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BBenenne

JlelicTBUS ¢ HATypaJbHBIMHM M LIEJIBIMH YUCIAaMH 3HAKOMBI BaM C MIIaj-
IMX KIJIACCOB, KOTJIAa MaTeMaTHUKa CBOAMTCS IO CYIIECTBY K apu(pMETHKE.
[lone3Ho u MOyYMTENHHO MOJOWTH K HUM, Biajes almaparoM aireOpbl. 3a-
Jaud O NEIUMOCTH M YPaBHEHHS B LIEJNbIX YUCIAX CIy’KaT U3II00IEHHBIM
MaTepHaioM JUIsi MaTEMAaTHYEeCKUX OJMMITHAN U (aKyJIbTaTUBOB. Bcé Ooub-
HIyI0 MOIMYJISIPHOCTh TaKHWe 33Ja4d NPUOOPETaroT Ha OJUMIIMAAAX, MPOBO-
quMbix MOTHU, MI'Y u npyrumu By3amu, a Takke NpucyTcTByioT B EI'D mo
Matematuke (3amanue C6). PekoMeHIOBaHHBIC ITOCOOUS ITOMOTYT BaM B HX
peuieHny 1 6ojee TIyO0KOM W3yUEHHU TEMBI.

§1. lemMOCTb LeJIBIX YHCeT

1.1. OcHoBHbIE IOHATHS U (PAKTHI

HamoMHUM OCHOBHBIE TIOHATHS U (DaKTHI.

Mnooicecmeo namypanvhvix uucen 0003Ha4aETCS CUMBOJIOM N.

Mmuooicecmso yenvix uucen 0003HAYAETCSI CHMBOJIOM Z.

MHuooicecmso payuonanvhvix yuces 0003HaYaeTCI CUMBOIIOM Q.

Mnuoocecmeo Oeticmeumenvubix yucen 0003Ha4YaeTcs CuMBOJIOM R.

B nmanpHeiimewm, ecnu He OyneT cka3aHO WHOTO, MBI OyJleM paccMaTpH-
BaTh TOJIBKO MHOXKECTBA IIEIBIX U HATYPATbHBIX YHCEIL.

HarypansHoe unciao n Ha3bIBaeTCS Oerumenem IEIOTO YHCIa M, CIH
IUTS TIOAXOMAIIETO IEJIOTO YKcia K BepHO paBeHCTBO: m = nk. B atom ciy-
yae TOBOPAT, YTO M JENHUTCS HAa N M 0003HAUYAIOT Kak «m : ny». Yucio m
Ha3BIBAIOT KPATHBIM YHCITY 1.

Hampumep, 117 :9 (117 =13:9); 91:7 (91 =13-7).

Uwucno p = 2 Ha3BIBAIOT NPOCHbIM, €CITU OHO JIEIUTCS TOJBKO Ha ceOs u
Ha eIWHUIy. MHOXECTBO MPOCTHIX 4Hcen 0003Ha4yaroT cuMBosioM P. Co-
CMAGHLIMU YUCIAMY HA3BIBAIOT IIETbIC YKCIa, UMCIOIIHUE OOJBIIE IBYX pa3-
JIMYHBIX JEIUTEIICH.

Hanpumep, 17 — npoctoe uucino, a 153 = 17 - 9 — cocraBHoe.

HatypanbHoe umcio k Ha3bIBAlOT 00wum Oerumenem YUCE M, N €ClU
m ik un:k. Hanbonbuiee Takoe 4nciio k Ha3BIBAIOT HAUOOILUUM OOUUM
Oenumenem m ¥ n ¥ 006o3HavaroT kak HOJ[(m, n) (unorma mpocro (m,n)).
Ecnu manbonpmnii 00y 1eIUTeNh IBYX YUCET paBeH CAMHMUIIC, STH JHCIIa
HA3bIBAIOT 83AUMHO NPOCHbIMUL.

Hanpumep, 2 — oOmiuii nenuresb yncen 12 u 8, 4 — HauOoNIbIINHA 00U
nenurens yncen 12 u 8, 1. e. HOJ (12,8) = 4.
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Lenoe uncno k Ha3BIBAIOT 0OWUM KpAmublM YUCEI M U N, ecnu k i m u
k : n. HamMeHbIiee HaTypallbHOE YHCIIO, KPATHOE M W N HA3BIBAIOT HAU-
MeHbuuM 0owum Kpamuoim m 1 n 1 o6o3naqaror kak HOK(m,n).

Hampumep, 120 — obmiee kpatHOoe uucen 12 u 8, 24 — HauMeHbIIee 00-
mee kpatHoe yncen 12 u 8, 1. e. HOK (12,8) = 24.

HanomHUM OCHOBHBIE CBOWCTBA JICIIUMOCTH.

CaoiicTBo 1. Ecan nenoe 9uciao m JeIUTCS HA YHCIO N, a YHCIO N Je-
JIUTCS Ha YKCI0 Kk, TO YHCIIO M AEIUTCS Ha YHCiio k.

CaoiicTBo 2. Eciin k — oOmuii 1eauTens eabIX Yucea m U n, TO:

1. m+n,m —n genarcs Ha k;

2. mn nenutcs Ha k (Tounee — Ha k?).

Cneocmeue ceoticmea 2. Eciiu oqHO U3 4ncell m Wik n geaurcs Ha k, a
BTOpOE He aenutcs Ha k, To m + n, m — n He nensarcs Ha k.

JleficTBUTEIIBHO, €CIIM M ACIUTCA Ha k W, HampuMep, m + n JejauTcs Ha
k (ot mpotuBHOTO0), TO N = (M + N) — N TaKKe ObI ACTUIOCH HAa K COTITaCHO
CBOMCTBY 2.

CaoiicTBo 3. Ecim menmoe 9uciio a nenuTcs Ha B3aUMHO TPOCTHIE JIETTH-
TEMM M U N, TO @ ACITUTCS HA MN.

CgoiicTBo 4. Eciin ab (a, b — uenbie) genutcs Ha MPOCTOE YUCIIO P, TO A
WK b AeTUTCS Ha YHCIIO P.

CoiicTBo 5. Ecnu ab naenuTcst Ha YUCIIO N U @ B3aUMHO TIPOCTO C YHC-
JIOM N, TO b JeNHUTCS HA YUCIIO N.

1.2. PaznoskeHnue Ha MPOCTbIe MHOKUTEJIH.
OcHoBHasl TeopeMa apu(pPMeTHKH

ChopmynupyeM ocHo6HYI0 meopemy apu@dmMemuKi:

JIo0oe HaTypajibHbIe YUCJIO K, 0OJibIIee eINHHLbI, MOKHO Pa3Jio-
JKUTH B MPOU3BE/eHHE MPOCTHIX Ynces. JTO pa3jio:KeHHe eTUHCTBEHHO,
€ TOYHOCTHIO /10 MOPAIKA CIeTOBAHUA COMHOKUTEIEH.

[TpuBeném HAOpPOCOK MOKa3aTENHCTBA MEPBOM YacTH ATOW TEOpPEMBI. 3a-
METHM, YTO €CJIH YUCJIO N > 1 He MpocToe, OHO JOHKHO UMETH 0oJiee ABYX
pasnuaHbIX genureniel. C y94€ToM Toro, 9To i n U n i 1, MOIDKEH CyIIecT-
BOBAaTH €I XOTs Obl ONMH JENUTENb YHCIa N — YUCIOo a, 1 < a < n. Takum
00pa3oM, WK N caMo SBISETCS MPOCTHIM YHCIOM (M Pa3lIoKECHUE TOIyde-
HO), WM OHO pacKiajbpiBaeTcsi B npom3BeAaeHne n =ab, 1 <a <n,
1 < b < n. Kaxxzpoe u3 umicen g u b TakKe WIH ABISACTCS IPOCTHIM, HIIH pac-
KJIa/IBIBAIOTCS Jajiee B Ipou3BeleHne enlé Ooyiee MEHBIINX YHCeN, HE pPaB-
HBIX eUHUIE. JJaHHBIN TpoIecC pa3oKeHUs He MOXKET MPOJI0IKAThCS Oec-
KOHCYHO, U B UTOI'C 4YHUCIIO N 6YI[eT npeaACTaBJICHO B BUJC IPOU3BECACHUSA
MIPOCTHIX YHUCEIT.



Crtporoe A0Ka3aTeiabCTBO TOTO, YTO TAaKOE Pa3JOXKEHHE €IMHCTBEHHO C
TOYHOCTBIO JI0 MOPSIKA CIIEZOBAHUS COMHOKHUTEIEH, MEPBBIM Jall HEMETIKHHA
marematuk K.®@. ['aycc (1777 — 1855), BHecImii KpymHBII BKJIJ B Pa3BUTHE
MHOTHX 00JacTell MaTeMaTHKH.

IIpumep 1. HaiiTu Bce npocThie uncia, He npepocxosiue 100.

Pemenue. [ HaXOKACHUS TaKUX YUCET YIOOHO BOCIIOJIb30BATHCS ME-
TOJIOM, U3BECTHBIM KaK «pemieto DpartocdeHay. ITOT METO/ Ha3BaH B YECTh
rpedeckoro MareMarnka Jparocdena, xkusmiero B III B. 1o H. 3., 1 3aKmr09a-
eTcs B cienytomeM. Beimmumewm Bee yucna ot 1 g0 100 B Tabmimy:

1 2 3 4 5 6 7 8 9 10 | 11 12 [ 13 | 14 | 15 [ 16 | 17 | 18 | 19 | 20

21 |22 | 23 [ 24 |25 26|27 [ 28 |29 |30 |31 |32 |33 |34 |35]36 |37 [38]39]40

41 | 42 | 43 | 44 | 45 | 46 | 47 | 48 | 49 | 50 | 51 | 52 | 53 | 54 | 55 | 56 | 57 | 58 | 59 [ 60

61 | 62 | 63 | 64 | 65 | 66 | 67 | 68 | 69 | 70 | 71 | 72 | 73 | 74 | 75 | 76 | 77 | 78 | 79 | 80

81 [ 82 | 83 | 84 | 8 | 8 | 87 | 88 [ 89 | 90 [ 91 ] 92 | 93 | 94 | 95 | 96 | 97 [ 98 | 99 | 100

Hanee, uncio 1 BeraepkHeM (OHO HE MPOCTOE), Yucia 2 u 3 OCTaBUM Kak
NPOCTHIC M BEIYEPKHEM BCE YMCIIa, KpaTHbIE 2 U 3.

2 3 5 7 11 13 17 19
23 25 29 31 35 37
41 43 47 49 53 55 59
61 65 67 71 73 71 79
83 85 89 91 95 97

Jlanee, ocTaBUM YHCIIO 5 Kak MPOCTOE U BRIYEPKHEM BCE YHUCIIA, KpPaTHBIE
5. 3aTeM TO K€ CaMO€ CIEIAEM C YUCIOM 7.

2 3 5 7 11 13 17 19
23 29 31 37
41 43 47 53 59
61 67 71 73 79
83 89 97

Bce ocraBmiuecs yucina OyayT MpoOCThie. DTO CBSA3aHO CO CIICAYIOIIUM
CBOMCTBOM:

Ecsm ynciio n = ab, To x0T 0bI OIMH U3 COMHOMKHUTEIEl He TMPEBOC-
xoauT V.

JleficTBUTENBHO, €CIIA TPEANONIOKHUTh POTHBHOE, T. €. TPEIINOJI0KHTh,
uto @ > Vnub >+/n, 0o ab > vn X \n = n ¥ Bo3HMKaET MPOTHBOpEUHE.

B npumMepe MBI IpoBepHIIH BCE TPOCTHIC JCITUTENH, HE IMPEBOCXOIAIIIHEC
v100 = 10. Takum oOpa3zom, Jr000€ cocTaBHOE uncio, MeHbiiee 100, me-
JuTcs Ha 2, 3, S wmm 7.

Bo Bpemena DpatocdeHa mucaiv Ha BOCKOBBIX JOIICYKaX, a BMECTO TO-
ro, 4TOOBI YHCJIa BBIUYEPKUBATH, JOMICYKY MPOKAIBIBAIN, TaK YTO B HUTOTE
OHa CTAaHOBWJIACH TMOXOXeH Ha pemrero. OTCIOa U MPOU3OILIO HAa3BaHHE
METO/IA.




