem X, BBHAC X, = ———, TOrza
n+2 n+2
6 6
Xop1 =3— >3- =X,
n+3 n+2
IIpumep 1.2. BeisICHUTD, SIBIISIETCS JIW MOHOTOHHOM MOCIEA0BATENBHOCTh

— n
X, =3+(-1)".

Pemenne. ITocnenoBarenbHOCTh HE SIBISETCS MOHOTOHHOMW, MOCKOJIBKY
Xomg = 2<4=X,, 1 Xpy =4>2 =X, ., JUs BCEX HATYPAJIBHBIX M.

Bomnpoc. Kakum o0muM cBoHCTBOM 001aat0T mocieaoBaTensHocta (1),

(3)u(4)?

OtBet. Bee ux wiens iexat Ha otpeske [0; 4] .
Onpenenenne. IlocnenoarensHocts (X,) Ha3bIBACTCS 02paHUueHHOL,

ecau cymectByer uncino C >0 Takoe, yro uis 1r060ro HaTypajabHOro N
BBITIOJIHSETCS HepaBeHCTBO | X, [<C .

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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Ipumep 1.3. Jlokasars, uro nocienosarenbHocTs (X,) sBIseTcs: orpa-

HUYEHHOM TOTJa ¥ TOJIbKO TOT/a, KOT/ia BCe e€ UJIeHBI JISKAT Ha HEKOTOPOM
OTpe3Ke.

Pemenne. [Tycts nocnenoBarensHocts (X,) orpanmdena. Toraa cymiec-
tByer unciao C >0 rakoe, uro | X, [<C mis moboro neN. Iocnennee
HEpaBeHCTBO MOXHO mepenucath B Buge —C<x <C, 1. e. X, €[-C;C].
OG6patHo, mycTs Bee wieHsl (X,) nexar Ha HeKoTopoM otpeske [m; M.
Bribepem cummeTpuunbiii otpe3ok [-C; C], comepxkamuit [m; M], Torma
—C <X, <C u, cnenosareinsto, |X,|<C. B kauecrBe Takoro C MoxHO
B34Th, HanIpumep, max{|m|, |M [}.

Ipumep 1.4. BpisICHUTH, SABISETCA JIM OTPaHHMUYEHHOW IOCIIE0BATENb-

10(-1)"n
HOCTh X, = ——5——.
n“+1
10n
Pemenne. Paccmotpum | X, |=2—1 [Tockonbky TpU YMEHBIICHUH
n- +

3HaMEHATeNs MOJOKUTENFHOH IpoOu 3HaueHHe ApoOH yBEIMYMBAeTCH,
uMeeM:

%, o0 100 _10 4y,

n“+1 n n
Buaunt, |X,|<10 s moGoro neN. Ilo ompexesneHuio mocienoBa-
TenbHOCTD (X,) SIBISETCS| OrpaHMYECHHOM.

Ipumep 1.5. BriAcHUTH, SBISIETCS M OTPAHUYEHHOU MOCIEAOBATEIb-
HOCTB X, =N°.

Peuenne. [Ipearnonokum, 4T0 MOCIENOBATENBHOCTL (X) sBIAETCS
OrpaHUYEHHOM. DTO 03HAYAET, YTO CymecTByeT Takoe uucio C >0, uyro npu
Bcex N BHIMONHSETCS HepaBeHCTBO |Nn°|<C. Ommako mpu N >+/C+1
HEpaBEeHCTBO HE BhINONHsETCS. Clie0BaTeNbHO, MPEAIOI0KEHHE HEBEPHO,
T. €. OCIEN0BATENLHOCTE (X, ) HE SBISETCS OrPAHMYEHHOM.

§2. Apudmernyeckne U reoMeTpuYecKne NPOrpeccuu

PaccMoTpum monpoOHee JBa Ba)XKHBIX KIIacCa YHCIOBBIX TOCIIE0BATEb-
HOCTEH.

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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Omnpenenenne. [locnenoBarensHocTh (X,), KaXIblid 4iIeH KOTOPOii, Ha-

YUHAsl CO BTOPOTO, PaBeH MPEABIAYIIEMY, CIOKEHHOMY C OJHHUM U TEM K€
yuciioM d, HaspIBaeTcs apugmemuueckou npoepeccuei. Yuciao d—
PA3HOCMb NPOSPECcCUlU.

Takum o0Opa3oM, apudMeTHdeckas MPOrPeCcCUsi €CTh IOCIEI0BATEb-

HOCTb, 3alaHHAasi PEKYPPEHTHO PAaBEHCTBOM X, ., = X, + d u NEPBBIM 4JIe-
HOM X .

Ilepeuncimm OCHOBHBIC CBOMCTBA apH(PMETHICCKOM ITPOTPECCHH.
1) ®opmyrna N -ro uneHa apuMeTHIECKOH MPOTPECCHH:

X, =% +(n-1)d, neN. (2.1)
2) JInd KOHeYHOH apupMeTuueckoi mporpeccuu X, X,, ..., X, CyMMbI

YICHOB, pPABHOOTCTOAIIUX OT KOHIIOB, PaBHBI:
X+X, =XK+X3=XK+X_,=...=

=X +X e K=1,2,..,n (2.2)
3) ®opmyna cyMMBI N TIEPBBIX WICHOB apu(METHIECKON ITPOTPECCHH:
g, =8 %y (2.3)
WY, YIuThIBas 1),
S = w . 2.3)

[TpuBeném ewmwé xapaxmepucmuueckoe colicmeo apupMeTHuecKon npo-
IPECCHH.

4) TocnenoBarenbHOCTh (X,) sBIsIeTCsl apuMETHIECKON Iporpeccueii

TOTrJa M TOJBKO TOraa, Korjga Ka)K,Z[BIﬁ YJICH IOCJICI0BATCIIbHOCTH, HAYMHAA
CO BTOPOI'0, paBC€H CPCAHEMY apI/ICI)MeTI/I‘leCKOMy COCCIHUX YJICHOB:

X .+ X
=501 P > (2.4)

n H

B 9 knacce croiictBa 1) — 3) ObUIH JOKa3aHBI, IOATOMY TIPUBEIEM JTOKA-
3aTeNbCTBO JIMIIG cBolicTBa 4). [lycTh manHa apudmernueckas mporpeccus

(x,), Torma mpu N>2 umeem X, =X, ,+d u X, =X, —d . CknaubiBas

HOYIEHHO 3TH PaBEHCTBa, MolydaeM 2X =X ; +X,,,. OOpaTHO, mycTh 114

n+l*

N-ro wrena (X,), N=>2, BHIoONHEHO paBeHcTBO (2.4), Tor;a

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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2X, =X, + X, WM X,,—X =X, —X,,. Orcioma mnoay4aem, dTO
X,y — X, =X, — X, T. €. JItoOble [[Ba COCEIHUX WICHA IOCICJOBATEILHOCTH
OTJMYAIOTCS HAa OJHO M TO ke unciao d=X,—X. Ilo omnpexeneHuo
T0CIIEI0BATENBHOCT (X,) sBIseTCs apudMeTHUecKoi nporpeccueit. [
Mpumep 2.1. Haiitu cymmy nepBeix 10 ujieHOB apupMeTHUECKOH Mpo-
TPECCUMH, €CIU Xg + X5 = 4.
Pemenue. [To popmyne (2.3) S, = X+ Xo4q, 3aMeTHM, YTO WICHBI Xg
2

M X, PAaBHOOTCTOST OT X, H X, coorBerctBeHHo. Ilo (2.2)

X, + X, = X5 + Xg , creoBarensHo, S, =—-10=20.

N

Ortger. 20.
Omnpenenenne. [TocnenoBarensHocTh (X, ), TMEPBBI WICH KOTOPOH OTIIH-

YeH OT HyJIl U KaXIbIH 4ieH, HauuHas cO BTOPOro, PaBeH MpeAblAyILEeMY,
YMHOKEHHOMY Ha OJIHO U TO € OTJIUYHOE OT HyJs YMCIO ( , Ha3bIBaeTCs

2eomempuueckoli npoepeccueti. Y1cno — 3nameHnamens npocpeccuu.

Takum o0pazoMm, TeoMeTpu4ecKas MPOrpeccHsl eCTh IOCIEA0BATENb-
HOCTb, 3a/laHHAsi PEKYPPEHTHO PABEHCTBOM X.,, = X,(, NEPBbIM YIEHOM
X, # 0 u 3namenarenem (0.

