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IIPEJUCJIOBHE PEJAKIINH

MaTemaTHKa — KoOpoJieBa
H CJIy:KaHKa BCeX HayK.
K.®. I'ayce

JKHBHB yKpamaeTcsa AByMs BelaMH —
3aHATHEM MAaTEMATHKOH M ee NpenojaBaHAEM
C. ITyaccon

YBancaeMsiil CTApMEKJIACCHUK!

Brl pepsxuTe B pyKax KHHTY HOBO# cepum «IIpexgmpo-
¢dunpHas ¥ npopuILHAA NOATOTOBKA», CO3NAHHOH B H3-
IAaTeJBCTBE «JK3AMEH» IJIA TeX, KOMYy HHTepecHa MarTe-
MaTHKA.

Kuuru sroii cepus moMoryT BaM H3yuHnTh OTAE/IbHEIE
pasHoo0pas3Hbie pasjesbl LIKOJAbHONH Maremaruku. Haiua
0eab — HIJONUThL HX aOCONIOTHO MOHATHO He TOJNLKO
XOpOIIO YCHeBaoiUM II0 MATEeMATHKE LIKOJBLHHKAM, HO
H CTPCMSAIAMCA CTATh TAKUMH.

Mp xoTum poHecTH A0 Bac cyTs npepcraBieHHBIX
MaTeMaTHUYECKMX TeM, MCUeDILIBAIOMIYI0 3aKOHYEeHHOCTh
(3aBeplIeHHOCTh) MATEeMATHYECKHX [OKA3aTeNbCTB, JIOTH-
Ky ¥ KpacoTy pelIeHnH.

OrobpaHHBIE HAMHU [AJIs 3TOH CepHHM aABTOPBI — IIpPO-
cdeccHOHANBI MAaTEeMaTUKM: KAHAWJATBI M JAOKTOpa HAyK,
npenoaasareau MIY um. M.B. JlomomOCOBa, KypHpYIO-
1We NpenojaBaHue MaTeMaTuku B Poccmu, a Ttakike Ta-
JIAHTJINBbI€ THTYJIOBAHHBIEC YYHTEJA. CBBJIBHHH 0 HUX Brr
HalieTe Ha YETBEPTOH CTOPOHKE OOJIOKKH.



IIPEJNCJIOBHE

QO6paTHble TpUroHOMeTrpuYecKHe GYHKIMH YacTo
BCTPEYAIOTCA B BhiCIIel MaTeMaTHKe (HanpuMep, HHTe-
rpan or ZpoGHO-panMOHANBLHONH (YHKIWH), BooOIme roBo-
ps, CONEPKUT APKTAHINEHC, B TEOPHHM BEPOATHOCTEH H3-
BECTEH «3aKOH ADKCHHyca» ® T.A.). 3aja4yd MO 3TOH Teme
PeryJApHO NpejaraloTci Ha BCTYIHTEJNBHBIX DK3aMeHax
B BRHICIIHe yueOHbIe 3aBeJeHHA M PA3IHMYHBIX OJHMIINA-
gax. IloaroMy IIKONLHHKY, JKEJAONEMy NPOAOIKUTH
cBOoe o0pasoBaHHMe, HYXKHO XODOIIO YCBOMTH JTOT pasziest
TPUTOHOMETPHH,

OGpaTHBIE TPHIOHOMETPHYECKHE (PYHKIHMH CYUTAIOTCS
JOBOJILHO CJIOMKHOH TEMOHM KaK B IIKOJbHOM KYpCE MAaTe-
MaTHMKH, TAK H IIDH OOATOTOBKE K BCTYIHTEJbHBIM 9K3a-
MeHaM B Buicmmue yuebnble saBemenHus. Ilo mamemy mue-
HHIO, IIpDHYHHA 2TOro 3aKJK4YaeTcda B TOM, YTO INIKOJbHEBIE
yueOHHKH, MHOTOYMCJEeHHbIe METOAWYecKHe mocobuA, 1mo-
cobua A abOUTYypHUEHTOB H3JAral0T COOTBETCTBYIOIIYIO
TEOpPHI0 JOBOJBHO (opmanbHo. CHcTeMaTHuecKoe Hc-
IOJIb30BaHHEe IpaMKOB M reOMeTPHYECKHX IIpeicTaBle-
HUH I onpefesieHusa arc-pyHKIWH ¥ pelleHHUA COOTBeT-
CTBYIOLIMX  3ajad I03BOJAeT JoBuThCH  XOpomiero
MOHUMAHUA CyTH 3TOH TeopuH M BeIpaborars TBepjbie
HaBBIKHM pellleHus 3aga4. MIMeHHO B 3TOM 3aKJIIOYAEeTCHA
OCHOBHOE OTJIHYHEe NepPBOH M BTOpOH ryaB Haiueid paboTel
(KoTOpBIe NOCBAIIEHHI HWINOKEHNID TEeOpHH O0OpaTHEIX
TPUTOHOMETPHYEeCKHX (GYyHKOWE) OT APYrMx aHaJoruy-
HBIX MeTOOMYEeCKHX paﬁoT. qTOﬁbI IIOKa3aTh Cepbe3Hble
NPUMEHEHHA TeOpHH OOpaTHBIX TPUIOHOMETPHUYECKHX
¢byHKIME, Mbl H3JIOKHIM HaYaja TEOPHH MHOrOYJIEHOB
Yebuimiesa.