OTBeT: mpocThie yncna, MmeHbinue 100, mpeacTaBIeHsl B TpeThel TaOmm-
Ie.

Urak, anga HaXxOoXACHUs JENUTENCH UYMciIa N MOXHO BOCIOJIB30BAaThCS
CJEeYIOLIUM CIOCO00M.

[IpoBeprM B MOpsIIKE BO3PACTAHUS JEIIMMOCTD YHCIA 11 Ha MPOCTHIE YHC-
na, He mpeBocxoAmue Vn. Eclu HU Ha Kakoe M3 TAKMX YHCEl N He JETHT-
cs1, To n — npoctoe. MHade, 3anumieM n = pm u OyAeM Jajiee UCcKaTh JeIu-
TEJH YHCIIa M TI0 TOMY XKe IPaBUITy.

IIpumep 2. PaznoxuTe Ha MPOCThIE MHOXKUTENU Ynciio 76557.

Pemenne. Hauném mpoBepsATs nenuMocTh yucia 76557 Ha MpocThe
YHCIa, PACIOJIOKEHHbIE B MOpsiAKe Bo3pactanud. Ha 2 yucno 76557 ne ne-
JUTCS, 3aTO Aenutces Ha 3: 76557 = 3x25519. Temneps, Oynem UCKaTh JEITH-
Tenu yucia 25519. DTo uucio He AenutTes Ha 2, 3, 5, 7, 11, 3ato nenurcs Ha
13: 25519=1963x13. UYwucmo 1963 Taxxke npeaurca Ha 13, T. e.
25519=151x13> [HocmotpuMm Ha ymcno 151. 3amerum, 4TO 151<169=132,
3HAUUT, eciu 4yucio 151 packiagpiBaeTCsi HA MHOMXUTENH, OJUH W3 ITHX
MHOXuTenel Oynet menbine 13. Ho Bce mpocThle uncia, MeHbmime 13, yxe
GBLIN IPOBEPEHEI. 3HAUKT, uncio 151 mpoctoe i 76557=3x13%x151.

Otser: 76557=3x13°x15]1.

HMpumep 3. Jlokaxure, yto uncio 2n* — 11n? — 6 apaseTcs COCTABHLIM
MPH BCEX LIETBIX M.

Pemenue. Paznoum 3TOT MHOTOUYIEH HA MHOXHUTEIH, PEIIUB IJIsT 3TOTO

ypaBHenne 2t2—11t—6=0. Ero xopunm: 6 u — > Otcrona
2t2 —11t—6=(t—6)(2t + 1) wu, caemoBatenbHo, 2n* —11n? — 6 =
=m?-6)(2n% +1).

Takum 00pa3oM, Mbl TIONYYMIIM pa3jOKeHHe Ieaoro uucna 2nt —

—11n? — 6 na nBa nensix yucna: (n? —6) u (2n? + 1). Ecan Hu ofHO u3
9THUX YHCEN [0 MOIYJIIO HE PABHO E€IMHUIIE, TO HCXOIHOE YKMCIIO SBJISETCS

coctaBHbIM. PaBenctBa n2 —6=1; n? —6=—1; 2n?+1 = —1 HeBO3-
MO>KHBI, paBeHCTBO 2n% + 1 = 1 BosmMoxkHo mpu . = 0, Ho mpu n = 0 umc-
70 2n* — 11n%? — 6 = —6 sBIsAETCS COCTABHBIM.

Tpumep 4. Paznoxute Ha 1Ba cOMHOkHUTENs uncio 216 + 28 + 1.

Pemenne. 3aMeTHM, YTO €CU criaraeMoe 28 B HCXOMHOM 4HcIie TOMHO-
KUTh Ha 2, MoJyuuTcs (opmyna cymmbl kBaapartos: 216 +2x 28 +1 =
= (28 + 1)2. Torna noGaBum u BbIuTeM uucao 28 B McxomHyr0 popmyiy,
nomyuns: 216 + 28 + 1428 — 28 = (28 + 1)2 — 28, Tlocnennee BHIpaxe-



HHE MOMHO pa3loKHMTh KakK pasHocTh kpaapatos: (28 +1)%2 —28 =
=28 +1+29)028+1-2%).
Oteet: 216 + 28 + 1=(2% + 2* + 1)(2% — 2* + 1).

1.3. Kanonnueckoe pa3jio:keHue 4ucJa.
Haxo:kneHue KoJim4yecTBa JejauTesaen

BepuéMcs k ocHOBHOI Teopeme apudmernru (cm. 1. 1.2.)

Ecmu B pa3noxeHnn HaTypalbHOTO YHCIA N, OONBIIETO €AUHUIIBI, BCTPE-
YaloTCsl OIMHAKOBBIE MPOCTHIE YHCIIA, UX yIOOHO TPyNIUPOBAaTh B CTEIICHU.
B pesynbraTe nomyuaercs:

ke ko kem
n=py Py «Pm)
TA€ P1,P2, -, Pm — PA3IMUHBIE MpOCcThe yncia. Ecnu moTpeboBaTh, 4TOORI
P <py <+ <Py, TO TAKOE PA3IOKEHUE OyIeT aOCOITIOTHO OTHO3HAY-
HBIM. DTO Pa3IoKeHNE HAa3bIBACTCS KAHOHMYECKHM.
Hanpuwmep, 31752 = 23 - 3% .72,

3Hasi KaHOHUYECKOE Pa3JI0KCHUE, MOKHO HalTH Bce AeJIUTEeIH YHUCIa N.

I 1 l N
Onu nmeror Bun d = p11pZ2 o D> TZ1€ KaXKIBIH MOKa3aTeNnb CTENeHu [; Mo-

JKET MPUHUMATh 3HaueHue ot 0 10 k;.

Hpumep 5. Haiftu Bce nenurenu uucna 28.

Pemenne. Paznoxum yncino 28 B kaHOHWYeckuii Bua: 28 = 22 X 7. Ta-
KHM 00pa3oM, B pasiIoKCHUH KaXKIOTO W3 JSIHUTENeH unciaa 28 MOXKeT TpH-
CYTCTBOBaTh TOJILKO JIBOWKA B CTCIICHU HE OoJiee JIBYX, a TaKxke ceMEpKa B
CTeTeH! He 0oJiee eqUHUIIBI. BrimumieM Bce neauTesnd B TaOIHILY:

20x79=1 21x79=2 22x79=14

29x 71 =7 21 x 7' =14 22 x 71 =128

OtBer: nenutenu yucna 28 cyth 1,2, 4,7, 14, 28.

3aMeTHM, 9TO €CIIU CJIOXKHUTH BCE JACIUTETN Yucia 28, KpoMe Hero caMo-
ro, Ml monyunM 1 +2 +4 + 7 + 14 = 28, 1. e. ucxoguoe uucino. Yucina,
paBHBIE CYMME CBOMX MEHBIIUX CaMOT0 YHCIa JACTUTENCH, HA3bIBAIOTCS CO-
sepuennvimu. Takum 00pa3om, 28 — COBEPITICHHOE YHCIIO.

3Has KAHOHHYECKOE Pa3IOKEHUE, MOKHO HANUTH KOTWYICCTBO BCEX JCIH-

. . ki ko km
Teaed uncna. JeHCTBUTENBHO, MYCTh N = P, ' Py° ... Py, Jlenuren Takoro

1l l o
gpcna UMeroT BUI d = p;'p,’ ...y, TAe KaXKIbli TOKa3aTelb CTENeHH [;

MO3KHO BBIOpaTh He3zaBucumo (k; + 1) cmocodom (ot 0 1o k;). Bee atu umc-
Ja HaJ0 MEPEeMHOXHUTh., TakuM 00pa3oM, KOJHYECTBO JeJuTeNIel uncia
n= pf 1p§ 2 ...p,’%m paBHsieTCsI

dn) = (ky + 1) X (ky + 1) X .. X (kpy, + 1).




CaeacTBue: 4ucio UMEET HEUETHOE KOJIMYECTBO IEJIMTENEH, TOILKO €C-
JIM 3TO YHUCIIO SBIISETCS KBAJAPATOM.

JleicTBUTENbHO, HEUETHOE KOJUYECTBO NEIUTENEH, PAaBHOCUIBHO TOMY,
YTO Ka)XKIblii COMHOKHUTEND B (hopmyste st d(n) HedéTeH, 3HAYUT BCE YUCia
ki+1,k,+1,..,k,, +1 — Heu€THBI, U BXOXKICHHE KAXKIOTO MPOCTOTrO
YUCIa B N 9YETHO. DTO 03HAYAET, UTO N SBIISETCS MOJHBEIM KBaJIPaTOM.

1.4. Haxoxnenue HOJL u HOK

ky k k
3anuieM KaHOHHYECKOE Pas3lokKeHHe YHCel M H n: n = p, 'p,” ...ps°,

m= pilpéz ...p;s. Boo0r111e-T0 TOBOpPS, BXOAIIME B COCTAB PA3IOKEHUS M
M T TPOCThIE YHMCIAa MOTYT OBITH pasHbIMM, Hampumep n = 15 = 31 x 51,
m = 10 = 21 x 51, B takom ciyyae J0NOIHMM Pa3IokKeHHe KakI0ro Yucia
«HEIOCTAONIMMIY TPOCTHIMU YHCIaMH B HYJIEBOM CTermeHd. B srom ke
npumepe, 15 = 20 x 31 x 51, 10 = 2! x 39 x 51,

Hrak, n = pflpfz ...pfs, m= pilpéz ...pés, e py <p, < <ps H
ki, 1; =0 mis Bcex i or 1 10 S. B TakoM ciydae MOKHO 3alucaTh SIBHBIE
hopmynet HO(m, n) u HOK(m, n):

1. HOI(m, n)= pf 1pg 2 ...pg*, THe @; — MEHbIIMiA U3 okasareneit k;, [;.

2. HOK(m,n)=p; 'py? ... pfs, rae fB; — Oonbluunii U3 mokasarenei k;, [;.

Takske ctout oTMeTUTH cienyromiee ceoricteo HOK u HO/I:

3. HO/I(m, n)x HOK(m, n)=mn.

DTO CBOWCTBO ClIeIyeT W3 TOTO, YTO CyMMa MEHBINETO W OOJBIIETO W3
JIBYyX TOKa3aTeyiell paBHA CyMMe O0OUX 3THUX TMOKa3aTelieH, B3AThIX B IPOU3-
BOJIEHOM TIOPSJIKE.

Hpumep 6. Haitnure HO/J (30, 25).

Pemenune. 3anumeM kaHoHuW4eckue pasznoxeHus uucen 30 u 25 u nmo-
MOJIHUM HMX «HEIOCTAFOIIUMUY MPOCTHIMU YHUCTAMH.

30=21.31.51;25=20.30.52

o popmysne 1 (Bbimre) nomyuum: HOJI(30,25) = 29 -3° .51 =5,

Otser: 5.

§2 JlecaTnuHas 3anuch YUCIA

Bcesxoe HatypanpHOe yncio N eIWHCTBEHHBIM 00pa3oM MpPEACTaBHMO B
JIECSITHYHON 3aITMCH, KOTOpasi IMEET BUJT
N=a, 10" +a,_;-10" 1+ -+ a,-10% +a; - 10 + a,,
rae n — HatypaiasHoe uucio wm 0, a a,,, a,_1, "+, Ay, A1, Qg — TAPPHI OT 0
10 9, a, # 0. I KpaTKOCTH 3TO YMCIIO TAKXKE 3aIHCHIBAIOT B BUJIC
N =a,a,-1 --a;a,a,.
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Kpblika cBepxy CTaBUTCA, YTOOBI OTJIMYMUTH JECSATHUYHYIO 3aIIMCh YUCIIA
OT Tpou3BeaeHUs TP Ay * Apy_q * ... Ay * Aq * Ag.

UYucio M Ha3bIBaeTCsA M — 3HAYHBIM B TOM U TOJIBKO B TOM CJlydae, €Ciiu
BepHO HepaseHcTBO 10™™1 < M < 10™.

Hpumep 7. He3naiika mepeMHOXKIII Bce UG PHI KAKOTO-TO HATYPaTHHOTO
yucna, u nonyunn 2013. Jlokaxure, uto He3naiika omubes.