[TepeurcnvM OCHOBHbBIE CBOMCTBA TEOMETPUUECKOM MTPOTPECCHUH.
1) ®opmyrna N -To 4ieHa reOMETPUYECKON TPOTPECCHH UMEET BH/T

X, =xq"",neN. (2.5)
2) JInd KOHEYHOW IeOMETPUYECKOW NpPOrpeccu X, X, ..., X, IpOU3-
BEJICHHSI WICHOB, PABHOOTCTOSIINX OT KOHIIOB, PABHBI:
X0 o Xy = Xy Xy g = Xg - Xy p =.0n =

n

=X X K=1,2,..,n (2.6)
3) ®opmyna cyMMBl N MEPBBIX WIEHOB [EOMETPHUYECKOM MPOrPECCUU:
_ =9

Sn—Xim npu q#1lu S, =n-X npu q=1.

IIpuBeném emeé xapaxkmepucmuueckoe c80UcmE0 T€OMETPUUECKON Mpo-
IPECCHH.

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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4) Yucnosas mocienoBarenbHoCTh (X,) HEHYNIEBBIX WICHOB SBISETCS

TEOMETPHUECKON MPOTrpecCHell TOraa W TOJBKO TOTAa, KOrJa MOIYJb KakK-
Joro e€ uieHa, HAYWHAs CO BTOPOTO, PABEH CPEIHEMY T'€OMETPUIECKOMY

COCCIHHUX YJICHOB:
Xo| = \Xos * Xy N2, (2.8)

n>2. 2.8)

Jokaxkem cBoiicTBo 4). ITycts mocienoBatenbHOCTs (X,) sBISETCS TEO-

501050
2
(Xn) = Xyq o X

n+1?

MeTpHYECKOii nporpeccueid, Torma X2 = (%,q" ")’ =xq" 2 -xq" =X, ;- X,

OO6paTHO, MyCTh BCE WIEHBI MOCIEA0BATENLHOCTH (X,) OTIHMYHBI OT HyJS U

. 2 _ Xn+1 — Xn
s N-ro e€ wieHa, N>2, BBINOIHEHO X, =X, ,-X,,,, TOrga ——==—"—
Xn Xn—l
n+l — XZ — — X2
CrnenmoBarenpHO, —= = —=, WM X,,, = X, rae =—. Ilo onpeneneHuro
X X
TI0CJIeI0BATEILHOCTD (X,) SBISETCS F€OMETPHYECKOIl porpeccue. [
IIpumep 2.2. U3BecTHO, 9TO X, X,, ..., X, — T€OMETPHUYECKas IIPOIrpec-
- 1 1 1 .
cust. MI3Bectsl uncma S =X + X, +...+ X, u T =—+—+...+—. Haiitn
X% X
P=X-X-...-X,.

Pemenne. O603HauMM 3HaMeHaTeNb nporpeccun uepes ( . [Ipeodpazyem
HUCKOMYIO BETTUUNHY

Xy X e Xy = X X0 X0 = X

1+2+..4+n-1

n(n-1) n
=xq 2 =(xq")”
Ilycts q=1, TOrAa S=x a _11. [TocnenoBarenbHOCTD
q —
1/x, 1/ %,, ..., 1/ X, sABAgeTCS reoMeTpUUECKOil mporpeccueil co 3Hame-
1-q™ _1 qg"-1

narenem 1/ . CnenosatensHo, T = —

. ~ 71,T.e.T——'ﬁ.
X 1-q X 97(q-1)

© 2013, 30THI M®TU, Penxozydosa Enena IOpreBHa
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Orcrozia 3akmouaem, uto S/T =x’q"". [locneaHee paBeHCTBO, OYEBUIHO,

cipaseuBo u pu ( =1. Crnefosatensro, P =+/S"/T" .

OtBer. /S"/T" .

Hpumep 2.3. Tpu NOJOKUTEIBHBIX YHCIA OOpPa3yHOT BO3PACTAOIIYIO
aprdMeTHYeCKyI0 mporpeccuro. Eciu cpennee u3 nux ymenpmuts Ha 40%,

TO TOJMYYHTCS] TEOMETPHUECKAsl TPOTPECCHs], CyMMa YJIEHOB KOTOPOW paBHA
39. Hatiti o1 4ymcia.

Pemenne. OOo3nauMM JaHHBIE yucaa X, X,, X,. Ilo ycmosuro cymma
X, +0,6X, + X; paBua 39. ITo XapakTepUCTHYECKOMY CBOKMCTBY apH(pMeETH-
YECKON MpOrpeccuu 2%, = X + X, H, CIIeIOBATEIIbHO,
X, +0,6X%, + X, =2,6X,. Orcrona nmomy4aem, uto X, =15. Ilo xapakTepuc-
THYECKOMY CBOHCTBY reomeTpuueckoii nporpeccun (0,6X,)* = X, - X,. Htak,
X, +X; =30 u X -%, =81, 1. e. o 06parHOIi Teopeme Buera X, u X, sBIISI-

I0TCS KOpHAMH ypaBHeHHs X° —30X+81=0. KopHm 3Toro ypaBHeHHS
paBHbl 3 u 27, ciemoBatensHO, X =3 H X, = 27, MOCKOJIbKY MOCIE0-

BaTENBHOCTE X, X,, X3 IO YCIIOBUIO ABJISETCSA BO3PACTAIOLIEH.

Otser. 3, 15 u 27.
IMpumep 2.4. Haiitu dpopmyiry N -ro ujeHa MocieaoBaTebHOCTH, 3a1aH-

HOH pEKyppeHTHO: X, = %; X, =2X +1, neN.

Pemienne.  PaccMOTpuM ~ BCIIOMOTATENbHYIO — IIOCIIEJOBATENBHOCTH
y, =X, +a, rae 4ucio a mnoadupaercs TaK, 4TOObI MOCIIEN0BATEIbHOCTh
Y, Obuia reomerpuyeckod mporpeccuer. Iloacrabmsas X, =Y, —a wu
Xoz1 = Yo — @ B PEKYPPEHTHOE COOTHOIIICHUE, nMeeM
Vou—a=2(y,—a)+1, 1. e. Yy, ,=2y,+(1-a). IocnenoBarensHoCcTh

y, Oymer reomerpuueckoii mporpeccueit, ecim 1-a=0, 1. e. a=1.

3 N
Ilockombky Yy, =X +a= > ¢dopmyna oOmero uieHa TeoOMEeTPHYCCKON

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
10



2013-2014 yu. rog, Ne3, 10 kn. Marematuka. [TociaenoBarensnoctu. [Ipenesnsr

nporpeccud Y, 3anMimiercs Tak: Y, = 22”‘1 (y, = g, g=2). Tornma
x, =y —a=3-2""-1,n>2.
OtBer. X, =3:2"%-1, n>2.

§3. Ilpenen nocJie10BaTEILHOCTH

Ilpu yBenuueHHH N WIEHHI IIOCIENOBATEIFHOCTH X, =1/ N craHoBsTCA
CKOJIb YTOJHO MAJbIMH, HEOTPAHHYEHHO NPHOIMKAIOTCS (CTpEeMSTCsA) K
Hymt0. JIOTHYHO CcYMTaTh, YTO HOJIb — IpENeN MOCIeJ0BaTeNIbHOCTH (X, ).
OIHAaKO TAKOTO HHTYUTHBHOTO MOHMMAHHUS B 00JICe CIIOKHOM CUTyallul MO-
JKET OKa3aThCsl HEIOCTATOYHO. MBI JODKHBI TOYHO CHOPMYIHPOBATH, YTO
03HA4YaeT CJIOBO «Ipeaei» Ha s3bike uncen. CTporoe onpeseseHue npesesa
OBUIO CHOPMYITHPOBAHO JOBOJIBHO MO3AHO — TOJBKO B cepenune XIX Beka.
Jlesio B TOM, YTO B OTJIMYHE OT MCIOJIb3YEMbIX paHee «HA3bIBHBIX)» OIpejie-
JeHn# (TUMa OnpeAesieHUs] paBHOOCPEHHOTO TPEYroJdbHHUKA) 3/1€Ch OTHCHI-
BaeTCA Mpoyecc W3MEHEHHWS BEIMYMHBL: Mpoleras mo psay HaTypalbHBIX
gucen 1, 2, 3,..., n,..., Mbl HaGmrogaeMm 3a moBexeHHeM X, . Takwue
MIOHSATHUS TUI0XO (POPMAITU3YIOTCS.