Ipeducaosue

Yurarens He AOKHO CMYIIATh O0HJIME PA3JHUYHBIX H
He O4YeHb IPOCTBIX (OPMYJ], CBA3LIBAIOIMIUX 3HAUEHHSA
pa3nUUYHBLIX OOPATHBEIX TPUrOHOMETPUYECKHX (QYHKI[HIM,
3anoMuHATL 3TH GOpPMYJIbLl He 00A3aTeabHO. Ba)XHO XO-
pOIIIO MOHATL METOAUKY HOJYYEHHA 3THX (hOPMYJI, YTOOBI
npu HeOOGXOQUMOCTH UATATENHL CMOr CAMOCTOATENBHO BbI-
BECTH HYKHYIO eMy (GopMyay, ONHpasch TOJAbBKO HA 3HA-
HHe OCHOB TpuroHomMeTpuu. Ilo 3Toif NpHYMHe, KaK mpa-
BHJIO, IIPM BBIBOJE AHAJOTHMYHBIX QOPMYyJ MBI He
OrpaHHuMBaeMcs (POpPMAJbLHBIMM CChIIKAMH Ha paHee
NIPOBEJIEHHbIE PACCYKAEHHA, a NPUBOAUM IOAPOGHBIE JIO-
Kas3aTeIbCTBA.

B TpeTheli rnaBe Ha TpUMepe peaTbHbIX 3K3aMeHAIH-
OHHBIX 3aJaY W 3a4a4 DPa3JMYHLIX OJHMIIHAK H3JI0KEHBI
OCHOBHBEIE METOIEI DellleHHA 3a/a4Y Ha O0paTHBIE TPHIOHO-
MeTpHuecKHe GQYHKIMH. 3aZauyy AJIs 9TOH riiaBwl oroOpa-
HBbl Ha OCHOBE TIIATEJbHOrO aHAJM3a YCJOBHH M METOJOB
pelIeHU# 3a/a4 IO TPHIOHOMETPHH, NPeAJIaraBIINXCA Ha
BCTYIIHTENBHBIX 3K3aMeHax 1o maremMatuxke B MIY wum.
M.B. JlomorOCOBa, (haKyJbTETCKHX OJUMIHAAAX (KOTOPBIE
(hakTHYECKH ABNAKTCA NpPeJBAPUTE]bHBIMH 3K3aMEHaMH).
PaccMOTpeHBI TaKiKe 3aJauH -3a0YHBIX TYPOB M TECTOB, 3a-
JAYH BBINTYCKHBIX 5K3aMEHOB IIOATOTOBHTEJILHOTO OTHEJIe-
HUA, 3agayd MOCKOBCKHX MATEMATHUYECKHX M JPYTHX
onumiuan. 3agauu, pasodpaHHBIe B TpeThelf riiaBe, SBJA-
oTca Haunbosiee XapaKTepHBIMH, TPYAHBIMH M TeopeTmde-
CKHM Ba)XHBIMM. JTa TJIaBa JaeT NpeACTABIEHME O XapaK-
Tepe M CIOKHOCTH DK3aMeHAIMOHHBIX 3aJa4, OCHOBHBIX
HJAeAX, Ha KOTOPhIX 6a3MPYIOTCSA METOABI X perieHus.