Pemenune. Pasnoxum 2013 Ha npoctsle MHOkUTENU. 2013 = 3-11 - 61.
UYucno 61 saBnseTcss MpOCTHIM, U, COIVIACHO CBOMCTBY 4 HEIMMOCTH, €CIH
IPOU3BENICHUE YHCEIl AEIUTCS Ha 61, Kakoe-TO 4MCIIO JIOJDKHO TaKKe Je-
mutbes Ha 61. Opnako, mudpser 1, ...,9 Haneno Ha 61 He nenarcs, a eciu
cpenu 1udp 3TOr0 HATYpaJIbHOrO MPUCYTCTBYET 0, TO U MpOoU3BeIeHHE BCEX
udp taxxe pasHo 0. [IpotuBopedne.

Hpumep 8. («®@u3tex-2012») [Tocneanow nudpy MECTUIHAYHOTO YKC-
Jla IepecTaBWIM Ha IIEPBOE MECTO U MOIYUCHHOE YHMCIIO BBIWIN U3 UCXOIHO-
ro uncna. Kakue umcna u3 mpomexyrtka [618222;618252] mornu nomny-
YHUTHCS B PE3YJIbTATEC BEIYUTAHUS?

Pemenne. [lycts mectusnaunoe uyucio N HMeeT JECATHUHYIO 3alUCh
asa,a3;a,a,ay. Jns ymobctBa o0003HauuM B = @za,aza,a;, Toraa
N = 10B + aq. Teneps noctaBuM NOCIENHIOI PPy Ay HA IEPBOE MECTO,
MOJTYYUM UYHUCIIO AoQ504 030,01 . 3AMETHM, YTO

ToUsa;030,0; = 400000 + T5@yl3a;0; = 105 - ag + B.

ITocne BeIMUTAHUS MOIYYEHHOIO YUCIIA U3 UCXOIHOTO, MOIyYUM

10B + ag — (10% - ay + B) = 9B — 99999 - q,,

JlanHas 3amuch MOKa3bIBAaET, UTO IOJyuy€HHas pa3HOCTb JEeIuTCs Ha 9,
TaKMM 00pa3oM, M3 Yuce] npoMexyTKa [618222; 618252] moryt nomoiitu
TOJILKO YHCIIa, Acasamniuecs Ha 9: 618228, 618237, 618246.

OcTtanoch 00BACHUTD, TOUEMY KaXKI0€ M3 3TUX YUCEI TTOJXOANT.

Haiinem xots Obl omHO pemeHue ypaBHeHHs 9B — 99999 :-q, =
= 618228, rne B — npou3BoJIbHOE MATU3HAYHOE YHCIO, a (g — HEHyJeBas
udpa. [logenus o6e gacTu Ha 9, TOTYIHM:

B —11111-ay = 68692.

B3sB ag = 1, monyuyum B = 79803 u mcxoaHOe IIECTU3HAYHOE HYHCIO
N = 10B + ag = 798031. CnenoBarensno, 618228 — mogxoaur.

AmnanornussiM obpaszom, npu N = 798041,798051 B kauecTBe pazHO-
CTH MBI MTOJIY4YHM JIBa Apyrux uncna: 618237, 618246, u.t.x.

*OTBeT: 618228, 618237, 618246.

Hpumep 9 (EI'2-2013, Ypanabckuii pernon
a) YeMy paBHO KOJIHMYECTBO CHOCOOOB 3amucarh uucio 1292 B Buue

ag-10%3 +a, - 102 + a, - 10 + a3, rae uucna a; — uensie, 0 < a; < 99,
i=0,123?
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0) CymectBytor i 10 pa3znuuHbix uncen N, KOTOpble MOXKHO TIpeJCcTa-
BUTb B BHUIE g * 103 + a - 102 + a, 10 + a3, roe uucna a; — LeIbIe,
0<a;<99,i=0,1,23 posuo 130 cocobamu.

B) CKOJBKO CyIIEeCTBYET Takux uucesl N, KOTOpble MOKHO NMPEACTaBUTH B
Bune ag - 103 + a; - 10%2 + a, - 10 + a3, rje umcna a; — uensle, 0 < a; <
99,i =0,1,2,3 poBro 130 ctocobamm.

3ameuyanue. HackonbKko M3BECTHO aBTOPY, B YPaJIbCKOM PErHOHE 3TY
3aJady MOJHOCTBIO HE PELIMSl HUKTO (#axe mpu3epbl (rHama BcepocCHid-
CKOW ONMMIMAaIbl IIKOJIBHUKOB). [ 3TO maxe ¢ y4eToM TOro, 4To aBTOp BHU-
nen ycnosust EI'D mo maremaruke 2013 roaa, BKIItO4ast MPOTOTHIT ATOM 3a-
Jauu, B CBOOOJHOM JOCTYII€ B CETH MHTEpHET 3a 3 AHA 1o Hamucanus EI'D.
B npyrux 3onax (Llentp, Cubups, Jansauii Boctok) 011 3HaUMTENHHO 6O-
Jiee JIeTKui mpotoTun 3axa4u C6, ¢ KOTOPHIM HE BOZHHUKIIO OCOOBIX CII0KHO-
CTell, a BOT Ypaiy «moBe3no». Bo3moxHo, npopemmusaromum EI'D npomto-
ro roJia Bce K€ MHTEPECHO, KaK BCE JK€ JOJDKHA peLIaThes 3Ta 3ajada, Ho-
3TOMY YJOBJIETBOPUM UX JFOOOIBITCTBO.

Pemenue.

3ameTuM, 4TO uMCIO dg - 10% + a; - 102 + a, - 10 genurcs wHa 10, mo-
3TOMY YHCJIO 03 MBI MOXEM BBIOPATh NECATHIO crioco0amMu — 3To OyaeT Jio-
06oe w3 gmucen ot 0 g0 99, okamumBaromeecs Ha 2. [losTomy, 4mucio ag -
103 + a; - 102 + a, - 10 Gyner paBHATHCA uMciaM, AensmmMcs Ha 10, oT
1200 no 1290. Hanucas s uucia 1200, Hanpumep, ypaBHeHue ag - 103 +
a, - 102 + a, - 10 = 1200 u, pasaenus Ha 10, momyuum, a,-10% +ay -
10! + a, = 120. daxTHyecKy, MBI IPHILIM K 3a/1a49€ TAKOTO e THIA, HO Ha
«YpOBEHb MEHBIIIE» - YPaBHEHUE TENEPh 3aBUCUT OT TPEX MEPEMEHHBIX, a HE
yeTeIpéx. Takoii cnocol 3amaet Havano nepedopa, KOTOPIH MOKHO JTOBECTH
JI0 KOHIIa ¥ TToTyduTh OTBET 130. OMHAKO MYHKT B) C TMTIOMOIIBIO TAKOTO TIE-
pebopa pemuTs yke mpooIeMaTHIHO.

[TosToMy, npuBeneM OoJiee MPOCTOE PELICHUE ITOM 3a7ayl, OCHOBAHHOE
Ha cremyromeM Qakte Pasnoxenne ag - 103 + a; - 102 + a, - 10 + a3 3a-
nmaBano O0b1 yucio 1292 enqMHCTBEHHBIM 00pa3oM, eciu Obl ag, a4, Ay, Az ObI-
i Obl nugpamu, To ecth 0 < a; <9, i =0,1,2,3. 3gech xe 0 < a; < 99,
i = 0,1,2,3, moaToMy pa3ioKkeHHue MOXKET ObITh HEOJHO3HAYHBIM.

A BOT uncio a; - 102 4+ a3, 0 < a; a; < 99, HAOGOPOT, yKe OAHO3HAY-
HO 3a/1aeT J1r00¢e uncio ot 0 1o 9999. dakTudecku, 3TO PaBHOCHIIBHO 3a7a-
HUIO YHUCIIa HE B IECATUYHOM cucteMe, a B cucteMe ¢ ocHoBaHueM 100, To-
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r1a aq; U az ObUIM OBl IPOCTO «IM(PpPaMU» Yy TOrO YUCla. AHAJIIOTUYHO, H
4HUCIO Qg 102 + a,Takke 3a1aeT 0JTHO3HAYHO Jr000¢e unciao oT 0 70 9999.

[Toatomy, ocTaercsa nepedopMyIHpoBaTh 3a7a4dy CiaeIyOmHUM 00pa3oM.

CKOJBKUM KOJIMYECTBOM CIIOCOOOB MOKHO MPEICTaBUTh 4ucio 1292 B
Buge Ag - 10 + A4, roe 0 < Ay, A1 < 99997 Dra 3agaua nepedupaercs yxe
ropaszo mnportie — y Hac ecTb 130 croco6oB B34Th uncio Ay (ot 0 10 129) u
€IMHCTBEHHBIM 00pazoM moao0pars K HeMy uucio A;. B myHkTe a) oTBeT
130. DToT OTBET HHMKAaK HE 3aBHCHT OT THocienHedl mudpsl uncia 1292, y
gucie 1290, ..., 1299 taxxke Oyxer otBeT 130, mOTOMY B IIyHKTE 0) OTBET —
CYILIECTBYIOT.

B myHKTe B) HY’KHO HalTH Bce 4ucia X, KOTOpble MOKHO MIPEICTaBUTh B
Buge Ag 10+ A4, toe 0 < Ay, A7 < 9999, 130-r0 crmocobamu. st aToro
3aMeTHM, YTO COBOKYIHOCTh uncia Buaa X — Ag - 10 mpu pasueix A, npea-
CTaBISIIOT cOOOW apuU(PMETHUECKYIO MPOTPECCHI0 U3 LenbIx yuced. Komude-
CTBO uMcen B 3Toi nmporpeccun — 10000, pasHocTh 3T0i nporpeccuu — 10. U
poBHO 130 M3 3THX YHICEN MPOTPECCUHU JTOJKHBEI OBITH B mpenenax ot 0 1o
9999 u naBaTh moaXxoAdIIee MO YCIOBUIO Yncio A4. Bo3aMoXkHBI 1Ba cirydasi.

IlepBbIit — mporpeccus nepecexaercsi ¢ MHoXkecTBoM yucen 0, ..., 9999
Mo TOoCIeAHUM (caMbIM OONBIINM) WieHaM. Torja 3ta mporpeccus JOKHA
3aKOHYMTHCS KaKUM-TO YMCJIOM M3 MHOXecTBa 1290,1291,...,1299. Cuuras,
uto Ag = 0 (X — Ap - 10) — camoe 60JIbIIIOE YUCIO U3 TPOTPECCUH), MOITY-
YyaeM UCXOJHbIC YUCIIa paBHBIMU BhiIenpuBeAeHHbM 1290,1291,...,1299.

Bropoii ciyuait — nporpeccus nepecexaercsi ¢ MHOKeCTBOM uucen 0, ...,
9999 mo mepBBEIM (CaMBIM MaJIeHBKHMM) djeHaM. Torga 3Ta mporpeccus
JOJDKHA HAuYMHATHLCS KaKMM-TO YHCIIOM M3 MHOxkectBa 8700, ..., 8709. B
3TuX 9ucio Ag = 9999 u ucxonmuele uncina, papasie 108690,..., 108690 (B
YCIIOBUW HE CKa3aHO, YTO MCXOJHbIC Yuciia 00s3aHbl OBITh YeTHIPEX3HAUHbI-
MH)

Uroro, npu 20 BapuanTax uncen cymectByer 130 cnoco0oB npeacTaBuTh
9TH YHUCIIa B BU/IE, IPUBEJCHHOM B YCIOBUH 33/1a4H.

OtBeT: a) 130 0) cymecTByioT B) 20.

§3. Jle1eHne mesbIxX Ynces ¢ 0CTATKOM

3.1. OcHoBHbIE MOHATHA U PAKTHI

Teopema o denenuu ¢ OCIMAMKOM.
Besikoe mesioe 4Mcs10 M MOKHO Pa3iesIUTh ¢ 0CTATKOM Ha J1000e Ha-
TypajbHOe YHCJI0 N, T. €. 0AHO3HAYHBIM 00Pa30M MPEICTABUTH B BUJE:
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m=nq+r,0<r<n,
rae q — (Leroe YUCIo) uacmuoe, a ¥ — OCTaTOK OT JISJICHUS M Ha N.