[MomeiTaemMcss TOHSTH, YTO CIENYeT MPEANPUHSTh, YTOOBI MPOKOH-
TPOJIMPOBATh YTBEPXKACHUE « X, CTpeMHTcs K a». M300pasum uieHs!
MIOCJIC/IOBATEIBHOCTH HA YHCIOBOW OCH W OTMETHM Ha HEW TOYKy a.
[IpencraBum cutyaruio o0pa3Ho: Oynem nenath (Gororpaduu a Kaxablid
pa3 ¢ HOBBIM ONTHYECKUM yBesnueHueM. Uuciio a Oy/er mpeaesioM mocie-

JIOBaTEIBHOCTH X, €CIM a— «IApyr» X, : Ha Jr000i Takoil ¢oTorpapuu

.
OKaXyTCs BCE X, , HAUMHAsl C HEKOTOPOro HOMEDA.
[IpowuttocTpupyeM CKa3aHHOE€ Ha IPUMEpE I0CIeI0BATEIbHOCTH

X, =1/ n. B xauectBe «pororpadgun» a =0 MOXKHO B3STh CHMMETPHYHBII
untepBan (¢, €)'. ONTHYECKOMY YBEIMUEHHIO COOTBETCTBYET YMEHb-
wenue &. Ilycte k=1/¢&, torna 1/N<g& npu N >K wu, cienosarensHo,
yieH X, nomajgaer Ha «pororpaduron, T. e. —& < X, < ¢&. Hanpumep, npu

£=1/100 Bce umeHBI XX, ---»  OK@KYTICS B  HHTEpBaje

1
& — IpevuecKas 6y1<Ba <QOIICHJIOH)).

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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2013-2014 yu. rog, Ne3, 10 kn. Marematuka. [TociaenoBarensnoctu. [Ipenesnsr

(-1/100,1/100), mpu &£=1/1000 yxe TOIBKO WICHBI X, Xiogos «-e»
okaxyrcs B untepsane (—1/1000,1/1000) u . 1.

Onpenenaenne. Ynciao @ HaswplBaeTCsA npedenom TOCIEN0BATENLHOCTH
(x,), ecmu s JOGOTO TOJOXKUTEIBHOIO YHCIA & HalaETcst Takoe
JENCTBUTENBHOE YHCIIO K , 9To mpu Beex N > K BEHINOJIHAETCS HEPABEHCTBO

|x, —al< e. (3.1)

B osrom cimywae mumyt |im X, =@ (udraercsa: mpezmen X, mpu N,

n—oo
cTpemsmieMcss K OSCKOHEYHOCTH, paBeH a). llociaemoBarenbHOCTD,
UMEIOIIasl KOHEUHBIA TIpe/eNi, Ha3blBaeTcs cxodswyelicsi, B TPOTHBHOM
CIIydae — pacxoosaueics.
BbISCHUM TreoMeTpuYecKMd CMBICI IOHATHS npenena. Jusd Mmosoxu-
TENBHOTO YKcia & MHTepBaNl (&—&, 8+ &) Ha3BIBACTCS £- OKPECHIHOCHIbIO

Toukn a. HepaBenctBo (3.1) paBHOCHIBHO JBOWHOMY HEPaBEHCTBY
—&<X,—a<g¢ um

a—-¢<Xx,<a+e. (3.2)

HepasenctBo (3.2) moka3pIBaeT, YTO BCE WICHBI IMOCIEAOBATEIBHOCTH

(X,) ¢ Homepamu N >K mnomamalT B &— OKPECTHOCT TOYKM a. B

OIIPEAEIECHUN TIPEeNa YUCIO & MOXKET ObITh JIFOOBIM (CKOJIb YTOIHO Ma-
JIBIM), IO3TOMY HPOU3BOJIbHAS (CKOJIb YTOAHO Majias) OKPECTHOCTh TOUKU a

Colep)XUT BCe wieHsl (X,) 3a MCKIIOYCHHEM, ObITh MOXET, KOHEYHOro
uncna (puc. 2a). Ha ypoBHe rpaduka mocienoBaTeNbHOCTH 9TO O3HAYAET,

X
'
ate4----- — =t - - - -
[ [
[ [
[ [ .
2 I il S
| [
| | ] 1
as]----- PSR AR
[ |
. Yo | : !
1 anl 1 1 l ‘I ‘I ‘ l
X1 X2 a-'g Xn é al'l'&‘ X3 X O 1 2 3 N n
a) 0)

Puc. 2
YTO BHE CKOJb YTOJHO Y3KOW TOJOCHI MEXAYy MPSIMbBIMH X=a—& ©

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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X =a+& MOXKET OKa3aThCsl JIMIIb KOHEYHOE YKCio Touek rpaduka (X,)
(puc. 20).

3ameuanue. B omnpenencHnn mpeaena BEIOOp unciaa K, BooOIme roBops,
3aBUCHT OT ¢&. YTOOBl MOTYEepKHYTh 3T0, WHorma mumyT K =Kk(&).
JlokasaTb, YTO MOCIENOBATENBHOCTH (X,) HMeeT mpenern, (akTHIecKn
O3HAYaeT HAWTH (YHKIMOHAIBHYIO 3aBHCUMOCTE K or &. Boobuie,
OmpeJeNicHHe TMpejiesia MO BUIY HANOMHHAET HECKOHYAEMYIO JHCKYCCHIO
Mexay aByms smiiaMd A u B A 3amaér TouHocTh npuONMKeHHS &, B
otBet B ykaspiBaer uncio K, ¢ KOTOpOro 3ta TOYHOCTH TOCTUTACTCA, T. €.
BBITIONTHACTCST HepaBeHCTBO (3.1) mpu Bcex N>K; A yMeHbIIaeT TOYHOCTb,
B — ykaseiBaeT HOBoe K u T. ;1.

Ipumep 3.1. Ilycth X, =C— IOCTOsHHAs IOCIENOBATENBHOCTh. Jlo-

KazaTh, 4To |imX, =C.

n—oo

Pemenne. Ilycts BbOpano mpousBonsHOe ¢ >0. Ham HyXHO HaiTh
Takoe 4mciao K, uyro mpu Bcex N> K BBIIONHAIOCH Obl HEPABEHCTBO
| X, —C|<&. Ho 3T0 HepaBEeHCTBO paBHOCHJIBHO cilemyomeMy: |[C—C|<eg,
win 0< g, 4To BBINONHSIETCS IJIsl BCEX HOMEPOB N. DTO O3HAYaeT, 4To B
kadectBe K MOXHO BIOpath Jt000e uncio, Hanpumep, k=0. Torma s
moGoro N>K wumeer Mecto HepaBeHCTBO |X, —C|<e&. [o ompenenenuio

limX, =C.
nN—oo

3ameuanue. B pa3oGpannom npumepe uucno K ymamoch BeIOparth Tak,
yTOOBI OHO TOAMIIOCH Cpa3y Uil BceX & . Takol ciydaif He TUTTUYCH.
1
Ipumep 3.2. Jlokasars, uto |jm— =0.
n—oo n
Pemenne. [Tycts GurcupoBano npoussossHoe & > 0. Ham Hy>HO HaiiTi
Takoe 4mcino K, uto mpu Bcex N >K BeIMONHATOCH ObI HEPABEHCTBO

|l—0|< &, mwm N>1/e. Beibepem k =1/ . Torma ipu N > K umeem:
n

1 g=tci-,
n n k

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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1
Mo onpexenennto |jm— =0.
n—o0 n

Bompoc. Ilycts |imx,=a, &>0 wu wumcno k Takoe uTO

n—o
X, €(@—&,a+¢) mpu n>k. MOXHO M yTBEpKIaTh, YTO B MHTEPBAIC
(a—¢&; a+¢&) Her HU omHOTO M3 "ncen X , N<K?
Otsert. Hert. [IpuBeném cootrBeTcTBYOMMUM npumep. Onpeaenum

1 N
— 1pu N 9€THOM;
n

0 1npu n HeuéTHOM.
[ocnenosarensHocTs  (X,) WMeeT mpenen, paBHbli Hymo. Ilycrts
£=0,01, torga Bce wiensl ¢ Homepamu N >100 momamaror B WHTEpBaN

(—¢; €), a, HanpuMmep, wieH X, = 0,01 yxe He nomamaer B Hero. OgHaKo

YJIEHBI X;, X3, ..., Xg9 C HEYETHBIMA HOMEPAMH TOXKE JIEXKAT B (—g; g).
HarmsinHoe npeacTaBieHue O Ipenesie MOXHO IIOJy4HTb, CUMTas, 4TO
X, —KaKue-To (HU3MYEeCKUE BEIUYUHBI, KOTOPBIE MBI MOXKEM H3MEPATH C
onpenes€HHON TOYHOCTBIO, JomyckaemMol mnpubopamu. Ilycte & ecTb
TOYHOCTH MPUOOpA, TOrJa HEpaBeHCTBO | X, —a|< & o3Hauaer, 4TO MBI HE

CMOXeM OoTIMuuTh X, oT a. Takum oOpasom, ycimoBue |im X, =a
n—oo

03HAYaeT, YTO MPH JIFOOOH TOYHOCTH H3MEPEHHS MOCIe0BaTeNnbHOCTh (X)) ,

HayuHasi C HEKOTOPOro HOMEpa, HE OTIMYAeTCs OT IOCTOSHHOM
MOCJIEIOBATECIBHOCTH A, A, A, ... .

Bomnpoc. MoryT 51 1Ba pa3HbIX 4ncia ObITh IpeAeaMi OJJHOW U TOH JKe
II0CJIeJ0BATENbHOCTH?