ITpu pabore Hag KHUTOH MBI HCIIONb30BaJTH COOPDHHKH
BAaDHAHTOB IIMChbMEHHBIX 95K3aMEHOB 10 MATEMATHKE B
MTI'Y, koropsle exerogHo nybaHMKYIOTCA (BMeECTe ¢ Kpar-
KHMH pellleHHAMU) MeXaHMKO-MaTeMaTHYeCKHM (PaKyib-

8



Hpeducnosue

TeTOM H QJaKYJ]I:TETOM BBIYMCJIUTEIILHOMN MaTeMaTHKH H
KUOepHEeTHKH, OJHAKO, KaK IPaBHJO, HAIIM pelleHus
OTAMYAIOTCHA OT ONMMCAHHBLIX B 3THX COOPHHKAX.

B uerBepToit ryaBe cobpaHBl 3ajayM Ha oﬁpaT!_ime
TPHrOHOMETpHYeCKHe (DYHKIOMM, TpeAjaraBliHecd Ha
BCTYNHUTEJIBHBIX DJK3aMEHAX HA pa3JuvYHble (PaKyJIbTeTh
MI'Y maumuasa ¢ 1970 roga. 9tu 3agauM HNpefHA3HAUYECHBI
And CAMOCTOATEJAbHOI'0 PEIIeHUA. KO BCeM 3agadyaM AAaHbI
OTBETHI.

Ona raxmgoii 3alayd MBI yKasbiBaeM (aKyJIbTeT, Ha
KOTOPOM IIpeJJjiarajiach 3afava, rof ¥ MeCHI], KOraa Ipo-
BOAMJICA dK3aMeH (eciW B YIIOMAHYTOM oAy SK3aMeH Ha
aTOT (HhaKyJbTET NMPOBOJAMJCA TOJBKO B HIOJIe, TO MECHL
He YKasbIBaeTcA), HOMep 3anavyu B BapuaHre. [lna Hasea-
HUH (PaKyJIbTETOB MCIOJB3YIOTCA OOBIYHBIE YHHUBEPCHTET-
CKHE COKpalleHusa: Mex-maT. (MeXaHHWKO-MaTeMaTH-
yeckuil daxyawrer), BMK (dhakynsrer BBRIUMCIHUTENBHOU
MareMATHMKH H KibGepHermkwu), ¢us. (dpmauueckumit a-
KyabTer) U T.A. Ocob0 OTMeTHM CJIeAYIOIIHE COKpalle-
mud: Cesacronons (Yepnomopckmit dbmmman MIVY), Tam-
keuT (bpmnuan MIV B r.Tamkente), PHM (darkyasrer
HAYK O MaTepHajaX; paHee OH HaswmrBajca BKHM —
BBEICHIHH KOJUIEHK HAYK o marepuanax), PI'V (daxynsb-
TeT TOCyAapcTBeHHOro ynpaBiaeHus), PITI (dbakyiabrer
robaabHbIX mpomeccoB), BIIIB (Beicimas mkoJja OMaHe-
ca), MIII9 (mMocKOBCKaA MIKOJA 3KOHOMHKH), PDM (da-
KynabTeT (yHAaMeHTAJMLHOH  wmeaurnuubl), MK-MIY
(omumnunana «Ilokopum BopobGneBLl TOphHI», NPOBOAMMANA
MIY cosmecTHO ¢ raseroii « MOCKOBCKHE KOMCOMOJEL»).

Heckonbko cioB 06 o6o3uauenusax. CuMBosoM R Mbl
of03HAYaeM MHOMKECTBO BCeX MHEHCTBHTENbHBIX YHCEI,
Z — BCex IeNbIX YHCeJ, Z, — HEeOTPHIATENbHbIX LEJbIX
ymuces, N — HaTypaJbHBbIX YHCEN,.



I peducnoeue

Kuura 6yger nosedHa abUTypHMeHTaM NpH NOATOTOBKE
K BCTYNHTEJLHBIM 3K3aMeHaM [0 MATEMATHKE B BY3bl U
BBINYCKHUKAM CDEJHHMX IIKOJI, IPETeHAYIOIIUM Ha BBICO-
KYyI0 oneHRy 1o EI'9.