Aneopumm Oenenus ¢ ocmamkom 3aKiodaercs B ciuenyomeM. Ecmu
0 < m < n, to cnenyer npuHATh q = 0,7 = M, a eciiu m > n, To U3 O60JIb-
IIETO YUCJIa M CIEAYET BBIYUTAThL MEHBIIEE N, MOKA HE MOIYYUTCS YHUCIIO,
MeHbIlIee, YeM N — OCTaTOK. B ciydae, ecnu m— oTpunareiabHoe, K HEMy Ha-
110, HA00OPOT, MPUOABIATH YHUCIO 1, TIOKA HE TOIYIUTCS HEOMPUYAMETbHOE
YHCII0, MEHBIIEE N1 — OCTATOK.

Hanpumep, naiiném octaTtox npu aeieHud uucia 31 Ha uucio 7. Eciu
BBIYECTh YEThIpE pa3a uucio 7 u3 yucnaa 31, nomyuum yucio 3 < 7, TaKuM
obpazom, 31 =4 - 7 + 3, octaTok paBeH 3.

Teneps HaiiaéM ocTaTok OT meieHHUS dwcia —31 Ha gucio 7. 3aMeTuM,
yro  JOMHOXHMB Ha (—1) mpenmpimymiee  paBEHCTBO,  MONYYHM
—31 = (—4) - 7 — 3, Ho u3 371010 HE cineayer, uto (—3) — ocrarok. OcraTok
IOJDKEH OBITh HEOTPUIATENBHBIM. TakuM 00pa3oM, YeThIPEX MpUOaBICHHMA
yucna 7 K yncny (—31) HeIoCTaTOYHO, HYKHO MPHOABUTH YHUCIIO 7 TSTHINA
pa3 u nonyunts —31 = (—5) -7 + 4, T. e. ocTtaTtok paseH 4.

W3 TeopeMsbl 0 [IeNIeHnH ¢ OCTaTKOM BBITEKAET, YTO cpedu 100bix Noopsio
BLINUCAHHBIX N YUCET POBHO OOHO KpAmHO M, OCTAIbHBIE YHCIa JAl0T BCe
octatku monapsan ot 1 mo n — 1 (mauwmHas, BO3MOXXHO, He ¢ 1). Bocmonb3o-
BaBIIUCh 3TUM, CHOPMYIIUPYEM CIEAYIOUINE YTBEPKIACHUS:

1. IlpousBenenne MOOBIX IBYX MOCIEIOBATEIBHBIX IENTBIX YUCEIN JCIHT-
csHa 2.

2. IIpousBenenue JTIOOBIX TPEX MOCIETOBATEIBHBIX IIEJIBIX YUCEN JEITUTCS
Ha 6.

3. [IpousBeneHne MOOBIX YETHIPEX MOCICIOBATEIBHBIX IENIBIX YUCEIN Jie-
JuTCs Ha 24.

JleficTBUTENBHO, CPEAH THOOBIX IBYX MOAPSI UAYIIUX HENbIX YUCET OJTHO
4€THOE, 3HAYUT, TPOU3BEICHIE TOXKE IETUTCS Ha 2.

Cpenu TpéX mompsi MIyIIUX Yrced OAHO nenutcs Ha 3. Takke cpenu
MEPBBIX ABYX U3 TPEX MOAPAI UAYIIHUX YHCeN OAHO aenutcs Ha 2. T. k. 2 u 3
B3aMMHO MPOCTHIE, TO IPOU3BECHIE BCEX TPEX YMCEN JeNUTCS Ha 6.

CBoiicTBO 3 MOKa3BIBACTCSI aHAIOTUYHO: CPEAU MOAPSA UAYIUX 4-X 4u-
cenn HauAETcsa YHCio, Aelisaiieecs Ha 4, a Tak ke emé OJHO YHCIO0, Jafolee
OCTaTOK 2 TpH JIeNeHUU Ha 4, KOTOpoe Takxke OyaeT 4éTHeiM. Takum oOpa-
30M, IPOU3BeJIeHUE 4-X TOAPAN UAYIIUX drcen aenutcs Ha 4 x 2 = 8. Tlo-
CKOJIBKY 3TO Ipou3BeeHue emé nenurcs Ha 3, a HO/JI(3,8) = 1, To npousse-
JIeHue BceX 4-X MOAPA UAYIIUX YUCEN NETUTCS Ha 24.

Hpumep 10. [{okaskure, 4T0 IpH T060M HeuéTHOM 1 uncno ns + 3n? —
—n — 3 penutcs Ha 48.

Pemenne. Pasnoxum gaHsbii  MHorounen: n3+3n?f-n-—3=
=n-3)n?>-1)=m-3)(n—1)(n+ 1). 3ameTuM, uTO N — HEYETHOE,
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MO3TOMY €ro MOXHO TmpenctaButh B Bume n=2k+ 1. Torna
=3 (n—-1)(n+1) =2k —2)2k(2k +2) = 8(k — 1)k(k + 1). Ilpo-
U3BeJeHNE 3-X MOAPSAA HIYIIHUX YUCEI JIENUTCS Ha 6, TO3TOMY BCE MPOU3Be-
JleHue feauTcs Ha 48.

IIpumep 11. Haiinure Bce npocThlie ykcaa P, Npu KOTOPIX yucna 2p + 1
u 4p + 1 Takxke ABIAIOTCA NPOCTHIMU.

Pemenue. Vnes pemeHns 3aKIr09aeTCs B TOM, YTO XOTs OBl OJTHO M3 YH-
cenp, p+1, p+ 2 nomwkHo AenuUThCS Ha 3, a CIEAOBATENBHO, PABHATHCS
TpEM (3TH YHCIIa TIO YCIOBHIO TPOCTHIE).

JelicTBUTENBHO, €CIIU P NeNuTcs Ha 3, a p — MPOCTOE YHCIo, TO p = 3,
yucna7 =23+ 1u 13 =4 -3 + 1 Takxke IpocThIe.

Ecmun p + 1 menurcs na 3, 10 4(p + 1) Takxke menuTcs Ha 3, U YHCIIO
4p+1=4(p+1)—3 takxke geautcs Ha 3. DTO YHUCIO MO YCIOBHIO
JIOJDKHO OBITH TMPOCTHIM U TTOTOMY MOJKET OBITH PaBHBIM TOJBKO TPEM, HO
4p+1 # 3.

Ecmu p + 2 penurcst Ha 3, 10 2(p + 2) Takke IeaMTCSA HA 3, M MPOCTOE
gucno 2p + 1 = 2(p + 2) — 3 takke penurcs Ha 3. Ho a1o wmncio mpocroe,
uecnu 2p + 1 = 3,70 p = 1 He sABIAETCA NPOCTHIM YUCIIOM, IPOTUBOPEUHE.

OtBet: p = 3.

3.2. [lpu3HaKH 1eTUMOCTH

BcroMHMM HEKOTOpBIC U3 MPU3HAKOB JICIMMOCTH M BBIBEAEM NajbHEH-
e, [ycTs HaTypanbHOE YHCIO UMEET IECATHYHYIO 3aIUCh:

An0,_1 ...0,0.09 = 10™a,, + 10" 1a,_; + ---+ 10%a, + 10a; + ay,

ChopMymrpyeM HECKOIBKO NpU3HAK08 OeauUMOCHmU, W3BECTHBIX BaM W3
HIKOJILHOTO Kypca, pa3/e/uB UX HA TPH IPYIIIILL.

1. TIpu3HaKH AETUMOCTH 10 HECKOIbKUM HOCIeOHUM YUppam:

Ecau ... mo a deaumces Ha ...

ag denumcs Ha 2 uau Ha S 2 unu 5 coomsemcmeaenuo
a;ag oenumces Ha 4 unu na 25 4 unu 25 coomeemcmeenno
a,a,a, oerumcs Ha 8 8

aq pasto 0 10

Ap_1Qp_z - 109 paeno 0 10"

Jloka3aTenbCTBO BCEX ATHX NMPHU3HAKOB COJAEPXKAT OJHY M Ty XKe WA,
MPOJIEMOHCTPUPYEM €€ Ha TIpUMepe MPU3HAKA JETUMOCTH Ha 4.
3ameTuM, 4To
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apQp_1 00109 = Apap_q ---a2,00 +ayag =
=100 X a,a,—1 ...a; + a;ag.

Ho, gucno 100 memutcs na 4, mostomy 100 X @,a,,_1 ... @, TaKxke Je-
JUTCS Ha 4, MO3TOMY AETMMOCTh HUCXOAHOTO YUCia Ha 4 3aBHCHUT TOJIBKO OT
TOTO, IEUTCS JIU Q1 Ao HA 4 WITH HET.

3ameuanue. Bee npusHaku chOpMyJIMpOBaHHBIE, BBILIE, SBISIOTCS Tak-
KE U HPUIHAKAMU PAGHOOCHAMOYHOCIU: OCTaTOK OT JAEJCHUS Ha COOT-
BETCTBYIOIIUI JIENUTENh MCXOJAHOTO YHCIa W BBIPAKCHHS, 3aIIMCAHHOTO B
JIEBOW YaCTH TaOIUIIBI COBNAALT. DmMoMmy c8otcmay 6y0ym y008iemeopsnb
U 6ce NPU3HAKU, KOmopbsle OYOym 3anucanbl Huice.

2. Ilpu3HaKu AETUMOCTH 1O Cymme Yugp.

Echu ... mo a oeaumcs Ha ...

cymma yughp oenumces Ha 3 uau 9 3 uau 9 coomsememeeHHo

3Hakouepedyowasics cymma oeaumesi va 11 | 11

Jlokaxkem npu3HaK AEJIMMOCTH Ha 9.
Anap_1 - Gz0,09 = 10™a, + 10" 1a,_; + -+ 10%a, + 10a; + a, =

(99 ..9a,+99..9a,_1 +:-+99a, + 9a1> +
n—1

" (an + Gpog + -+ @ + g +ag) =
=9 X (11 wlap+11..1a,_4 + -+ 1la, + 1a1> +

-ltl(an + an_gl ‘|:'l R az + a1 + ao).

JenumocTh mOCHEIHEro BBIpaKEHUS Ha 9 coBmagaeT ¢ IETUMOCTHIO
CyMMBI I (p UCXOTHOTO Yncia Ha 9.

Teneps, okaxeM NpU3HAK JEIUMOCTH Ha 11.

3ametum, uyto gucna 11, 1001, 100001 (u BooOIIIEe, BCe HEUETHBIEC CTEIE-
HU JIECATKH, YBEIIMYCHHBbIE Ha 1), gensTcs Ha yucio 11. DTo nerko mpose-
puth. [eiictBurensno, 1001 = 990 + 11, 100001 =99990 + 11 u T. 1.,
OTKyJla IeIUMocTh Ha 11 ctaHoBUTCS oueBHAHOU. bosee cTporo 3To cieny-
eT u3 QOpPMYJIbl COKPAIIEHHOTO YMHOXCHHS, KOTOpas B HAIleM ClIy4ae Mo-
JKeT OBITH 3alycaHa B BUJIE:

(10 + 1)2k+1 = (10 + 1)(10%* — 1021 + ..+ 102 - 10 + 1).

Uwucna, cocrosmue U3 4€THOTO uncia AeBiITok (99, 9999 — uérHeie cre-
MIEHU JECSITKH, YMEHBIIIEHHBIE Ha 1), Aenarca Ha yucio 99 u, cienoBaTeNb-
HO, Ha yncio 11.

Torma Halre 4uciI0 a MOKET OBITh TIEPENucaHo B BUE:

a=ay+ (11—-1a; + (99 + 1a, + (1001 — Daz + - =
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=(ap—a; +a; —az +-)+ (1la; +99a, + 1001a;z + -+ ).
Bce noquépkHyThIe uncna KpatHHI 11, cienoBarenbHO, OCTaTOK OT felie-
HUS Ha 9rciio 11 paBeH OCTaTKy 3HAKOYEPETYIOIICHCS CYMMEI ITHGD.
IMpumep 12. Tlpu kakux HATypaIbHBIX N yncio 4™ + 1 nenutcs Ha 5?
Pemenne. [TocMoTpuM Ha nocieaHIO0 Hudppy yncna 4.

n 1 2 3 4 5

4n 4 16 64 256 1024

HecnoxxHo 3aMeTHTh, YTO MPHU YETHBIX CTEIICHSAX OHA OYIET PaBHATHCS
MMECTH, TPH HEYETHBIX — YETBIPEM. DTa 3aKOHOMEPHOCTHh OYIET MPOJIO0JI-
JKaThCS U JJANIBIIE: YMHOXas Ha 4 YUCIIO, OKaHYUBAIOIIeeCs Ha 6, MBI IOJTY-
YUM YHUCIIO ¢ TTocnenHeit nudpoit 4 u, HA000POT, YMHOXkAS Ha 4 YHUCIIO C TI0-
cieqHel nudpoit 4, MbI IOIYYUM YUCIIO, OKAHYHBAOIIEeCs Ha 6.