OtBert. Her. [IpeamonoxxuM, 4To ABa pa3HBIX 4ucia a H b sensrorcs
Tpe/IesaMu OJIHOM 1 TOM e TmocnenoBarenbHocTh (X,) U MyCTh, HAPUMED,
b>a. Ionoxum &= (b—a)/3, Torna & -okpecTHOCTH Touek @ u D He
nepecekarotcs (caenats 4epTéx!). BBUAy ycrnoBus HaliyTcs Takue yucia
K, n K,, uro mpu Besikom N> K, uieH X, JIEKHT B & -OKPECTHOCTH TOYKH
a u npu BeskoM N> K, unen X, JIEXKHUT B € -OKpecTHOCTH Touku b . Ecin

Teneps B3aATh Kakoe-uubyas N > max{k k,}, to oxaxkercs, uro X, mexur

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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OJHOBPEMECHHO B & -OKPECTHOCTH TOYKH ausB¢& -~OKpPCCTHOCTHU TOYKH b , a
9TO HEBO3MOKHO, ITOCKOJIBKY OKPECCTHOCTH HE MEPCCCKAIOTCA.

Ipumep 3.3. [lokazats, yro eciu | (|<1, To limq" = 0.

n—oo
Pemenne. Eciu q=0, o " =0 npu mo6Gom N, B 3TOoM ciydae

YTBEpXK/ICHNE OYEBUIHO.
st cyyast  # 0 mpeaBapUTeTIbHO YCTAHOBUM OJIHO BCIIOMOTATEIBHOE

1 1
HepaBeHcTBo. [o ycnosuio |(|<1, Torna — >1 wu, 3Hauwr, ﬁ=1+a
q q

IJI1 HEKOTOPOro a>0. Bo3Boas 00e yacTu IOCJICAHETO0 HEPABCHCTBA B

1 "
cremeHs N, TOdy4UM W=(1+ a)". Tlockomeky « >0, TO BCe
q

cj1ara€MbIC, KOTOPBIC ITOJIYHAarOTCA IIOCJIC paCKPbITUA CKOOOK 1 IMPUBEACHUA

MOJOOHEBIX YJIEHOB B (l+ a)n, SIBIAIOTCS IIOJIOKUTENBLHBIMUH. OgHUM U3

cllaraeMbiX sBIAETCA. N, TOITOMY CIIPABEIIMBO -=(1+a)">na

U, 3HAYUT,

a1
lal'<s—. 33)
No

C noMolIpi0 MOJYYSHHOTO HEPaBeHCTRA JIoKaxeM, uto |img" =0.

n—o

MBI JIOJDKHBI TIOKa3aTh, 4To i moboro & >0 cymectsyer uucio K,
Takoe 4to mpu Bcex N> K Bemonnsercs nepasencreo " —0|=|q['<e.

1
Bribepem K = —, Torma mpu n > K
as

2 JetictutensHo, (1+ )" — 3To mpom3BeneHHe N coMHoXkHTeNeH 1+ o
I+a)(l+o)-...-(1+0a).
UneH o momydaercs TONBKO B CIydae, KOTJa M3 OXHOH CKOOKH MBI OepeM « , a
u3 ocTanbHBIX - 1. ITockonbKy y Hac Bcero N CKOOOK, TO IOCIIE IIEPEMHOMKEHHUS MBI

nonyunm N cnaraembix Buaa 1" - ¢, T. €. ko3 duuuenT nepex o pasen N.

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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1 1 1
n>—<s<no>—<=—<g¢
oe &  Na

1
u B cuny (3.3) |q"—-0|=|q|'<—<eg, uro u TpeGoOBaNOCH IOKA3aTh.
na

OtmernM, uyto B maparpade 4 (npumep 4.1) Oyzmer nmaHo japyroe
JI0Ka3aTelIbCTBO.
Bomnpoc. Ilycts limX, =a, ¢ >0. MoxHO 11 yTBep:KAaTh, 4YTO HAHAETCS

&
Takoe yncio K, 9ro | X —a|< > npu Bcex N>k ?

Otser. nma. IlockonbKy |imX, =a, TO MO ONpEAENCHUIO Ipenena A

n—o

11006020 TIOJNIOKHUTEIBHOTO YWCIIA ¢, a CIeIoBaTelbHO, U M1t a =&/ 2,
Hainéres yncno K , Takoe uto | X, —a|< o mpu Bcex N>K.

ChopmynupyeM HeoOXOAUMOE YCIOBHE CYIIECTBOBAaHHUS —Ipejena,
JI0Ka3aTeJIbCTBO KOTOPOT'O IPUBOJMTCS B cieaytoleM naparpade.

Teopema 3.1. Eciu nociedosamenvHocmv umeem npeoei, mo OHA
ocpanuiena.

— 12
IIpumep 3.4. JloxaszaTh, 4TO IOCIENOBAaTEIBHOCTE X, = N° HE HMEET
npeena.
Pemenne. B npumepe 1.5 Obuto Moka3aHo, 4TO JaHHAS MOCIEIOBATENb-
HOCTb HE sBJIsIeTcs orpaHudeHHoi. [To Teopeme 3.1 3akmouaem, 9To moce-

JIOBaTEIbLHOCTD (Xn) pacxouTcs.

Crnenyromuii mpuMep TOKa3bIBAET, YTO OTPaHWYECHHAS IOCIIEI0BATENb-
HOCTh MOXET ¥ HE UMETh TMpeJieia, T. €. 00paTHOEe YTBEPIKACHUE K TeopeMe
3.1 HeBepHO.

Mpumep 3.5. [lokazats, uto nocinenosarensrocts X, = (—1)" ne umeer
npezena.

Pemenne. [Ipennonoxum NpoTUBHOE, T. €. KAKOE-TO YUCIIO & SBISIETCA
HpeesioM 3Toi TmociemnoBatensHocTi. Torma it & =1 Haipércs Takoe
uncino K, gro |Xn —a|< 1 npu Bcex n>k. Iycts Homep N >k, Torma
| Xy —@l<1 u|x,,—al<l. Ho oaHo u3 uncen Xy, U Xy,, paBHo I, a

apyroe pano —1. [Tostomy |-1—a|<l1l u |1—a|<l1, 1. e. onHOBpeMEHHO

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
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O0<a<2 u —2<a<0. [onyyeHHOE MPOTHBOPEUYHE MOKA3BIBACT, UTO
T0CJIEI0BATENBHOCT (X,) PacXoauTes.

[lpu BBIYMCICHMM TIPEACIOB HA TMPAKTHKE PEAKO TOJIB3YIOTCS
omnpeneneHreM. OOBIMHO MPUMEHSIOT CTAHJIAPTHBIE MPEJeIbHBIC PaBSHCTBA
(cm. mpumepsr 3.2 u 3.3) u crueAyouryro TeopeMy 00 apupMETHUECKUX
oTepaLusX C MpeeaMH.

Teopema 3.2. Eciu nocredosamensnocmu (X,) u (Y,) cxodsmes, mo
cxoosmess u nocnedosamenvhocmu (X, +Y,), (X,-y,) u x 1y, (s

nocieonem ciyyae npeononazaemes 'y, #0, limy, #0). IIpu smom
n—oo

1) lim (X, +yn)—I|mX +limVY,;

2) lim (Xn ' yn) = (Ilm Xn) : (Ilm yn) ;

lim X,
3) Ilm N — Now .
n—wo Y, ||m Ya

n—oo
Jloka3aTenbcTBO TeopeMsl 3.2 o0cykaaeTcs B cleayroeM naparpade.
Ipumep 3.6. Jokazatb, YTO NOCTOSTHHBIA MHOKUTEIb MOYKHO BBIHOCUTb

3a 3HaK npezena, T. €. |[im CX,, = Clim X, a1 modoro C € R.

n—oo n—oo

Pemenne. B camom jene, paccMOTpUM HOCIEI0BAaTENbHOCTh Y, = C

Iockonsky lim Y, = C (mpumep 3.1), To mo Teopeme 3.2 2)

n—oo

limcX, =limcC-lim X, =Clim X,.

n—oo n—oo n—oo n—oo

1
ITpumep 3.7. [Tokasars, uto |im— = 0.

n—oo n
Pemenue. ITockonsky lim — = 0, To o teopeme 3.2 2)
n—w N
1 1 1
lim— =lim—-lim—=0.
n—ow n nso N nowi
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3ameuanue. Teopemy 3.2 MOXHO 0000IIMTH Ha MPOU3BOJBLHOE

(KOHEYHOE) YHCIIO claraeMbIX (CoMHOXKmTenel). B wactnocty, |lim—- =0
n—w N

utst mro6oro me N .

n+2)° —n(n-1)3
IIpumep 3.8. Haiitu |im ( ) 5 ( ) .
n—o0 n°+11

Pemenne. O603HaYNM I[p06b, CTOAINYIO ITOJ 3HAKOM Mpeaeciaa, 4epes3 Xn .