Msb! Oblam Obl OsarofgapHbl YHTATEAAM 3a COBEThl H
MOXeJIAHHA [0 NOoBOAY KHHMI'M, KOTOphIEe IIPDOCHM HAaIllpaB-
AT no aapecy: 119992, Mocksa, MI'Y um. M.B. Jlomo-
HOCOBa, MEXaHWKO-MaTeMaTH4YeCcKuil ¢akyiasrer, Kadesn-
pa TeopnHu BepoATHOcTeH, npod. .M. danuny.

d.¢p.m.H., npogp. I''H. Panun,
K.p.M.H., douenm A.H. Parun
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I'VIABA 1. OIIPEAEJEHHUA OBPATHBIX
TPHT'OHOMETPHYECKHX ®YHKIIHHA

1.1. Onpexenenne pyHxkuumn y = arctg x

Camoit mpocrtoif m2 00paTHBRIX TPHIOHOMETPHYECKHX
byurnui sasiaserca GyHruma y = arctg x. IlosTomy mbI
Ha4YHEeM C Hee.

Kak m gpyrue oOpaTHble TPUIOHOMETPHYECKHE (QYHK-
nuy, GyHkuua y = arctg x Haubosnee ecTecTBEHHO BO3-
HHKAeT IPH PEUIeHHH NIPOCTEeHINero TPHroOHOMETPHUYECKO-
ro YpaBHCHHA

tg x = a. (1.1)

Yr00b! pemruTh ypaBeenue (1.1), paccmoTpuM cHecTEMY

7

Jyztng
\y=a. (1.2)

Ta CHCTEMa PaBHOCHJbLHA ypaBHeHHI0O (1.1) B ToMm
CMEICJIe, YTO eclii X, — KOpeHL ypaBHeHHs (1.1), To ma-
pa (x,, tg x,) -— pemenwne cucremsr (1.2), a ecnn mapa
(xg, yy) — peurenue cucremn! (1.2), To x, — KOpeHb
ypaBHenusa (1.1), a y, = tg x,- NHaue roBopsa, mexay
MHOM¥ECTBOM KOpHe# ypasHeHHMA (1.1) M MHOMKeECTBOM
pemieHu#i cucrembl (1.2) wmMeerca mNpocTOe B3AMMHO-
OIHO3HAYHOE COOTBETCTBHE.

Bynem pemars cucremy (1.2) rpadmyeckn. aa sroro
HAPHCYEM Ha KOOPAMHATHOM IIOCKOCTH JIMHUM, 3ajaBae-
Mble ypaBHeHHAMH Y = tg x (3ro mpocro rpadumk ¢yHK-
mu Yy =tg x) u y =a (9T0 rOpU3OHTANBLHAA IpAMAafd,
IIpoBefeHHAaA Ha BEICOTE a). TOYKHM IIepecedeHHs ITHX
JIMHWH ABJIAOTCA perleEnmamMy cucremsl (1.2), a mpoex-

11



I'naea 1. O6pamhibie mpuzonomempuieckue Qynryuu

OHH 3THX TOYEeK Ha .OCh abcliucc -— KOPHAMH YpABHCHUSA
(1.1). 9T noCTPOEHHS NMPOBeAeHb! HA puc. 1.1.

B cymuocTn, puc. 1.1 y»Ke cOZep:XKHUT OTBeT 3aJadyu
(1.1) B8 reomerpuueckoit dopme, T.K. Ha ITOM PHCYHKE
ABHO HM300pa’KeHO MHOMKEeCTBO KOpHei ypaBHenms (1.1).
OpHako, MOCKOJBKY MCXOAHAs 3ajada ObLIa chHopMyJiH-
poBaHa Ha anrebpawyecKoM #A3BIKE («DEIIWThL ypaBHe-
HHUe»), cleAyerT NepeBecTH IOJYYeHHEIA OTBeT C reoMeT-
PHYeCKOro A3blKa Ha ajreOpawdyecKui.

AY

¥ P,
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S

DA

—y————

0 Xo

no

|
|
|
|
!
!
1
I
|
|
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|
|
|
}
|
1
I
I
1
I
I
|
!
I
|
|
|
|
|

B T T e R e e

Puc. 1.1. Pemrenne ypaBHernunda tg x = a

Jnsa aToro mpesxie BCETo NMepeHyMepyeM KOpHH:
1) «HeHTpaNBHBIA» KODEHL, KOTODPHIH pACIOJOXKEH Ha

m T
HHTEepBaJe (—E; EJ, 0003HaYNM Xo; IHIOCKOJBKY HAa

3TOM HHTepBajle (GyHKOuUA Yy = tg X MOHOTOHHO BO3-
pacTtaeT OT —0o0 0 +00, 3TOT KOPEHb BCerjga CyliecTBy-

eT H eAHHCTBEHEeH;
12



1.1. Onpedenenue gpynrxyuu y = arctg x

2) KOpHHM, paCHOJIO}KEHHBIE CIpaBa OT «I€HTPaJLHOTrO»,
TocJiefoBaTeJbHO 0003Ha4YUM X,;, Xz, ..., 4 KOPHAM,
PACIOJIO}KEHHBIM CJIEBA OT «IEHTPaJbHOI'0», IIPHUCBO-
um HOMepa —1, —2, ... . Takmm obpasoMm, KOpeHH
C HOMEpPOM n, TAe N — HEKOTOpOe IeJioe 4Hciao, obpa-
3yeTCA OT IlepecedyeHHA TIOpH3OHTANLHOW IIPAMOH
Y =a " BeTBH rpadmia y = tg x, COOTBeTCTBYIOIeit