Eciu npu0aBuTh €IUHMILY, MbI TIOJIYYHM, YTO HOCIEIHSASA nudpa Mmojy-
YEHHOTO YHCIIA PaBHIETCA 5 MPH HEUETHBIX CTETCHSX, U PaBHAETCSA 7 TpH
y€THbIX. [10o MpU3HAKy AEIMMOCTH Ha 5 MOCHEIHsSA IUdpa Yucia, Iesiie-
rocst Ha 5, moipkHa ObITH KOO 0, mMHOO 5, mostomy 4™ + 1 menwrcs Ha 5
TOJILKO TPU HEUETHBIX N.

Oteet: 4" + 1 nenutcs Ha 5 TpH HEYETHBIX N M HE JCIUTCS — MPH 4YET-
HEIX.

*B nocneqHeii rpymne NpU3HAKOB JETMMOCTH PACCMATPHBAIOTCSA CYMMBI
JIBy3HAUHBIX WM TPEX3HAUHBIX T'paHEd — JBY3HAYHBIX WM TPEX3HAYHBIX
gucen u3 mudp JaHHOTO YHCIA, clipaBa HaleBo. Tak, B uucie 12345 ectb
TpHU ABY3HauHBIE rpaHu: 1 | 23 | 45.

3. IIpu3HaKku JETUMOCTH HO CYMME SPAHEU.

Echu ... mo a 0enumcsa Ha ...

cymma 08y3Haunvlx epaneil oeaumcs Ha 11 11

cymma mpéxsnaunvlx epaneil oeaumces va 37 | 37

3Hakouepeodyrowaics cymma mpéxsuaunvix | 7, 11 13 coomeemcmeento
epaneii oenumces Ha 7,11, 13

JIoKaxeM, HallpuMep, BTOPOH MPU3HAK TEIMMOCTH Ha 11.
anady_1 ...A2a109 = A1Qg + 100a3a2 + 10000(150.4_ + .- =
= (alaO + asa; + A5y + ) + (99a3a2 + 9999a5a4 + )
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T. k. 99 nemutcs Ha 11, TO YncnoO B IpaBoi ckoOKe nmenutcs Ha 11, cie-
JIOBATEIbHO, JENMMOCTh MCXOMHOTO YHciia Ha 11 3aBHCHT OT CyMMBI JIBY-
3HAYHBIX IPaHe, HANMCAHHOW B TIEPBOH CKOOKE.

XOTs AOKa3aTeNbCTBO OCTABIIUXCS JIBYX MPU3HAKOB SIBIISIETCS] aHAIOTHY-
HBIM JTOKa3aHHOMY TIPHU3HAKY M MBI IPUBOANTH €T0 HE Oy/IeM, OTMETHUM pa3-
noxxenre gucia 1001 Ha mpocThie MHOXKHUTENTH, KOTOPOE MO3BOIIIO chop-
MYJIMPOBaTh MPU3HAKU AenuMocTH Ha 7, 11 1 13:

1001 =7 x 11 x 13.

Hpumep 13. lenurca mu Ha 7 uncno 12345678907

Pemenue. Bocrone3yemcsi MpU3HAKOM JEIMMOCTH Ha 7 M IOCUHTaEM
3HaKOUEpEAYIOIIYIOCs cyMMy TpEX3HauHbIX rpaHeil: 890 — 567 + 234 —
— 1 =556. Yucmo 556 Ha 7 HEe menmTCs, 3HAUHNT, HCXOAHOE YUCIIO Ha 7 TaKXKe
HE JIeJHUTCA.

OTBeT: HEe JeIuTC. *

3.3. Boruuciaenue HO/I ¢ nomombio anropurma EBkiauaa

Uto6s1 Beraucuth HOJ 1ByX dncen, He 00sA3aTeI-HO 3HATH Pa3ioKeHNE
3THX YHCEJ] Ha MPOCThie MHOXKUTENH. CyIecTByeT HHOH croco0, OCHOBaH-
HBIN Ha feneHnn ¢ octatkoM. OH U3BECTeH Kak astzopumm Eexnuoa.

Cdopmymnupyem cpoiictBo HOJI nByx d9mcen, KOTOpoe HCHONB3yeTCs B
anroputMme EBknuna. [Tycts a > b, Torma

HOH(a, b) =HOH(a - b, b).

OTO JIErko JOKa3bIBaeTCS MPU MOMOINU CBOWCTBA 2 JEIMMOCTH IEINBIX
yucen. JlokaxkeM, 4ro obOIpe AeTUTEId Yucel a, b u uucen a — b, b copma-
nmatoT. [elictBurensHoO, MycTh a, b nenarcs Ha k, Torna a — b, Takke IeNUT-
cst Ha k. O6parHo, myctb a — b, b nensitcs va k. Torna a=(a—b) + b
TakKe Ha Hero nenurtcsa. Ecnm Bce oOImue NenuTend COBMAgaroT, TO Hau-
oonpmmit u3 Hux (HO/I) Taxke momkeH coOBIaiaTh.

Teneps nepeitném k Gopmysuposke areopumma Eexiuoa. Ilycts a > b.
Pazgenum ¢ ocratkom umncio a Ha uucio b: a = bg +r, 0 <r < b. Torma

HO/(a, b) = HOH(r, b) = HOJ(b, r).

DTO CBOWCTBO TONYyYaeTCs MHOTOKPAaTHBIM IPHIMEHEHHEM CBOWCTBa
HO/(a, b) = HO/I(a — b, b). Tenepp 3aMeHUM YKCIIO @ Ha 4ucio b, b — Ha
YHUCIIO T M MPOEIaeM TOXKE CaMOe C YUCIaMU b ¥ T U T. . DTH ONepaIuu
3aKOHYATCA, KOT/Ia OJHO YHCJO IMOJAEIUTCS Ha IPYroe Hareo, JeNUTEeNb H
oyner sBnsithess HOJ] uncen a u b.

Ipumep 14. C momomsto anropurma EBxomnma Haitnure HOJl uwmcen
1848 u 627.

Pemenne. Hauném onepanuio AeieHusi ¢ OCTaTKOM:

1848 = 627 X 2 + 594, nosromy HOJI(1848,627) = HOL1(627,594),
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627 = 594 x 1 4+ 33, mostomy HOJI(627,594) =HO/1(594,33),

594 = 33 x 18, 1. e. uncno 594 pazgemmioch Ha 33 Hameno. ITO O3Ha-
4aeT, uTo 3a 3 mara anroputMm EBximna Beiian otset 33.

Otser: HOJ/I(1848,627) = 33.

Hpumep 15. JlokaxuTe, 4TO NpH HeIbIX 3HAYEHUAX X uMciaa 2x2 + 4 u
2x — 1 He MOTYT OJHOBPEMEHHO NENUTHCS HU Ha KaKue IPOCThIe YHUCIA,
OTJIMYHBIE OT 3.

Pemenne. J[ns nokasartenbcTBa npumMeHuM anroput™ Esxinumpa. Haii-
1M, Kakue 3HaueHus MoxeT npuauMath HOJ[(2x2 + 4, 2x — 1). {ns 5To-
r'0, BOCIIOJIb30BAaBUIMCH HECKOJIBKO pa3 CBOWCTBOM B Havaje maparpada, mo-
ayaum: HOJ(2x2 + 4, 2x — 1) =HOM(x + 4, 2x — 1). D10 cnenayer u3
Toro, uto 2x2 +4 = (x +4) + x(2x — 1). (x + 4, 2x — 1).

Berurs w3 2x — 1 gBakael uncio x + 4, nmonmyuum: HOA(2x — 1, x +
+4=HOJN 9, x+4 Yucno 9 He 3aBUCHUT OT .t, 3T0 3HA4MT, uro HOA 9, 1+4,
koTopbiilt paBusiercss HOJ[ ucxomgusix BeIpaxeHui, nenut gyucio 9. Taxum
o6pazom, HOJ[(2x2 + 4, 2x — 1) MoxeT npuHUMAaTh 3HadeHus 1, 3, 9, u3
YeTro | CIIeyeT YTBEePKISHHE 33 /[a4H.

Anroputmy EBknuna yxe 6onee 2 toic. net. OH copmynupoBan B «Ha-
yanax» EBKkimma, rie M3 HEero BBIBOISATCS CBOMCTBA MPOCTBHIX YHCEN, Hau-
MEHBLIETO OOLIETO KPaTHOTO | T. J. AJTOPUTM UMEET MHOTO MPAKTUYECKUX
npuMeHneHnit. Emeé npesHue nugaropeibl 3HaIM €ro Kak crnocod Haxox/ie-
HUsl HanOoIbIel 00IIel Mephl IByX COM3MEPUMBIX O0Tpe3koB. K cepenune
XIV B. anropurMm EBkimaa ObuT pacnipocTpaHEH Ha MHOTOWIEHBI OT OJJHOTO
MIEPEMEHHOT0, a B AalbHEHUIIIEM 3TOT aJITOPUTM OBLT ONpeneéH U Ul psja
JOpYTUX anre0pandeckux 0ObEKTOB.

§4. Pemienue ypaBHeHHUil B HeJIbIX YMCJIAX
4.1. /IluneiiHoe 1u0¢aHTOBO YpaBHEHUE C IBYMSI HEM3BECTHBIMU

B sToM pa3nene paccMarpuBaeTcs JIMHEHHOE ypaBHEHNE
ax + by =,
rae a, b, ¢ — uenvle yncna, npudeMm ab # 0 (MHaue 3TO ypaBHEHHE C He 0o-
Jie€ OJTHOM HEU3BECTHOM).

VYpaBHEeHUs ¢ LEJbIMU YUCIaMu ¢ ABYMs (1 Ooiee) HEM3BECTHBIMU Hapsi-
Oy ¢ OONBIIMM KOJIHYECTBOM APYTMX HHTEPECHBIX 3aAad paccMaTpUBal B
cBocH KHHTE «ApudMeTHKa» Tpedeckmid mareMmatuk Juodant AsekcaHu-
puiickuii (111 B.). Takue ypaBHeHHs ObUTH BIIOCTECICTBUM HAa3BaHBI €T0 UME-
HEM.

Hpumep 16. Jlokaxwure, 4TO MOHETaMU B 2 U 5 pyOlleli MOKHO 3aruia-
TUTH JTIO0YI0 HATYpaJIbHYIO CyMMy pyomelt, kpome 1 u 3.

Pemenne. [Tycts cymma, KOTOpYIO Hy’KHO COCTaBUTh, PaBHSIETCS 1 pyO-
Jield, ¥ MBI 3aI7IaTUM €€ X MOHETaMH 110 2 pyOJisi U Y MOHETaMHU 110 5 pyOuieil.
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n—5y
—

Harra 3aaua — HaiiTH XOTS OBI OJJHO PEHICHUE STOTO YPaBHEHUS B IEIIBIX
HEOTpULATENbHBIX unciax. Eciu n nenutcs Ha 2, TO B KAYECTBE TaKOro pe-
IICHUS MOKHO B3aTh ¥ = 0, x = n/2. Ecau ke n He menurcs Ha 2, TO MOX-
HO B3Thb ¥y = 1, x = nTS 3neck x He OyAeT SABIATHCS OTPUIATEIHHBIM,

Otcrona monyynM ypaBHeHue 2x + 5y = n. Beipaszum x gepe3 y: x =

ecmu n = 5. TakuM 00pazom, JT00YI0 HATYPANTBEHYIO CyMMY pyoOieit, kpome 1
¥ 3 MOXHO 3aIIaTUTh MOHETaMH B 2 U 5 pyOIIeil.

3ameuanue. Ecim ke B 3TOH 3amade pa3pelnTh AaBaTh caady (Takxke
TOJIBKO MOHETaMu 2 U 5 pyOieif), To Toraa MOXKHO OYyIeT ¢ y4éToM chadu
3aIIaTHTh JTFOOYI0 CYyMMY pyOIIei.

[Mepeiiném k pemenuio ypaBHeHus ax + by = c.