B uunciurene wu 3HaMeHaTese Xn CTOAT TIOCICOAOBATCIbHOCTH, HC

SIBIISIFOIUECS] OTPAHMYCHHBIMU (JIOKa3bIBACTCS aHAIIOTHYHO mpuMepy 1.5).
[To Teopeme 3.1 OHM HE MMEIOT Hpenelia U TeopeMa O Mpeaesic YacTHOrO
(Teopema 3.2 3)) «HanmpsAMy0» 37ie€Ch HelTpUMeHUMa. [locTynum cieayronmm
00pa3oM: TOJIeTUM YHCIIUTENh U 3HAMEHATENIh Ha HAUOOJBIIYIO CTeTICHb N .
ITo ¢popmynam cokpaménnoro ymuoxenus (N+2)°—n(n—1)’=8n’+11n+8,

TaK 4TO Xn MOJHO IEPETIUCaThb B BUJIE:

,o 11 8 11 8
_sn’+iing MO g 8 s
n 2
n"+11 n%1+}%) 1+}%
n n

Tenepb B YUCJIHUTCIIC U 3HAMCHATCIIC Xn CTOAT CXOOAIIMECA IMOCIIEI0BATCIIb-
HOCTH:

11 8 1 1
Hm[8+FAWFj=ﬁm8+ﬂﬁm—+8ﬁm—;=&

n—o n—o n—w N n—w N

11 1
Hm(L%F)=ﬁml+HMm—3=L
ITo Teopeme 3.2 3)
11
8+E+E2 Iim(8+n+:2j
lim X, = lim —" - =22
N> n—>o0 11 ) 11
n n

n—oo

-3-g
1

OrtBer. 8.
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Onpenenenne. ['eomerpuueckas nporpeccust (X,) HasbiBaeTcs Hecko-

neuno yowviearowet, ecma |Q|<1, rme - 3uamenarens nporpeccun. Cym-
Mmoti OecCKOHEYHO YOBIBAIOIIEH TEOMETPUYECKON IMPOTPECCH Ha3bIBACTCS

uncno S = |im S,, rae S, — cymMa e€ nepBbIX N 4ICHOB.
n—oo

Ipumep 3.9. Jlokasars, uTo eciu reomerpuyeckas nporpeccus (X.) ¢

noKasareaeM ( sBIsieTCs OECKOHEYHO yOBIBAIOIICH, TO €€ cyMMa paBHa

X
1-q
Pemenue. Tak kak Sn=X1q —1_ % q"+ % , TO
q-1 qg-1 —q
X X
= S —1 + =
i, = gl lm

= 0+ = .
q-1  1-q 1-q
Ipumep 3.10. 3anucats 3nauenue Boipaxenus 1,7(5)=1,7555... B

BUJIC OOBIKHOBEHHOM ApOOH.
Pemenune. Umeem

5
171G =1 >y 2y >, S e 1 179
10 10° 10° 10 10, 1 1018 45

10

OtBert. 79/45.
Criefyroniee MOJIE3HOE CBOWCTBO TPEIEIOB H3BECTHO I0J] HA3BAHHUEM
meopempl 0 «3aHCAMOLy NOCAe008AMENbHOCI.

Teopema 3.3. Ilycts (x,), (Y,) u (z,)— Takue mocienoBaTenbHOCTH,

uyto X, <Y, <z, npuscex N€N wu |limx, =limz, =a. Toraa limy, =a.

nN—o0 nN—oo nN—oo

Noka3zateabcrso. st nansoro € >0 cymecrByer takoe uncio K, 4o

YICHBI X, JIGKAaT B HHTCpBaje (a—¢g,a+¢&) nupu Beex n>k,

CYHICCTBYECT TaAKOC€ HYHCIIO kz’ YTO YJICHBI Zn JIC)KAT B HHTCPBAJIC

(a—¢ga+¢) mpu Becex n>Kk,. Iomoxum K =max{k, k,}. Torma mnpu
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N>k onnoBpemenno X e€(@a—&a+eg) wu z e(a—-ga+eg) wu,
ciaefoBaTelbHO, A— &< X, <Y, <7 <a+e¢,T.e. Yy e(a—-¢ga+e), uro

1 Tpe0oBajoCh. [
Ipumep 3.11. /lana mociie1o0BaTeIBHOCTE

1 1 1
X, = + +o

JnP+1 n?+2 n’>+n
Joxka3ats, uto lim X, =1.

n—oo

Pemenue. HOHpO6yCM «3axxaTtb» Xn MCKAY YJICHAMU IOCJICI0BATCIIb-

HOCTEH, CXOISLIMXCS K OOJHOMY M TOMY K€ YHCIY, U IPUMEHUM TEOpeMy
3.3.

1
3aMeTHM, YT0O ———— — HauOoJblIasg, 3 ————— — HauMeHbIIas ApoOb
Jn? +1 n’+n
1
cymmsl X . Torma BepHa omeHka N ——=<X <N-

Jnfen T n’+1
IMockonsky N> +N<n®+2n+1, torma

2 1 1 n n
Vn+n<n+les > = >

Jnien N+l T n24n n+l

n n )
YunthiBai ————= < — =1, nonyyaem:

Jni+1 n

n < n <x < n <1
— n_— .
n+l Jn?4n Vn? +1
n
[Tockonmbky  lim = lim =1 u |iml=1, no Teopeme 3.4
nsoN+1  nowo 1 n—oo
1+—
n
limx, =1.

§4*. Teopembl 0 nmpexeaax

Oror maparpad MOCBAMIEH JOKA3aTENbCTBY OCHOBHBIX TEOPEM TEOPUHU
npenenoB. DOpMyTUPOBKM HEKOTOPBIX W3 HUX OBUIM MpPHUBEACHHI B
naparpade 3.
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Joka3arenabcTBo Teopemsl 3.1. ITycts [imX, = a. IlokaxeM, uTo mocie-

n—o

noBarenbHOCTh (X,) orpannuena. CormacHo mpumepy 1.3 s atoro
JIOCTAaTOYHO TOKa3aTh, YTO BCe € WICHBI JISKAT Ha HEKOTOPOM OTpE3Ke.
Bosbmém ¢ =1. Toraa mo onpeneneHuo npeaeia Haaeres uncio K rakoe,
uro Bce wieHsl (X,) ¢ Homepamu N >K nomamaior B MHTEpBA
(a—L a+1). 3a mpegemamu 3TOTO WHTEpBaia MOXKET OKA3aThCs JIHIIb
KOHEYHOE YUCIIO YIEHOB X;, X,,..., Xy, r1e N — HauGonbluii 13 HOMEPOB

n<k. Jlo6aBum k 3tomy Habopy umcia & —1 u a+1 u u3 moaydeHHoro
HaOopa uwmcen BbiOepeM HamMeHblee (0003HaYMM ero yepe3 M) u
HaubosbInee (0603naunM ero yepes M ). Toraa orpesok [m; M] comepxur

YK€ BCE WICHBI JaHHOM MOCIEN0BAaTENBHOCTH: M < X < M nns Becex Nn. [J

IIpu moka3aTenbCTBE TEOpeMbl 00 apU(pMETHYECKHX OIeparusx ¢
npenenamMmu OyeM UCIIONb30BaTh ONPeIeNICHNE MPeIea H HePaBEHCTBO
| X+ Yl x][+]yl. (4.1)

HoxazarenbcTBo Teopemsl 3.2. ITycts |im X, =a u limy, =b.

n—so0 n—e

I. doxaxem, uto lim(X, +Y,)=a-+b. Ilycts BbIOpaHO NpOHM3BOJIBHOE

nN—oo
£>0. Ham HyXHO TMOKasaTh, YTO HaHAETCA Takoe UYHCIO K, dUTO
| X, +Y,—a—Db|<& upu Bcex n>k. Io ycnosuro Haiigyrest uncna K, u

£ £
K, Takue, uro | X, —a|< =, kak Tonsko N>k, u |y, —b|< = xak Tonbko
2 2

n>Kk,. Monoxum K =max{k,, k,}. Torna no uepasencrBy (4.1) npu
n >k umeewm:

| (X, +Y,) —(@+b) [F (x, —a) +(y, —b) [<
€ €
<X — —blk=+==¢,
[ ~al+]y,-bl<+Z =

YTO U TpebOBaIOCH.
II. doxaxem, uto [im(X,Y,)=ab. ®ukcupyem mnpousBonsHoe &>0.

n—oo

Ham HyXHO mOKa3aTh, YTO CYHNIECTBYET Takoe 4uHucIo K, dro
| Xy, —ab|< & mpu Bcex n>k, Ilo teopeme 3.1 mocnenoBaTenbHOCTH
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(x,) u (Y,) orpannuensi; Tem cambim Haiinéres Takoe C >0, uro | X |<C
u |y, |<C mpuscex n,arake |al<C, |b|<C. 3amernm, o
| X\ Yn —ab |:| XY, — an + an_ ab |:| Xn(yn _b) + b(Xn _a‘) |
U, CIIeIOBATEIIbHO, TI0 HepaBeHCTBY (4.1)
Ixy, —ab|<Ix |-y, —b[+|b|-|x, —a]
Beuay ycnosust cymectyer uncio K, takoe, uro | X, —al< &2C s

Bcex N>k, a rtawke uncno K, takoe, uro |y, —D|< &2C mis Beex

n > K, . Eciu nonosxure K = max{k;, k,}, o mpu n >k nmeem:

& &
XY, —abl< x, |-|y,=b|+|b|-|x,—al<x C—<-+C—<=g¢,
%Yy —abl X, [-]Y, —bl+]b]-|x, —al< Co-+Co=¢

9TO U TpeOOBaAJIOCH.