1/ T
xe|—-——+nn; —+nn |
( 2 2 J

ITockogbKY Ha 3TOM HHTepBaJe QYHKHHA Y = tg x
MOHOTOHHO BO3pACTAeT OT —o0 JO +00, 3TOT KOPEHb Bce-

TJa CYIIeCTBYeT H IIPHUTOM TOJBKO OJMH,

M3 puc. 1.1 AcHO, YTO paccTOSHHME MeXKAY COCeXHHMH
KOPHSAMH paBHO © (T.K. POBHO Ha T OTCTOAT APyl OT
Apyra BeTBH rpaduka y = tg x, OT mepece4eHHA C KOTO-
PHIMH TOPH3OHTAJNBLHONH NPAMOH Yy = a 00pas3yloTca 3TH
KOPHH):

X, —%, ,=m neZ.

9TO0 paBeHCTBO BJIEYET CIPaBeJJUBOCTb OECKOHEUHOMH

COBOKYIHOCTH OOBRIYHBIX YHCJIOBBIX PABEHCTB (MBI BKJIO-
YUAH B HMX YHCJIO W TPUBHAJBHOE PDAaBEHCTBO
X, =%, +0-m):

x,=x,+0-x,

x =%y +1-m,

X, =X, +R =X, +2m,

X, =X, + T =x, +3m, (1.3)

X, =% —n=x3+(-1)'m,

X, =X, —N=X,—2n=x, +(-2)-m,

aee
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I'nasa 1. Obpamuvie mpuzonomempuieckue QYRKYUL

BeckOHEYHYI0 COBOKYIIHOCTH YHCJIOBBIX PaBEHCTB
(1.3) moxkHO 3agare OAHOH yCHOBHOW dopmynoh. s
9TOr0 OTMETHMM, 4YTO B JIeBBIX 4YacTAX ypaBHeHwil (1.3)
CTOAT IepeHyMepoBaHHbIe KOopHH ypaBHeHua (1.1). Ilpa-
BbIe YACTH YTBEpIKTAIOT, YTO IJIA TOJYYEHMS KODHA X, C
HOMEpPOM ncZ HYKHO CJOKHUTHL ABA YUCJIA:

1. mepBoe caraeMoe — 3TO «[EHTPAJbHBIA» KODEHb X}
2. BTOpOE ciaraeMoe — 3TO0 YHCJIO, KPATHOe 7, IIPAYEM

K03h(OHUITHEeHT, HA KOTOPbIA HY>XHO YMHOXKUTb T, —

B TOYHOCTH HOMEp KODHH.

IToaTomy BMecTO GECKOHEUHOH COBOKYNHOCTH (opmysa
(1.3) MOXXHO HMCHONB30BaTh OAHY QOPMYay

X, =X,+nn, neZ. (1.4)

«]l]leHTpaNbHBIN» KODEHbL X,, Yepe3d KOTODHIA BBIpAa’Ka-
OTCS BCe OCTAJIbHBble KOPHM ypaBHenus (1.1), urpaer rem
caMbIM 0CODOYI0 pOJib, M TIO3TOMY MATEeMATHKH BBelH IaIdA
Hero ocoboe oGosmauenme: arctg a. C yyerom sroro obo-
3HAYEHHA cooTHOUIeHHe (1.4) npuMeT NMPHUBLIYHBIH BHJ:

x, =arctga+nn, ne Z. (1.5)

ITockosbKy Hama mejh — H3ydYeHHe 0OpaTHBIX TPH-
TOHOMETpHYEeCKNX GyHKIuH#, chopmMyrHpyeM OIpeznese-
Hue arctg a Gosiee yeTKoO.