Teopema. YpaBHeHue ax + by = ¢ umeer GecKOHeYHOE MHOMKECTBO
HeJIOYHCJIeHHbIX pemneHuii, ecin ¢ aeautcss Ha HOJ/l(a, b) u He nmeer
1eJIOYHCJIEHHBIX pellleHnii B MPOTHBHOM cJIydae.

Venoeue «c genurtca Ha HOJI(a, b)», 4acTHOCTH, BCETAa BBIIIOJIHEHO,
KOTJIa YMCJIa a U b B3aUMHO MPOCTBHL.

JuodantoBo ypaBHeHHE ax + by = ¢ MOXXHO pemiarh Mo CIeAyIeMy
ANTOPUTMY:

1. Paznenum ob6e vactu ypaBHenus ax + by = ¢ na HOJI(a, b). Yucna a
u b, nogenéunpie Ha ceoii HOJI, cranyT B3auMHO IIpocThIMHU. Eciu uncio c,
pasnenénnoe Hareno Ha HOJl(a, b), He sBiseTcs LeibM, TO YpaBHEHHE pe-
HICHU He uMeeT (cleBa CTOMT IeJI0€ 4YHCIO, CIpaBa — HEIEoe).
TakumM 00pa3oM, MbI IPHUILTH K PABHOCWIIEHOMY YpaBHEHHIO ax + by = C,
rae HOI[(d,b) =1.

2. Urak, mycTh Teneps ecTh ypaBHeHHE ax + by = ¢, rhe uucia a u b
SBIISIIOTCSL B3aMMHO TPOCTHIMHU. Haiiném kakoe-To OonHO (Tak Ha3bIBaeMOe
«4acTHOE») pellieHHe 3TOT0 ypaBHEHUS — (X, Vo). ITO MOXKHO CIeNaTh Iy-
TéM TI000pa WITH C TIOMOIIBI0 anropuTMa EBKimaa (cM. KOHeI 3TOro pasfe-
na).

teZ.

x = xy — bt
3. BBIHI/IHICM OTBCTHEI: { 0

y=Yyotat’

[Touemy Bce OTBETHI UMEIOT TaKOU BUT?

ITycts (xo, o) — pelieHue ypaBHeHus: ax + by = c¢. PaccmoTrpum BbIpa-
xeune a(x —xg) + b(y —yy). Ono paBusiercs Hymo: a(x —xg) +
+b(y —yy) = ax + by — (axy + byy) =c—c = 0.

Takum 00pazoMm, Uuclia X — Xg U Y — Yo ABJSIOTCS PELICHUSIMH YpaBHe-
Hust aX + bY = 0. Ilepenumem 310 ypaBHenue B Buzne aX = —bY. Tak kak
9HuCcia @ U b — B3aMMHO TPOCTHI, YHUCJIO Y JOIDKHO NENUTHCS Ha YHCIIO a,
T. e. Y = at npu xakoM-To 1enom t. [logcraBum Y B ypaBaenue aX = —bY,
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noiayuuM aX = —bat, 4To B CBOIO OYepeb MOCIIE COKPAICHNS Ha a Mpeo0-
x—x,=-bt,
Y=Yy, =at,
OTKYy/1a ¥ [IOJIy9aeM BBIIIHCAHHBIE B M. 3 OTBETHI.

IIpumep 17. Pemure ypasnenue 10x + 4y = 100.

Pemenue. Paznennm o6e gactu ypapaerus Ha HOJI(10,4) = 2, moryunB
ypaBHenue 5Sx + 2y = 50. IlogbopoM mody4aeM YacTHOE peLICHUE
x, =10, y, =0.

pasyercs k Buny X = —bt. Urax, {

x=10—-2t
3aTeM BBINUIIEM BCE PEIICHUS 3TOTO YPAaBHCHUS: y =5t , tEZ.
Ot1BeT: {x =10—2t , t €EZ.
y =5t

*Omumem nponecc HAXOXKIEHHS «YACTHOTO» PEIICHHS C TIOMOIIBIO All-
roputma EBkinaa Ha nmpuMepe AuodanToBa ypasHeHus 7x + 18y = 2.

Ipumep 18. Halinute yactHOE penieHue ypaBHeHus 7x + 18y = 2.

Pemienne. [lns Havanma HalaéM YacTHOE peEIICHHE ypaBHEHUS
7x + 18y = 1, 3areM, TOMHOXXMM TOJY4YeHHOE pelleHHe Ha 2, MOIYyYUM
YaCTHOE pELICHHUE ypaBHEHUs 7x + 18y = 2.

Hatiném HO/I(18,7) ¢ momomreio anroputma EBkmupa. 18 = 7 X 2 + 4,
nmoatromy HOJI(18,7) = HOJ/I(7,4). byaem 3anmuchIBaTh Kak10€ HOBOE YHCIIO,
K KOTOPOMY MBI MPHUXOAMM, BBINOJHSS anroputM EBkianma, B BuIe
7x +18y. Tak, 4=18 -7 x 2.

3arem HO/l(7,4) =HO/(4,3),tne3=7—-4="7— (18 =7x2) =T7x3 — 18.

Hakonen, HO/I(4,3) = HOJI(3,1) = 1, mpuuém 1 =4 — 3 = (18 — 7x2) —
—(7x3 —18) = 18x2 — 7%5.

BoTr, MBI mody4yunm dYacTHOe pelieHue ypaBHeHus 7x + 18y = 1:
x=-=5y=2.

Orcroga dacTHoe pemieHue ypaBHeHHs 7x + 18y =2 wumeer BuTI
x,=-10, y, =4.

Pemas 3amauy npyrumu crnoco0amM, MOKHO HAiTH M Jpyrue 4acTHBIE
pemenns. Hanpumep, x, =8, y, =-3.

OtBer: x = —10,y = 4. *
4.2. IllpumMepsl pelieHNs] HeJTUHEHHBIX YPaBHEHU

Hpumep 19. (EI'D, mpenuposounviii eéapuanm) I'pyIiry MIKOJIEHUKOB
HYXHO II€pEBE3TU U3 JICTHET'0 Jlareps OJHUM U3 JABYX CIIOCOOOB: JINOO IBYMS
aBToOycaMy TuMa A 3a HECKOJIBKO percoB, OO Tpems aBToOycamu Tumna B
3a HECKOJIbKO PEHCOB, IPUYEM B 3TOM CIIydae YHCIO PEHCOB KaKIOro aBTO-
Oyca tuma B Oymer Ha OqUH MEHBINE, YeM pEeHCOB KaKIOro aBToOyca THIIA
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A. B xaxnom u3 ciydaeB aBTOOYCHI 3aIOJTHSIOTCS MONHOCTRIO. Kakoe mak-
CUMAaJIbHOE KOJHMYECTBO IITKOJFHUKOB MOXKHO IIEPEBE3TH TNPH YKa3aHHBIX
YCIIOBHUSX, €CNIU B aBTOOyC TUNa B BXoauT Ha 7 4enoBeK MEHbIE, YeM B aB-
ToOyC Thma A.

Pemenue. Ilycts B aBTOOYC THITa B BXOAWT X YenoBeK (Toraa B aBTOOYC
TUna A BXOAUT X + 7 4eJ0BEK), U aBTOOYCHI THIa B JOIKHBI COBEPIINTD Y
peiicoB (Toraa aBTOOYCHI THIAa A JOJDKHBEI coBepmnTh Y + 1 peiic). 1o yc-
JIOBHIO 33/1a4¥ COCTABUM BBIPXKEHUE /TSI KOJIMYECTBA JIETEH, TepeBe3EHHBIX
obonmu criocobamu:

2+ 7)(y + 1) = 3xy.
BrIpazum nepeMeHHY0 X 3TOTO BEIpaXXSHHS Yepes ).

14y+2x+14—xy =0; x=M_
y—=2
Breigenum nenyro 4acTp yncna; l4y+14 ;X = l4y+14 = 14+£.
y=2 y=2 y-2

HammomHuM, 9HCIIO X JTOMKHO OBITH IIEJIBIM, OTCIO/IA MOJTyYaeM, YTO YHC-
70 (Y — 2) IomKHO OBITH AenuTeaeM ncna 42.

[Tepebepém Bce nenurenu uncia 42 W BBIACHHM, KaKO€ MaKCHMAlIbHOE
KOJIMYECTBO jaeTel (3XY) MOKHO yBE3TH:

y—2 1 2 3 6 7 14 21 42

y 3 4 5 8 9 16 23 44

x 56 35 28 21 20 17 16 15
3xy 504 420 420 504 540 816 1104 | 1980

MaxkcuMalbHOE KOJIMYECTBO IIKOJIBHUKOB, KOTOPOC MOXHO IIE€PEBE3TU
COTJIaCHO YCJIOBUSM 3aAauu, paBHO 1980.

OtBet: 1980.

Ipumep 20. Pemmre B mebIX ykciax ypaBaenue xy = 5(x + y).

Pemenne. [lepenuiem ypaBaeHue B Buze: xy — 5x — 5y = 0;

x(y—5)—-5(y—-5)—-25=0; (x—5)(y—5)=25.

3aMeTHM, 4TO 25 MOKHO Pa3loXUTh HA MHOXKUTENH (B TOM YHCIE OTpHU-
HatenbHble) TONBKO CIeAYIOUMMHU crnocodamu: 25=1X25=5X5=
= (1) x (=25) = (=5) X (=5).

W3 kaXJ0r0 U3 pa3ioKeHHH NOTy4aeM PeIeHHUS.

OtBert: (x,y) = (6,30); (30,6); (10; 10); (4,—20); (—20,4); (0,0).

IIpumep 21. Permute B 1IENBIX YKCTaX YpaBHEHUE
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x2=2y2+xy+7.
Pemenue. [Tepenumem 31o ypaBuenue B Buze: (x + y)(x — 2y) = 7.
DTO pasnokKeHUEe MOKHO MOIYUUTh CICAYIONMM 00pa30oM: 3alUIIEeM BbI-

2
paxenue x2 — xy — 2y? = 0 u BbiHeceM y? 3a ckoOku: > (£] e
y y

2
[lanee, pemnB KBagpaTHOE ypaBHEHHE (ﬁj RN ) (xopHH £=—1,
y ¥

y Y Y
JIOMHOYKEHHS Ha Y2, MOMy4aeTcs HAMMCAHHOE BhIIIE Pa3I0kKEeHHE:
(x+y)(x—2y).
T. k. (x +y) u (x — 2y) — 1eNble YUCIa, TO HY)KHO TIOCMOTPETH Ha pa3-
JIOKEHHE YHCIia 7 Ha JBa LEJIBIX MHOKHUTEIS. BO3MOXKHbIE pa3iioKeHHs! BbI-
MUIIIEM B TaOJIHILy:

X X X
—=2,pa3noxkuM ero Ha MHOxwutenn. | —+1 || ——2 | Orcroga, mocne

x+y= 7 1 =7 -1
x—2y= 1 7 -1 -7
[omy4atorcss 4 cucTemsl JIMHEHHBIX ypaBHEHUH. Pemum oaHy M3 HUX
(mepBym0):
x+y=7,
{x -2y =1

Homyuynm: x = 5,y = 2.

OcTanpHble CHCTEMBI BBIHUCHIBAIOTCS AHAJIOTUYHO, U BCE MOJTyuEHHBIE
peteHus OyayT SBISATHCS ETBIMU.

Orteer: (x,y) = (5,2); (=5,-2); (3; —2); (=3; 2).

B o0onx mpumepax MBI pacKiIaJbIBAIA MHOTOWIEH Ha MHOXHUTEIH U HC-
MOJIb30BAJI CBOMCTBA AETUMOCTH.

Ipumep 22. Pemnre B LeNbIX YMCIaX ypaBHEHHE X° — xy — 7x + 2y +
+23=0.

Pemenue. B 570 ypaBHEeHHE NepeMeHHas Yy BXOAMT B IIEPBOH CTEIEHU,
x*=Tx+23

x-2
CnenaeM 3ameny: t=x-2.Torma x=t+2; x> = +6> +12t+8 wu, cre-
JIOBaTeJIbHO,

£ +60° +12t+8-7t-14+23 17
y= ; =t +6t+5+7.