Jlins noKa3aTenbcTBa OCTABLIErOCs ITYHKTa TEOPEMBI HaM IMOTpeOyeTcs
CIemyroIunii (haxT.

Jemma 4.1. Ecu Y, #0 u limy, =b#0, mo nocreoosamenvrocmo

n—oo
(1y,) oepanuuena.
HokazareabcTBo JemMmbl 4.1. Tlomoxxum B ompeneneHud Mpezena

_|b] e bl
& =-— . Torua cymecrtByer Takoe uucio k, uro |y, —b|< el IpHU Beex
n>k. U3 mnepaBenctBa (4.1) BeITekaer, uyro |y —Db[Xb|-]|y |.

CnenosarensHo, npu Beex N > K umeem

y, 2Rl o] < 2

2 |y, 16l

ITycts N — nHamGombmmit u3 HoMepoB N<K. Jlo6baBuMm k unenam 1/y,,

1ly,, ..., 1y, uucna —2/b u 2/b n u3 nonyuennoro HaGopa BbIGEpEM

HauMeHblee (0003HaUMM ero vepe3 M) u HaubOonbmiee (0003HAYMM €ro
gepe3 M). Torma otpesok [m; M] comepxur Bce  uiieHBI

nocnenosarensroctd (1/y,), uro u tpeGoBaocs.
IMockomeky X /y, =X -(1ly,), myHkr 3) Teopembl 3.2 BBITEKaeT U3

nemMmbl 4.1 W cremyromero yTBEpXKISHHs, I0Ka3aTelbCTBO KOTOPOTO
OCTaBJISIEM YNTATEIIO B KAUECTBE CAMOCTOSATENBHOTO YIPAKHEHMSL.
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11
Vreepwxnenne. Ecnu Y, #0 u limy, =b#0, 10 lim—=—.

n—ow n—oo yn b

B Teopum 1mpeneiroB BaXHYIO pOJNIb WTpaeT CleAyrommil (akr,
JIOKa3aTeIbCTBO KOTOPOTO HE IPUBOIAMM.

Teopema 4.2. (Beiiepmirpacca). Bcsakasi MOHOMOHHAS O2PAHUYEHHAS
noc1e008amenbHOCHb UMeem npeoel.

Ota Teopema HSKBHUBaJCHTHA CBOWCTBY IIOJTHOTHI MHOXKECTBA JEHCTBH-
TenbHBIX yucen. OOpa3Ho TOBOPS, CBONCTBO MOJHOTHI COCTOUT B TOM, YTO Ha
YHCJIOBON OCH HET «IIPOKOJIOB» U «IBIPOKY.

Bomnpoc. Ilycte [imX, =a. MMeer 1M mpenen MOCIEIOBATEIBLHOCTD

(Xn+l) ?

IIpumep 4.1. Ucnons3ys Teopemy Beliepiirpacca, noka3aTh, 4TO €CIH
lg|<1,ro limg" =0.
n—o
Pemenne. [l 0 = O yrBepskaenue oueuano. [lycts q € (0, 1), Torma
Xig =0 X, (4.2)
ClenoBaTenbHo, X, ., < X, TpH BCeX N, T. €. MOCIeA0BaTENbHOCTH (X, )
ABJIAETCA CTporo yoObiBaromied. B wactHoctn, X, < X, npu Bcex N. Kpome
toro, ouesuano X, >0 mpu Bcex N, 1. e. mocnenosarensHocTh (X))

orpanudena. ITo teopeme 4.2 cymectByer |im X,,. O0o3HaunM ero yepes a.
n—oo

Torma, mepexons x mpeneny B paBeHCTBe (4.2), momyyaemM a=(-da, T. €.
a=0.
[ycts Teneps ( € (—1, 0), Torna cnpaBeaIMBO HEPABEHCTBO
-lal'<q"<qf".

[ockoneky | qle (0,1), To mo nokasanxomy Beime |im|q['=0, Torma
nN—oo
cormacHo mpumepy 3.6 u lim(—|q[|')=0. Ilo Teopeme o0 «3axaroi»
n—o0

mocienoBatensHocTH (Teopema 3.3) [imQ" =0, uro 3aBepraer A0Ka3aTelb-
n—oo

CTBO.

Hanum oOocHOBaHME OAHOTO CrOco0a MPUOMMHKEHHOTO W3BICUEHUS
KBaJpaTHbIX KOpPHEW, BCTpEYaBLIErocs eme B JPEBHUX BaBHJIOHCKUX
TEKCTax.

© 2013, 30THI M®TU, Penkozydosa Enena IOpneBHa
23



2013-2014 yu. rog, Ne3, 10 kn. Marematuka. [TociaenoBarensnoctu. [Ipenesnsr

Ipumep 4.2. [ocnenosarensHocts (X,) 3a1aHa PEKypPEHTHO

1
Xn = E X, + XE ’ (43)

rae X, >0, a> 0. Jlokasats, uto limx, = /a.

n—o

Pemenne. ITockoneky X, >0 u a>0, Bce wieHbI MOCIEN0BATENLHOCTH

nosioxuresbHbie. [pumenss nepaserctso (C+d)/2>+/cd mist cpennero

apu(METHYECKOTO U CPEIHETO FEOMETPHUYECKOTr0, U3 (4.3) momyyaem:
1 a a
Xy = =| X, +— | 2 xn—:\/g,
2 X X

n n
T. €. X, > \/5 U1 Bcex N = 2. Orcrona BBEITEKAET, YTO
2
a— X,
2X,

T. €. MOCIENOBaTeNbHOCTh (X,) SBISCTCS HECTPOro YOBIBAIOLICH NpH

<0,

Xin — X =

n>2. Kpome Toro, (X,) orpanudena: Jas< X, <X, st Bcex n>2. Ilo

teopeme 4.2 cymectyer |imX, =D wu mo Tteopeme 3.4 bZ\/a>0.

n—oo
1 a
Ilepexonst B paBencrBe (4.3) K mpemeny, moiaydaeM b= E(b+6)' OTKy/a
b? = a u, 3uauur, b=+/a.
§5. IlonsiTue o npenese pynkunu. HempepbiBHOCTH (PyHKIMH

[ycts ¢ynxkuus Yy = f(X) ompenenena nHa HexkOoTOPOM HHTEpBAE,

coziepkaiieM Touky a € R, 3a uckimouennem, GBITH MOKET, CaMOii TOUKH
a’
Onpenenenne. Yncno A uaseisaercs npederom Gynxumu Y = f(X) B

TOuKe &, ecnd JuIs obod mnocienosarensHoctd (X,) W3 obmacth eé

sin X

3 Hanpumep, byHxmus y= orpezieieHa Ha JII000M WHTEpBale, CoJepiKalieM

Touky 0, kpome camoii Touku 0.
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omnpejeieHusT TakoW, 4YTo X, #a #u [imX, =a, BBIIOJHACTCI PaBECHCTBO

limf(x,)=A.

N—oo

O6osnauenue: limf(x)=A, nm f(X) > A npu X > a.

X

3ameuanue. B onpenenennn npesena paccMaTpUBAIOTCS 3HAYCHUS X,
HE paBHbIE &, MO3TOMY B CaMmou
touke @ Qyukuus Yy = f(X) moxer
OBITH HE ONPEJIENEHa; €CITH 3HAYEHHE
f(a) ompememeno, To omo me f(X)f- - - - -~

06s13aH0 coBmanath ¢ A. K Tomy xe, f(x,)
MOCKOJIBKY TOCIICAOBATENBHOCTD ¢ (X;l_

(f(x,)) umeer me Goxee omHOrO

|

|

|

o

|

| | :

npeaena, MOAydYaeM, 4YTO  €CIH L
bynkuust Yy = f(X) umeer mpenen 0 ax, X, X X

opH X—>a, TO OTOT Mpenel
p . pea Puc. 3
CAUHCTBCHHBIN.