Omnpenenenue 1. arctg a — amo maioe wucno x, wmo

1.tg x =a;

2. xe ——TE;—IE ’
2 2

Ileppasd 4acTh STOr0 ONpEJEJEeHHA TOBOPHT, YTO
arctg @ — KOpeHb ypaBHeHuA tg x = a@; BTOpas 0O3HAYA-
er, 4To arctg @ — «IEHTPAJbHEIA» KOPEeHb.

HanoxeHHass BEHINIE TeOpHA IO3BOJAET YTBEDPIKOATh,
YTO CIpaBejJIMBa

14



1.1. Onpedenenue gpynryuu y = arctg x

Teopema 1.1, Yucao arctg a onpedeneno u npumom
00HO3HA4HO npu rob6om a€R.

dopmassHOe anrebpamdeckoe onpejeseHue arctg a
MOJKHO NPOMJLIIOCTPHPOBAThE € moMombio puc., 1.2 (3To
npocto (pparmenT puc. 1.1).

le

nol A

{
]
[}
|
|
I
1
1
|
I
1
1
1
Yy '2_
1
arctg a  x
|
]
1
]
1
[}
I
)
1
i
1
I

Do

Puc. 1.2. 'paduueckoe onpegesnenue arctg a

9TOT PUCYHOK MOYKHO DPACCMATDHBATL M KAaK JDPYTyIO
dopmy samucH onpenenenus 1 (Ha rpaduueckoM SA3LIKE),
a He KaK ero WIIIOCTPAIHIO.

Pucyerr 1.1, 1.2 u aHaJOTHYHBIE PHCYHKH [Jf
arcctg a, arcsin a, arccos a (cM. HH)Ke) ABJAKTCA OCHO-
BOH rpadgmyeckKoro MeroZa pelleHMs pasHooOpasHBIX 3a-
nad HAa o0paTHBIE TPDHIOHOMeTPHYeCKHEe QPYHKIIHH.

B kauecTBe mpumepa Berumcamm arctg (tg 7). Hua
3TOr0 Ha KOOPAMHATHOM Iuiockoctu (puc. 1.3) mocueno-
BATEJLHO H300pasum:

1. uucno 7 — 9TO TOUKA Ha OcH abcycc, PACIIOJIOMKeH-

5n
Hasd MeXJy ToYKamMu 21 H ) (HepaBeHCTBO

15



I'naea 1. OGpamnbvie mpuzonomempuieckue GpyHKyUL

2n<T < 5?“ PaBHOCHIBHO HepaBeHcTBy 2,8<n<3,5,

ROTopoe HCTHHHO);

2. umcso tg 7 — 210 BhICOTA «CTONOMKA» MO rpadUKOM
byEknuu y = tg x, KOTODHIH «TOPYMT» M3 TOYKH T
Ha ocu abciucc.

Yrobsr HaiTH arctg(tg 7) B coorsBercTBHM ¢ pmc. 1.1
unu puc. 1.2, HYKHO NPOBECTH I'OPH3OHTANBLHYIO IPAMYIO
Ha BbicoTe tg 7 MO nepeceueHHA C «LEHTPATLHONH» BETBHIO
rpabnmka Yy = tg x, T.e. BETBLID COOTBETCTBYIOMIEH

TN
xe(—g; EJ' ¥ CIIPDOEKTHPOBATH MOJYYEHHYIO TOYKY Iepe-

ceueHns Ha och abciucc. Bee aro mpopenano Ha puc. 1.3.

AY |

1 1

: y=tgx|

I |

] I

! !

| i I | i
_ A i |3 ftg 7 5r
| 19 n/ |13 2n/ | 2
arctg(tg 7) 7 x

B

|
I
I
1
|
|
I
|
I
|
|
|
I
!
+
|
I
I
1
|
|
|
|
|
|
|
|
|
|
|

g
I
|
1
1
I
I
I
I
I
I
I
I
I

Puc. 1.3. Buuncnenue uuciaa arctg(tg 7)

Hs puc. 1.3 AcHO, 4yro YMca0o 7 ABIAETCA KODHEM
ypaBHeHHa tg x = tg 7 nmox HomMepoM 2 (BCIOMHHM
puc. 1.1). Kak mu1 ycranoBuau (cm. paBeHcrsa (1.3) unm
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1.1. Onpedenenue gpynryuu y = arclg x

(1.4)), x,=x,+2n. B Hame# cuTyanuu 3T0 03HAYAET, UTO
7 =arctg(tg7)+2n, T.e. arctg(tg7)=7-2m.