BeIpazsuM €€ uepes x: x> +y(2—x)—7x+23=0, y=
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[To ycmoBmto y u t — 1esple, modToMy 17 mMOIDKHO menuThes Ha t. Bos-
MOJKHBI BAPUAHTHI:

t 1 =1 |17 | =17
x 3 1 19 | —15
y |29 | 17 1397 ] 191

Otset: (x,y) = (3,29); (1,17); (19,397); (—15; 191).

Hpumep 23. Haiinute Bce nenble x, npu koTopbix 2™ + 1 = x2, rae n —
HaATypaJIbHOE YHCIIO.

Pemenue. bynem cuutarh X HEOTpUIIATENFHBIM (3aTe€M JO0ABUM YHCIIO
"-x" B OTBET)

[epenumem 3710 ypaBuenue B Buze 2" = x2 — 1= (x — 1)(x + 1).

3amMeTHM, YTO HEOTPHIATENbHBIE JIETUTENN Yuca 2™ TakkKe 00S3aHbI AB-
JATBCSI CTEMeHsAMH JIBOMKH, modtomy (x —1) = 2%, (x + 1) = 2/. Yucna
(x =1 u (x + 1) — menurenu yncna 2™ - He paBHBI €IUHUIIE, TOITOMY 00a
STHX YHCIIA SBISIOTCS HATYPAJIbHBIMU CTENEHsIMH ABOHKU. C IPyroi cTopo-
HBI, CPEIH JBYX ITOCIEIOBATENBHBIX YETHBIX YMCENl OJHO JAEIHTCS Ha 4, a
BTOpOoe Ha 4 He aenurcs. llockombKy BTOpoe umcio Ha 4 HE NENUTCS U MPH
9TOM OHO HE JOJDKHO COJEp)KaTh OTIAMYHBIX OT 2 MPOCTHIX AENUTENEH, TO
9TO YUCJIO PaBHO 2.

Takum 00pa3om, Hy)KHO paCCMOTPETh 2 CITydas:

a.(x+1) =2,x =1- He moaxomur.

6. (x —1) = 2,x = 3 —moxxomur (n = 3).

OtBer: x = +3,n = 3.

IIpumep 24. Pernte B HaTypaJIbHBIX YUCIAX YpaBHEHHUE

1+x+x2+x3=27,

Pemenne. PasnoxuB neByro uacth, momyunm (1 + x)(1 + x2) = 27,
T. k. uncna x u x? — HatypanbHele, 1+ x > 2; 1 + x2 > 2, 3Hauurt, 06a
uncnaa — (1 + x) u (1 + x?) ABAAIOTCS HATYPANLHBIMU CTEHEHSAMM JIBOMKH.
Iycts 1+ x = 2. BeipasuB U3 3Toro ypaBHeHus x, momyumm, 1+ x2 =
2%t — 2.2t + 2. D70 YKHCIIO TAKKE JODKHO SBISATHCS CTEICHBIO JBOMKH.

Ecmut = 1, 1o (x,y) = (1,2) — peliueHus HaIEro ypaBHEeHHSI.

Eciu t = 2,10 1 + x2 = 10, uT0 He sABIAETCA CTENEHBIO JIBOMKH; pelle-
HUI B TaHHOM CITydJae HeT.

Ecom t >3, 10 2-28—2>0 u 22t — 2.2t + 2 < 22, JlokaxkeM, 4TO
22t —2.28 4+ 2> 2271 310 HepaBeHCTBO MOXHO TepenucaTh B BHJIE
22t—1 — 22t _ 22t—1 >2. Zt _ 2; 22t—2 > 2t —1.

[TocnenHee HepaBEHCTBO SBIISIETCA BEPHBIM, T. K. NpuU t = 3 BEPHO
2t — 2 > t, 4T0 NpUBENET K HepaBeHCTRY 22672 — 28 > 0 > —1.,

Takum 06pa3om, Mbl HOJYUMIM, 4TO umcio 1+ x? =22t —2.2t 42
3aKJTIOUEHO CTPOTO MEKIY JBYMs COCEIHMMH CTemeHsMM aBoiikm, 22671 <
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22t — 2.2t +2 < 2% a, 3HAUMT, caMO CTEMEHBIO NBOHKH HE SIBIACTCH.
IIpoTtuBopeune, pemenuii npu t = 3 HeT.
Otser: (x,y) = (1,2).

*§5. CpaBHenus

IlycTh 3a1aHO HATYPaJBLHOE YUCIIO 1, KOTOPOE MBI B JalbHEHIIeM OyaeM
Ha3BIBATb MOOYIEM.

Byaem roBoputh, 4TO UmMcCiIa AW b CPaBHHUMBI MO0 MOAYJIO M, €CJIHU
a — b neautest Ha n. DTO yTBEpPXKCHHE 0003HAYAIOT KaK

a = b (mod n).

Eciu yucno a — b He nenauTtcs Ha n, TO TOBOPST, YTO A HE CPABHUMO C b
0 MOJIYJIIO N, ¥ 0003HAYAKT Kak @ £ b (mod n).

ITo TeopeMe O AETCHUU C OCTATKOM YHCIA d U b MOXHO TPE/ICTABUTH B
BHJIE:

a=kn+nr, 0<rn<n, b=kmn+nr, 0<nrn<n,
IJIe 7y U T, — OCTATKH, BOSHUKAIOIIUE MPH JISICHUN YHUCENl d U b HAa YUCIIO N.
3ameTuM, 4to 1, =a —kin; r, =b —kyn, otkyma r, —1, = (a —b) +
+n(k, — kq). Orcrona, ecinu a — b 1enuTcs HA N, TO 1y — T, TAKKE JACITUTCS
HAaN.T.xk. 07 <n 0<rn<n10-n<r —nr, <n. llostomy ry — 1,
JICJIUTCSL HA M TOJIBKO B OAHOM ciy4dae: 1; — 1, = 0, 11 = 1y, OueBuaHoO,
BEPHO M 00paTHOE: €CJIIU 17 = 15, TO @ — b JIenuTCs Ha N.

[Mosromy uneaa a u b cpaBHEUMBI 0 MOAYJII0O N TOT/AA U TOJIBKO TO-
r/1a, KOTJla OHYU JaI0T OJINHAKOBBIE OCTATKH NPH JeJIeHHU Ha N.

PaccMoTpyM MHOKECTBO 4KCEs, KOTOPBIE Jal0OT OCTATOK T MPHU ACICHUN
Ha N (3TO MHOXKECTBO SBJISETCS MOJMHOMKECTBOM IENbIX uncen). M3 yTBep-
JKJICHUSI BBIIIIE CIEAYET, 4TO JIOObIC B YMCIAa U3 JAHHOTO MHOXECTBa OY-
IyT CPaBHUMBI MEXAy CO00# 0 MOAyJr0 M. Bcero pasHeIXx OCTATKOB IPH
JeneHuu Ha n umeetcs n mwTyk (ot 0 1o n — 1). Takum oOpa3om, MHOXKECT-
BO IICJIBIX YHCEI MOXHO Pa30HUTh HA N MHOXXECTB, HE COJICpXKAIIUX OOIIUX
3IIEMEHTOB, KXKI0¢ M3 KOTOPBIX XapaKTEPHU3YeTCs] OCTATKOM OT JEJICHUS
qpcell MHOXKECTBA Ha N.

Hanpumep, npu n = 3 OyAeT TpU MHOXKECTBA: MHOXKECTBO YHCEN, JEIIs-
mmxcs Ha 3 (umeer Bua 3k, k € 7); MHOXKECTBO YHCEN, JAIOIIUX OCTATOK |
nipu nenenun Ha 3 (3k + 1, k € Z), 1 MHOXKECTBO YHUCEII, TAIOIIINX OCTATOK 2
npu nenennn Ha 3 (3k + 2,k € 7).

Takue MHOXKECTBa HA3bIBAKOTCS KIAccamu eblyemos. Takum o0pazoM
MHOECTBO I[EITBIX YHCEN PA3JENICHO Ha 11 KJIACCOB BBIUETOB 110 MOAYIIIO M.
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W3 Bcero BhINIECKa3aHHOTO CIEMyeT, YTO YHCJIa @ U b cpaBHUMBI 1O
MOJYJII0 N TOrAa U TOJBKO TOrJAa, KOIJa OHU NMPUHAAJIEKAT OTHOMY
KJIACCY BHIYETOB IPH JIeJIEHUH HA M.

OcHoOBHBIE CBOWCTBA CPABHEHUIA.

CaoiicTBo 1. (Crio)keHIE U BEIYUTaHIE CPABHCHUN)

Ecmua=b(modn)uc=d(modn), Toa+c=(b+td)(modn).

CaeactBue 1.1. K o0enM gactaM cpaBHEHHS! MOKHO TPUOABUTH OJTHO H
TO ke uncio: eciu a = b (mod n), o a+c = (b + ¢) (mod n).

CBoiicTBoO 2. (YMHOXECHHE CpaBHEHHT).

Eciua =b (modn) u ¢ =d (modn), to ac = bd (mod n).

CaencrBue 2.1. O0e yacTu CpaBHEHUS MOXXHO YMHOXAaTh HA OJHO U TO
xe uncio: eciu a = b (mod n), o ac = bc (mod n).

CneacrBue 2.2. O0e yacTd CpaBHEHHS MOXKHO BO3BOJIUTH B OJIHY H Ty
ke crenenb: eciu a = b (mod n), o a® = b€ (mod n).

Ipumep 25. JlokasaTh, 4T0 HOpU J0OOM HATypalbHOM 7T uucio 62™ +
+19™ — 2"*1 nenurcs ma 17.

Pemenue. Jlokaxem, uto 62" + 19" — 2"+1 = 0 (mod 17).

CornacHo CBOMCTBY | cpaBHEHUi, KaX/JI0€ YMCIO B CYMME MOXKHO 3aMe-
HUTh Ha YHUCIIO, JAlOIIee TaKOM K€ OCTaTOK Ipu nejaeHuu Ha 17. 3amerum,
62" = 36™. T.x.36 = 2 (mod 17), To, cormacHo cienactBuio 2.2, 36" =
= 2" (mod 17).

Amnanoruuno, 19" = 2™(mod 17). 3amenum uncia 6°™ u 19" na cpas-
Humble uMm. Torga mnotpeOyercs pokasath, urto 27+ 2M — 27+l =
= 0 (mod 17), HO 3TO OYEBUJHO, T. K. B JICBOH YaCTH CpPaBHEHHS IMPU BbI-
YHCIICHUH TTONTydaeTcst yuciio 0.

Takum o6pazom, 62" + 19" — 2"+l =0 (mod 17), T. e. 62" + 19" —
—2"*1 nenurcs na 17.

Ilpugeoém Opyeotl cnocob peuterus npumepa, KOTOPBIA HE HCIIONB3YET
CBOWCTBa CpaBHEHHA, HO HCIOJB3yeT METOJ MaTeMaTHYECKOW WHIYKIUH,
COTJIACHO KOTOPOMY, eCiit OOKA3bl8aeMoe YMBepIcOeHUe 8epHO NPU HAYATb-
HOM Ny, (00BIYHO Ny = 1) (KOCHOBaHUE MHIYKIIUN») U U3 NPEONONONCEHUS,
ymo dokasvieaemoe ymaepoicoenue gepruo npu n = k («upeanonoxeHne uH-
IYKIW») credyem e2o0 cnpasedaugocms 0na n = k + 1 («mar HHIyKIum»),
Mo ymeepicoeHue 6epHo npu 8cex N = Ny.

CTOHUT OTMETUTb, YTO 00€ YacTH (OCHOBAHWE W LIar MHIYKIUHU) OJUHAKO-
BO B&XHBI ITPH JJOKA3aTEIBCTBE YTBEPKACHUH.
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Bepuémcst k mpuMepy ¥ TPOBEPUM OCHOBaHWE WHAYKIMH mpu n = 1.
JeiictButensHo: 62 + 19 — 22 =51:17.

[ycts npu n = k Bepaxkenue A, = 62K + 19% —
(mpennonoxenue naaykun). [lpu n = k + 1, monyuum:

Ak+1 — 62(k+1) + 19k+1 _ 2(k+1)+1 =36 - 62k +19. 19k +2. 2k+1

=36 (62K + 19F + 2k*1) — 17 . 19F — 34 . 2k*1 =
=364, — 17 - 19% — 34 . 2k+1,

T. k. o mpeAnofoxeHuto UHAYKIUU Ay i 17, 10  Apyq = 364, —
—17 - 19% — 34 . 2%+ tagke menmtes Ha 17. Takum 06pa3oM, mar HHIyK-
UM JI0Ka3aH M, COTJIACHO METOJY MaTeMaTW4ecKOW WHAYKIHH, UCXOAHOE
YTBEPXKICHUE BEpHO MpH Beex 1 = 1.