Ha pucynke wu3o0pakeHa JHIIb OJHA IIOCIEAOBATENBHOCTH (X ),
KOTOpasi K TOMY JK€ SBISETCS MOHOTOHHOW. BakHO NOHMMAaTh, YTO

lim f(x,) = A ms mo6oii mocnenosarensHoct (X,) ¢ ycinoBuem X, # &
nN—o

u [imX, =a.

n—o

IIpumep 5.1. lokazate, uto |imx=a.

x—a
Pemenne. OueBnnano ¢ynkuums f(X) =X onpenenena wa moGom
WHTEpBaJe, cojepKalleM a. BpibepeM IMPOM3BOJNBHYIO MOCIEN0BA-
tenpHocTh (X,) Takyro, uro X, #a u |imX, =a. Torna (X)) =X, wu,

n—o

3Hauur, limf(x,)=a.

n—oo

Ipumep 5.2. Jlokazarp, 4TO HOCTOSIHHBIN MHOXXUTENb MOKHO BBIHOCHTH
3a 3Hak npegena, T. €. ecm limf(X) = A, o limcf (X) = CA mnsa mo6oro

x—a X—a

ceR.
Pemenne. Ilycte ¢ynxkuus Y = f(X) onpenenena nHa HexoTopom
MHTEpBAJIE, COEPKAIEM a . BbiGepeM 13 3TOro MHTEPBAIA MIPOU3BOJIBLHYIO
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nocienoBaresbHocTh (X,) Takyro, uto X, #a u |imX, =a. Torma u3

n—o

npumepa 3.6 cieayer |limcf (X,) =climf (X,) = CA, uro u TpeGoBanocs.

nN—o0 n—oo

Ipumep 5.3. [lokasars, yro npu a > 0 Iim\ﬁ = \E.

X—a
Pemenne. Oynxuus f(X) =+/X onpenenena npu X >0 wu, ciemosa-
TENIbHO, OMpPEJIEiCHa Ha HEKOTOPOM MHTEpBalle, cojiepkaiieM a . BeiGepem
M3 3TOr0 MHTEpBala IPOM3BOJIBHYIO MOCIEAOBATENBHOCT (X,) Takyro, 4to

X, #a u |limX, =a. Ham Hy>XHO NTOKa3aTh, 4YTO Iim«an = JE . @ukcupyem

n—w n—o

IIPOU3BOJILHOC ¢ >0, Ttorma Hainércs Takoe 4yucio K, 4yrto npu N> k

BBIMOJTHSAETCS HEPABEHCTBO | X, —a|< &+/a . ClieyloBaTenbHo,

_1G% —a)Wx +Va)l _[x,-al _
o el a °

9TO U TpeOOBaJIOCH.
x* -1
Ipumep 5.4. Jlokazats, 9To |im 1 =2.
x->1 X —

2_

Pemenue. Oynxiums f(X) = onpeJerieHa Ha JI000M MHTEpBaje,

comepskameM X =1, kpome stoit Touku. [Tockonsky npu X # 1 umeer Mecto
paseHctBo f(X)=X+1, To s J0GO# mocnenoBarenbHOCTH (X,) TaKoH,

uro X, #1 u lim X, =1 semonusercs lim f(X,) = lim X, +1=2.

n— n—oo n—o
HpH peHmICHUN MNOCICAHUX IMPUMCEPOB Mbl MNOBTOPAJIM OAHU MU TC KC
PacCyKICHUA. HUx MOXHO IIPUMCHUTL IIPU J0Ka3aTCJILCTBE CBOMCTB
npeacaioB (I)YHKI_II/Iﬁ n B ):laJ'ILHeﬁH.IeM IIpU BBIYUCIICHHUU Y7KC IOJIB30BATHCA
STHMU CBONCTBaMH.

Teopema 5.1. Ilycmo ¢ynxyuu Yy = T(X), y=0g(X) onpeoenenvt na

HekomopoM unmepeane, cooepycawem mouxy a € R, 3a uckuouenuen,
6otms moocem, camoti mouxu @, lim F(X) = A u lim9(x) = B. Tozoa

1) |Xi£ra1(f(x)+g(x))= A+B; ’ ’
2) 1imf ()g(x) = AB;
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3) ecnm pononuurensio g(X) =0 mpu X#a, B=0, 1o
f(x) _A
im——=—.
X—a g(x) B
JokazateabcTBo. [IpuBeném mokazarensCTBO JUIIL TSI CBOWCTBA 2).
OcTanpHbIe CBOCTBA JOKA3BIBAIOTCS AHAIOTUYHO.

[lycth HEKOTOpas MpPOM3BOJBHAS —MOCIEAOBATENBHOCTH  (X,) U3
WHTEPBalla, HA KOTOPOM OMNpEJeNeHbl ()YHKIMHM, TaKOBa, 4To X, #a H

limx, =a. Toraa no ompexaenenuto npexaena dyukuun lim f(X.)= A u

n—e n—oo

limg(x,)=B. Tlo Teopeme 3.2 2) I[imf(x)g(x)=AB. B cuay

n—w

IPOM3BOJIBHOCTH TOCIEAOBATENBHOCTH (X,) ¥ ONpeAeNneHus mpejena

¢byukimu nmonmyvaem, uto limf (x)g(x) = AB.[]

Onpenenenne. Oynxkuus Y = f(X) naseiaercs nenpepwisnoii B Touke

a, ecmu |imf(x)=f(a), 1. e. ecim s 060t nocnenosarensrocTd (X))
X—a

n3 obnactu oInpeaeIcHus (byHKuI/m TaKoM, 4TO limX, =a, BBIIOJIHICTCS

n—oo

pasenctso |limf(x )= f(a).

3ameyanue. OTMETHM JBa 0OCTOATENILCTBA, CBI3AHHBIX C ONPEICICHUEM
HENPepbIBHOCTH. Bo-mepBhIX, OoroBopka X, # @ 34€Ch HE Hy)KHA, T. K. IIpU

X, =a coorsercrByromme 3nauenus f(X,) pasust f(a). Bo-Bropsix,
B&)XHO MOHMMATh, uTo ecii Gpynkimst Y = f(X) HenpepsiBHa B Touke a, TO

1) ona onpenesniena B Touke a ; 2) cymectsyer |im f(X) = A u3) A=f(a).

X—a
Ecmm xots 061 oivH U3 MyHKTOB 1) — 3) HE BBINIOIHEH, TO PYHKIUS HE SBJIS-
€TCsI HEIIPEPBIBHOM B TOUKE A .

Ipumep 5.5. @yuxuus f (X) = X HenpepbiBHa B m060ii Touke acR.
Oto cnexyet u3 mpumMepa 5.1 u ornpenenenns HenpepbIBHOCTH (GYHKIIHH.

3ameuanue. 3 teopemsr 5.1 BeiTekaeT, uto ecinm QyHkiun Yy = f(X),
Yy =0(X) menpepsiBHbl B TOuke a, 1o ¢ymkumm Y= f(x)+g(x),
y=f(x)g(x), y=f(x)/g(x) (g(a) # 0) raxxke nHenpepsIBHLI B A .
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Onpenenenne. Dyuxius Y = f(X) waswBaercs nenpepwisnoi na
unmepesaie (KOHEUHOM HIIH OECKOHETHOM), €CJIM OHA HEMPEPHIBHA B KK IO
TOYKE 3TOTO UHTEpBaja.

IIpumep 5.6. MHOrOUNIEH HENPEPBIBEH HAa BCEH YMCIOBOM MPSAMO.

Pemenne. ITycte P(x)=a x"+a, X" +...+aX+@a, — MHOTOWIEH CTe-

neHd N, ae R. Ham HyxHO nokasars, uto |imP(X) = P(a) .

X—a

[Mockonbky Gynkuus f(X) = X HempepbiBHa B TOUKE &, TO MOCIENOBA-

- m _ m
TEJIbHO NMPUMEHSISI MMyHKT 2) TeopeMsl 5.1, monydaem, 4to |[im X~ =a  mpu
X—a

mo0oM HatypansHOM M . [lanee, mo Teopeme 5.1 1) momydaem:
. I . -1 . . _
lim P(X) = lima,Xx" +lima, ;X" +...+limaX+lima, =

X—a X—a X—a X—a X—>a
— . -1 . . -
=a, limx"+a, , limX"" +...+ & limX+lima, =

x—a Xx—a x—a x—a

=aa'"+a _a"'+...+aa+a, =P(@a).
OGoCHOBaHHME TMEPEXONOB OYAET MpOIIE IOHATh, YHTAas IOCICIHION
IIETIOYKY PAaBEHCTB C KOHIIA.
3ameuanue. BooOme, Bce siemeHTapHble (YHKIHH, H3y4aeMble B
IIKOJILHOM KYpCE, HEMPEphIBHbI B KaXKIOH TOYKE, B OKPECTHOCTH KOTOPOM
TH (QyHKIMU onpeneneHbl. Hampumep, n3 mpumepa 5.2 BBITEKaeT, YTO

GbhyHKIHS Jx HenpepbiBaa Ha (0; +00).
- - 3 _ 2
Ipumep 5.7. Haiitu |X|m(x +J(X 3)* +11).