9TOT pe3yJbTAaT MOMKHO TIOJYYHThL M 0e3 CCBUIKH Ha
pasenctsa (1.3) man (1.4), ecaim Ha puc. 1.3 OTMETHTH

OYeBHJHOE pPaBeHCTBO AAMH OoTpe3koB [0; arctg(tg 7)] m
[2n; 7], uTO O3HAYAET CIIPABEAJIMBOCTH PaBeHCTBA

arctg(tg7)-0=7-2n < arctg(tg7)=7-2n.

Ewme oaHa BO3MOMKHOCTL HATIANHOM HIJIHOCTDAIIHH
arctg a cBfizaHA C TreoMeTpHYECKOH HWHTepIIpeTaue
tg x ¢ NOMOIIBI0 TPHIMOHOMETPHUYECKOH OKDPYXKHOCTH.
Hanmomumm, uTo tg x MOMXKHO NpeAcCTaBaAATH cebe cie-
ayomum obpasom (puc. 1.4).

! (och TAaHreHCOB)
f

>

/TJE =tgx
Py

Puc. 1.4. Onpegenenne tg x ¢ NTOMOIBIO
TPUIOHOMETPHYECKOH OKPYKHOCTH

Boabmem touky Py, = (1; 0) ¥ moBepHeM ee Ha yroj x
(pazguaH) BOKPYr Hauaja KOOpAWHAT. B pesynbrare MBI
MOJNyYUM TOUKY P, efWHHYHON OKpY:KHOCTH. IIOCKOIBKY

17



I'naga 1. O6pamhisie mpuzoHomempuieckue QyHEYLUY

yron P,OP, uamepsAercA paguaHaMH, a PajuyC OKPYK-
HOocTH paBeH 1, nnwHa ayrm PyP, paBHa x (IMHeHHBIX
enuHun). IToaromMy BMecTO mOBOpOTA Ha YroJ X MOMKHO
FOBODHTh 0 OBMIKEHWM TOUYKH P, N0 eTVMHHYHOH OKDYXK-
HOCTH HA PACCTOSHUE X.

Tenepr coegMHUM Havanao KOODAWHAT C TOYKOH P,
HpOROJKAM 0Tpe3oK OP, 10 mepecevyeHWs C BEPTHKAJb-
HOHW npsamo# [, npoxopsaueil yepes Touky P,. O6o3Hayum
TOUKY Tlepeceuenus uyeped T,. Torpa giuua orpesxa P,T,
(c yyeToMm 3HaAKa «MHHYC», eClIHM TOYKA T, pacmoioKeHa
B HHJKHeH INOJYyIIocKocTH) paBua tg x. pyrumu cioBa-
mH, tg x — aro opamHaTa Touku T,.

Ecin ma npamoii [ 3agars HANpaB/eHHe KaK YKAa3aHO
Ha puc. 1.4 uw BrIOpaTh B KavecTBe Hayajga TOYRY P,
TO 3Ty NPAMYK MOXXHO PACCMATPMBATL KaK YHCJOBYIO
ock — och TaHreHcoB. Ha aroi ocu Touka T, Hemocpen-
CTBEHHO u3o0pakaer tg x.

C y4eTOM BHIIIEH3JI0KEHHOr0, arctg a MOKHO HJLIIO-
CTPHPOBATH (& HA CAMOM JleJie TeOMeTPHUYEeCKH U OIpeje-
JATH) C MNOMOIBI0 TPHUrOHOMETPHYECKOH OKPYXKHOCTH
caegyoonmm obpasom (puc. 1.5).

OTMeTHM HA OCH TAHIeHCOB TOYKY @ M COEAHHHM €e C
navasiom KoopawHAT O. Orpesok (Oa mepecedyeT NPaBYIO
TIOJIOBUHY TPHTOHOMETPHYECKOH OKDYKHOCTHM B HEKOTO-
poii Touke P.

Torpa arctg a — 3to BenuuuHa yraa POP, u3amepeH-
HOT0 B pajHaHax, ¢ yu4eToMm 3Haka (r.e. npu a < 0 o0nry-
HafA reoMeTpuyecKada mepa yria POP,, koTopasd NOJIOMKH-
TeJbHA, paBHA — arctg a).

C paBHBIM ycIexoM IIOx arctg a MOXKHO NTOHHMATH
ananuy ayra PP (¢ yaerom sHaka). Itor dhakT oObACHIET
cam TepmuH arctg — «Xyra TaHrenca» (arc — pyra;
BCIIOMHHTE PYCCKOE CJIOBO «apKa»).