Tpumep 26. Pemure B HenbIX uncnax ypasHenue x2 + y2 = 151515.

Pemenue. B nanHoii 3a1aue TpedyeTcs IPUMEHUTh CPaBHEHHS IO MOJY-
o 4. OcTaToK OT JieieHus Yucia X2 Ha 4 3aBUCHT OT OCTaTKa OT JeTeHHs
Yuciaa X Ha TOT K€ MOJYJb. BhIMuIiiieM Bce BO3MOXKHBIE OCTATKH IMPHU JIeie-
HUH YKCIa X B TaONUILy, Ty/a e 3alUIIeM OCTaTKU OT YHcia X 2.

2K+l nenures Ha 17

OCTaTOK OT X 0 1 2 3

OCTATOK OT Xx? 0 1 0 1

IIpoBepum, HampumMep, ocTatok 3. JleiicteutensHo, 32 = 9 = 1(mod 4).

TakuM 00pa3zom, 1Mo MOIyro 4 KBagpaThl YUCET MOTYT JIaBaTh TOJILKO
ocratku 0 1 1, mo3TOMY CyMMa BYX KBaApaToB MOXKET AaBaTh octaTku 0, 1,
2 u He MOXeT AaBath octatka 3. Ho, 151515 = 3 (mod 4). [To3atomy pe-
IIEHUH B LEJIBIX YUCIAX Y HCXOAHOTO YPAaBHEHUS HET.

OTBeT: HET peuIeHNH.

Hpumep 27. CymecTByeT U HAaTypaJbHOE YHCIO N TaKoe, YTO
20122012 4 20142014 = 29

Pemienne. B ominmume OT mpenblayIied 3amadd, €CIM HCHOJIb30BaTh
CPaBHEHHUS MO MOAYNIIO 4, MPOTHBOpEUUs He Molydurcs. JledcTBUTENbHO,
00a uncma 20122912 1 2014291 nensrcs Ha 4, T. e. n? TOMKEH JaBaTh OC-
taTok 0 mpu JeneHnu Ha 4, U Takoe BO3MOKHO. OJTHAKO OTCYTCTBHE NPOTH-
BOpEUMs MIPU PACCMOTPEHUH MOIYJS 4 HE TapaHTHPYET CYIIEeCTBOBAHUSA Ta-
Koro n. Moaynp, IO KOTOPOMY BO3HHKAaeT MPOTHBOpPEUHE, OOBIYHO HIIYT
METOJI0M Tiepebopa cper BO3MOKHBIX MOIYJIEH.

Tak, B 3TOM mpHUMepe BO3HUKAET MPOTUBOPEUHE MO APYTOMY MOIYJIIO:
n = 3. 3amerum, 2012 = 2 = —1 (mod 3); 2014 = 1 (mod 3). Bocnous-
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30BaBIIUCH CIEACTBHEM 2.2 (BO3BEACHHE CPABHEHHS B CTEIEHb), a 3aTeM
cBoiicTBOM | (cioxeHue cpaBHeHuit), momyunm, 20122012 420142014 =
= (—1)2012 4 12014 = 2 (mod 3). Takum 06pa3oM, KBaZpaT HATYPAILHOIO
YHCIIa JOJDKEH AaBaTh OCTATOK 2 MpPHU JACIEHUH Ha 3.

OpHako KBaJpaThl HATYPaJIbHBIX YHCET TaKKe MOTYT AaBaTh TOJBKO OC-
tatku 0 u 1 nmpu genenun Ha 3: (02 = 0(mod 3); 12 = 1(mod 3); 22 =
= 1 (mod 3)).

CrnenoBaTeslbHO, TAKOTO HATYypaNbHOTO 1 HE CYIIECTBYET.

Ipumep 28. Haiinure octatok ot genenus (36 - 35)°° ua 17.

Pemenune. Crnenctaue 2.2 CBOWCTB CpaBHEHUH (BO3BEJICHUE CPABHEHUS B
CTETIeHb) MO3BOJISIET OCHOBaHKE cTeneHr 36 - 35 3aMEHUTh Ha CPAaBHUMOE C
3TUM OCHOBaHHEM IO MOAYJIO 17 4mcio. DTO YMCIO MBI HaWJEM, BOCIIONb-
30BaBUINCHh CBOWCTBOM 2 CpaBHEHHWH (YMHOXXEHHE CpaBHEHHI), 3aMEHUB
yucna 36 u 35 Ha UX OcTaTKH 1o MoAyiio 17, T. e. Ha yucna 2 u 1.

3anuceiBas GopMysiaMu BblleckazanHoe: 36 = 2 (mod 17);

35 =1 (mod 17), monyunm 36-35=2-1= 2 (mod 17). 3arem 1o
cnenctmio 2.2 (36 - 35)50 = 250 (mod 17). Utak, Hy)HO HailTH OCTATOK
ot nenenns 2°° wa 17.

Bynem Bo3BoAMTH 4HCIIO 2 TIOCIE0BATEIRHO B HATypasibHbIe cTeneny (1,
2, 3,4, ...) ¥ IOCMOTPUM Ha OCTAaTKH OT JCJICHHUS MOyYUBIIUXCS YMCeT Ha
17. Beero TeopeTnuecky BO3MOXKHO 16 pa3HBIX OCTaTKOB OT JIEJICHUS YHCIa
2™ na 17 (Bce, kpome 0). Takum 06pa3oM OCTATKH KOT/IA-TO JOJKHBI TOBTO-
puThCs. BrimumeM B TaOJIUIy HECKOJBKO MEPBBIX CTENEHEH, HallaéM UX oc-
TaTKH [0 MOIYJI0 17 1 onpenennum, KOraa OCTaTKH OBTOPSITCA.

n 1 2 3 4 5 6 7 8 9 10

2" 2 4 8 16 32 64 |[ 128 || 256 || 512 ||1024

ocTaTok || 2 4 8 16 15 13 9 1 2 4

3ameuanue. [Ipu BEIMUCHIBAHUY TaOJIHIIBI OCTATKOB HE 00S3aTEIILHO BBI-
YHUCJIATh BCE CTENEHU IBOMKHU, JIJIs1 BEIYMCICHUS OCTaTKa CIEAYIOIIEeH CcTere-
HU JIOCTaTOYHO 3HATh OCTATOK OT MpeAslayliei creneHu. Hampumep, Haii-
néM octatok ot 2° mo Moaymto 17. Msl yxe 3HaeM, 4To 25 =15 (mod 17).
Toraa 26 = 2 - 2% u, 1o cBOMCTBY 2 cpaBHeHHH, momyuum 2 - 25 = 2+ 15 =
=30 = 13 (mod 17).

Urak, mbl Beimucanu nepsbie 10 cTenenel IBOMKY U HALIUTH OBTOPEHUE:
29=2'=2(mod 17). T. k. U3 3aMeuyaHus BBIIE CIETyeT, YTO OCTATOK
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CIIEYFOIIel CTEIIeH! 3aBUCUT TOJIBKO OT OCTAaTKa TEKyIIel CTEleHH, najee
OCTaTKU OYIYT HOBTOPATHCS:
210 =22 = 4 (mod 17); 2 =23 =8 (mod 17);
212 =2%=16 (mod 17) u T. A.

Takum oOpa3oM, 3TH ocTaTku OyIyT MPeACTaBISATH coOO meproamnde-
CKYIO TIOCTIE0BATENLHOCTD ¢ ieproaoM (9 — 1) = 8.

Haiiném Tenepp octaTok OT 250, s aToro Hakiaém ocratok ot yuciaa 50
Mo MOJIYJIIO Tepuoja MocieaoBaTeibHocT — uucna 8. [lomyumm 50 =
= 2 (mod 8), mostomy 2°° = 22 = 4 (mod 17).

Ortger: 4.

[MpuBeném Ge3 HOKa3aTENbCTBA TEOPEMY, HOJIE3HYIO NIPU PELICHUH 3a7ad
Ha AenuMocTh cteneHeil. Ona npuHamiexut [Ieepy depma, HO, B OTiIHUNE
ot Benukoit Teopemsr depma, JIETKO JOKA3bIBAETCSA M M3BECTHA KaK MaJjasi
Teopema @epma.

Manaa meopema @epma: Ilycts P — NpocToe YMCJI0, A — HATYPAJIb-
Hoe ynciao. Ecam a ne neamres Ha p, To a?~! — 1 nenmres Ha p.

Ha s3bike cpaBHenuit, ecmu a # 0 (mod p), To a?~! = 1 (mod p).

Maas teopema depma Obita OBl TIOJE3HA MPU PEUICHUH MTPEIBITYIIEr0
IpUMepa: Tak cornmacHo teopeme, 21 = 1 (mod 17), mosromy 2°0 = 248.
22 = (21%)3.22 = (1)3- 22 (mod 17) = 4(mod17), oTkyna cpa3y ciemy-

er oteer 4. *

KoHTposabHbIe Bonpochl

(B kxoumponvHwix 6onpocax uucia a, b — yenvie, N, m — HamypaivHvie)

1(2). Ilycte ab nemutcs Ha n. BepHo nu, 9yTo @ win b nenutcs HA n?
(CpaBHHUTE CO CBOWCTBOM 4 IETMMOCTH. )

2(2). Ilycts a nenutcs Ha m u n. BepHo 5w, 9T0 @ Aenurcs HA mn?
(cpaBHUTE CO CBOWCTBOM 5 JIETMMOCTH).

3(3). Cymma u mpousBeacHHe Yucel a U b menurcs Ha n. YTo MOKHO
CKa3aTh O JEIMMOCTH 4Hcel a u b Ha n, eciau oHO (a) mpocroe, (0) cocTas-
Hoe?

5(2). donumute mocnenHtow nudpy n uucia 7654321n tak, 4ToOBI TI0-
JydeHHOE YHCIIO0 ENIoch Ha: 3, 9, 4, 8, 25, 11.

6(2). Haitnure HO/I(180,138) ¢ momomipio anroput™ma EBkinuna.

7(2). Pemnre nuodantoBo ypaBaenue 15a — 9b = 12,
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3amaun

1(3). Jloxaxure, uto yncno n*™ + n?™ + 1 gBnsercs COCTABHBIM HPU
TMOOBIX HATYPAIBHBIX N, M, N > 2.

2(3). Jokaxwure, 4To MpHU BceX Hemblx N umcio nd — 3n? — 4n + 2014
He JienuTcs Ha 6.

3(3). Ilocnennue nBe nuppsl BOCBbMU3HAYHOTO YMCIIA MEPECTABUIN Ha
TIEPBBIE MECTa B TOM K€ MOPSIKE, U MOIYYSHHOE YUCIIO MPUOABHIN K UC-
xomHOMYy guciry. Hampumep, mis gucna 12345678 monydmiiocs mocie mepe-
craBieHust gucio 78123456 u B cymme — 90469134, Kakue uncna u3 mnpo-
MmexyTka [46913300; 46913500] Mornu MOAyYHTHCS B pe3yIbTaTe CIOXe-
Hus?

4(4) Kakne u3 ceMu3HadHBIX dnced BUAa 7*58*9* (BmecTo 3Be3mouek —
NpOIyILeHHbIe TUQPHI) nensarcs Ha 1327

5(4). Ilycts a, b, ¢, d — nonapHo paznuanbie MU P JJokaxkure, 4To ecin
uncno cdcdcdcd He memutcs Ha yucno ab, To 6o uucao cd nenuTCs Ha
ab, mu6o ab = 73.

6. (a)(3) Haiimure HOJl u HOK uucen 2077 u 1608.

(6)(4) Pemmure nuodantoBo ypaBHenune 2077x — 1608y = 871.

7. Pemute B 1IETBIX YHUCTAX YPABHEHUS:

(a)(3) 5x2 + 2xy — 3y%? = 8;

*®)(5) 5xy = 3x + 7y;

*®)6) x* +y* =8-x’y - y’x;

*8(5). Perunte B HATYPaIbHBIX YHCIAX YPABHEHHUE:

x(x+1)=4y(y+1).

*9(4) Haiinure octatok oT aenenus yucna 20132013 + 20142014 ya 13.