Pemenne. [Tockonsky /(X —3)° =|X—3| u |[X—3|=3—X npn x<3,
o  f(X)=x’+|x-3|+11=x*-x+14 umpn x<3. Muorowen
P(x) = x® — X +14 nenpepsiBen Ha Bceil UNCTOBOI NPAMOIA, M B 9aCTHOC-
TH, B Touke X = 2. [Toatomy |inz1f (X)=P(2)=2°-2+14=20.

OrtBer. 20. -

IIpumep 5.8. Haiitu “mLS_Z'
Xx—5 X—

Pemenne. OGo3HauuM 1poOb, CTOSILYIO IMOJ 3HAKOM Mpejesa, Yepes
f(x). B uucmurene wu 3mamenatene apoou f(X) croar dymkumm,

HemnpepbiBHBIE B Touke X = 5. [Ipenen atux ¢yHkuumit mpu X —> 5 paBeH ux
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3HAQUYEHUIO B TOUkKe X =5, T. €. paBeH 0. B aToM cityyae roBopsT, 4TO UMEET
N 0 "
MECTO HEONpPeaeIEHHOCTh (6 . Jst €€ «pacKpBITHsD MPUXOAUTCS TPUOET-

HyTh K MCKYCCTBEHHOMY MPHEMY — YMHOKEHHIO YUCIMTENS ¥ 3HAMEHATEIS
apobu f(X) ma «conpsxénnoe Bepakenue» X —1+2:

lim £ (<) = lim (Vx-1-2)(¥x-=1+2) = lim X—-5 _
x5 5 (X=5)(Wx=1+2) x5 (Xx=5)(v/x—-1+2)
o 1 1 1
T X Tii2 Jooi+2 4

[Ipeamnocnentnee paBeHCTBO MOJYYEHO B CHILy HEHPEPHIBHOCTH (HYHKLIUH

1
= ———— BTOUKE X=5.
y VX=1+2
Ortser. 1/4.

KonTposabHbie BOpochl

1(1). MoxeT a1 MOCIEA0BATEILHOCTh OBITH OJHOBPEMEHHO apudme-
TUYECKOM M FeOMETpUYECKO mporpeccueii? Ecinu OTBET MOJOXKHUTEIbHBIM,
NPUBECTH TIPUMED; €CIH HET, OOBSCHUTH TIOUEMY.

2(1). Tpu xakom ycnosun Ha O apudmernueckas mporpeccus (X,)

Oynet crporo yosiBaroieii? OTBeT 000CHOBATh.

3(2). Haittu cymmy Bcex (IOJIOKHMTENBHBIX) HEUETHBIX TPEX3HAUHBIX
YHCell.

4(2). Cymma mSITOTO M JIEBATOTO YICHOB I€OMETPHUUYCCKOM MPOrpecCUu
paBHa 7. HaliTh cymMMy HMX KBajpaTOB, €CJIH TNPOW3BEIECHHUE WIECTOTO |
BOCBMOT'O WJIEHOB 3TOM MPOrpecCcuu paBHO 12.

5(1). 3anucats B Bujie 06bikHOBeHHOM npodu 0,1(24) = 0,124242.. ..

6(2). Haiitu dopmyiry N -ro wieHa nociaenoBaTeiabHOCTH (X ), 3alaHHOI
pekyppenTHo: X, =1, X ., =X +N, neN.

7(1). Yro o3Havaer, dYTO YHCIO A HE SBIACTCA MPEACIOM
nocnenosarenbHoct  (X,) ? Ilpu OTBETE He HCHONB3YHTE HETATHBHBIX
(hOpMYJIMPOBOK THIIA «HEBEPHO, YTOY.

8(2). fBnsercs nu TOCIENOBATENBHOCTD X, =n® cxopsmeiicsa? OTBer
000CHOBATE.
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9(2). Ilycrs mnocnemoBarenbHocth (X,) TakoBa, uyro X =0 mpu

Nn<100, u X,=1 mpu n>100. [oka3aTp MmO OMpEEICHHIO, YTO

limx, =1.
n—oo
10(2). U3BectHO, uTo |im X, =1. MoryTr nu Bce wWieHBI IOCIEaOBa-

nN—o
TETLHOCTH OBITh OTpHUIATeIbHEIMU? OTBET 000CHOBATD.

11. V3BeCcTHO, YTO MOCIENOBATENBHOCTH (X,) MMeeT mpezen, a mocie-
J0BaTeIbHOCTh (Y ) — HE UMeeT.
a)(2). Moxer 1u uMeTh mpenen mnocienosareabHocts (X,Y,)? Ecin
OTBET IMOJIOKHUTENBHBIN, TIPUBECTH PUMED; ECITH HET, OOBACHUTH MIOYEMY.
6)(3) Tor e BOIPOC MPH AOMOIHATEILHOM YCIOBHH, YTO Iipenen (X,) u
BCE WICHBI X, [OJIOKHUTEIbHBL.
12(2). V nuneitnoii pyukiuu Y = 3X —1 usmennnu 3nauenune Y(0) =—1
Ha 1, T. €. pacCMOTPENH HOBYIO (yHKIHIO
{3x —1 mpu x=0;
f(x)=
1 npu X =0.
a) Umeer nu pynknus Yy = f(X) npenen B Touke X =07?
0) Ssnserca au dynkuus Y = f(X) nenpepoiBHO#t B Touke X =07?
OTBeT 060CHOBATD.

3agaun

1. BLIHCHI/ITB, SIBJIIETCS JIM MOHOTOHHOH IOCJICA0BATCIIBHOCTD (Xn)'

OTtBeT 000CHOBATE.

5n+3
2) X = :
0@ X =5 —

0)(2) x, =1+ (-D".

2. a)(2) Joxasate, uto mpu (, |Q|<1, reomerpuyeckas mporpeccus

(X,) sBaseTcst OrpaHUYEHHOM.
6)*(2) dokaszare, uto pu (, | q[>1, reomerpuueckas nporpeccus (X,)

HEC ABJISICTCA OFpaHquHHOﬁ.
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3. BbICHUTH, ABIAETCS JIM OrPaHMYEHHON MOCIEIOBATEIBHOCTH (X ).
OtBeT 000CHOBATE.
5n+3.
4n-1'
0)(2) X, =2+4+...+2n.
4(3) (BMK, 2001). Cymma mepBbIX YETBIPEX WICHOB apH(pMETHYSCKOU

a)(2) x, =

nporpeccun (X,) paBHa 56. U3BeCTHO, YTO BCE IECHBI 3TOM MPOrPecCcHH

HaTypaJbHbIE YHCIIA U WIeH X;, Oonbmie 67, Ho MeHbIne 74. Haltu X, .

5(3). Haiitu 3nameHaresnr OECKOHEYHO YOBIBAIONICH TI'€OMETPHUUYCCKOM
MIPOrPECCHH, Y KOTOPOH CyMMa KyOOB BCEX WICHOB B 4 pa3a 0OJIbIIE CyMMbI
BCEX WICHOB, & CyMMa KBAaJPAaTOB BCEX WIECHOB B /7 pa3 GOJIbIIE CyMMbI
BCEX YJICHOB.

6(3). Haiitu ¢dopmyay N-ro uieHa MOCIEAOBATSIBHOCTH, 3aaHHOM
PEKYppPEeHTHO:

X, =2, X,,;, =2-3X,, neN.
7(2). Hycte limX, =0 u X,>0 mmt mo6oro N. Jlokasare mo

nN—o0

onpeseeHuo, 4To |im /X, = 0.

n—w
1
8(3). Moxasars, uto mociuenoBarenbHocTb (X,), rae X, = (—l)”(1+ —j :
n

HE UMeeT TIpeena.

9. Haiitu

3n? +1
2)) !m(n+1)+(n+2)+ +2n
6)2) lim -2 *3

Nooo ( 2)n+1+3n+1 )
. .. (1 2 3 n
B)*(3). Haiitn rl]m(g +3—2 7 —+...+ 3 )

10*(3). Haittu npemen mocnenoBarensHocTH  (X,),  3aKaHHOM

PEKYpPPEHTHBIM cooTHOIeHHeM: X, ., =X, (2—X,), X, =

I\JII—‘
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11. Haiitn
4+ X)3 -64
X b

6)(2) lim J1+2x -3
im—-.
X—4 *;X—Z
12. Ilyctp

a)(2) lerrg

F(x) = -3x+1 mpm X<-1;
CWx+1 mpu X =>-1.
a)(1) [ocTpouts rpadux pynkiun y = f(X).

0)(3) BoisicuuTs, B Kakux Toukax Gpynkuus Y = f(X) menpepsisua.
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