18



1.1. Onpedenenue pynxyuu y = arclg x

a

a=arctga |Po_

Puc. 1.5. 'eomerpuueckoe onpefeneHue arctg a
HA TPUTOHOMETPUYECKOH OKPYIKHOCTH

IlockoabKy arctg a OZHO3HAUHO ONpENeeH AJA JIH0-
Goro aeR, MOKHO TOBODHTH 0 (QyHKuHM y = arctg x,

06/1aCTh ONpee/IeHHA KOTOPOH — BCA YHCJIOBaA TIpAMAs.
B cuay ocHOBHOro ompegeneHHa 1 paBeHCTBO
y = arctg x paBHOCHJIBHO cHUCTEeMe
x=tgy,
L (1.6)
2 2
ITosromy dyarunua y = arctg x ssiasercs o6paTHOH K

m T
Cy»eHHI0 QYHKIHH y = tg€ X Ha MHTepBal ~§; 3 ) Co-
OTBETCTBEHHO, ee I'padyuK IoJydyaeTrca M3 BEeTBH Irpadmia
b
2 2
BOM CHMMeTpHEeH OTHOCHTEJLbHO IpAMoi y = x (puc. 1.6).
19
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I'naea 1. O6pamusie mpuzonomempuiecKue gyRKyLL

Puc. 1.6. I'aduk pyHruun y = arctg x

Opuako uyacro ynoOHee mpeAcTaBAATHL cebe rpadHk
GyHKOMH y = arctg x Mo-ZpyromMy, Kakxk LEeHTpalbHYIO
BeTBb r'paduka y = tg x, KOTOpPyIo noBepHyaH Ha 90° u
oTofpasMiaM CHMMETPHYHO OTHOCHTEJNbHO ocH abcmuce
(um ocH OpAHHAT).

HelicTBuTenbHO, cucrema (1.6) roBopur, 4To AAA NO-
cTpoeHHNd rpaduka y = arctg x HY»KHO
1. mapucoBars rpadMK 3aBHCHMOCTH X = tg y. 3TO MOXKHO

cllelaTh, NOBEpHYB JHMCT OyMaru Tak, 4robsl och

Y-B CTAJIa TOPH30OHTAJILHOM, KaK 3T0 0ObIYHO MMeeT Me-

CTO IJIA OCM, HA KOTOpPOil MeHAeTCA He3aBHCHMAafA Ie-

peMeHHaA (I TIOJHOTHI COOTBETCTBHA OOBIYHONH CH-

TyalMy HYXHO CMOTPEeTh Ha JHuCT Oymarun ¢ obpaTHOM

CTOPOHEI, YTOOL! OCh Y-B OblIa Hampas/ieHa BIIPABO);

2. B3ATHL 4YaCTs 3TOro rpaduKa, COOTBETCTBYIOIMYIO

(33
a’al

B 3aBucuMoOCTH OT CHTyallHH IIDH DellleHHH 3ajad, B
KOTOpBIX Gurypupyer arctg x, IPUXOJUTCA HCIOJBL3O-
BaTe Jnub0 dopmaisHO-anrebpanyeckoe omnpepeneHue 1,
nub6o ero rpadhuyecKHid BapHaHT, INPEACTABJEHHbIH Ha
pucynkax 1.1, 1.2, nubo reomerpuyecKwii BapuaHT OI-

20



1.2. Onpedenenue ¢pynxyuu y = arcctg x

peneneHuA, OpPeJCTABIEHHBIH Ha puc. 1.4, aubo rpadur
dyeknuu y = arctg x, wusobpakenHnii Ha puc. 1.6.
IIo-HacToAleMY NMOHATH TEOPHIO OOPATHBIX TPHIOHOMET-
pryecknx (GyHKIHMH M HAYYNTHCA YyBEePEeHHC pemiaTh pa3-
HoOOpa3HbIe 3K3aMeHAIIMOHHBIE 3aJa4YH IO JITOH Teme
MOKHO, JHINbL YCBOMB 3TH YeThbIPe TOUYKHM 3PEHHA Ha
OIMH M TOT e 00BeKT.

1.2. Onpenenenne hyHxknuu y = arcctg x

Teopua ¢yHKDUH Yy = arccig X NpakTHYeCKH JOCJIOB-
HO MOBTOpPSAET TeOpHIo QyHKOUH Yy = arctg x.

Kak u arctg x, dyaxknoua y = arcctg x mambosee ec-
TEeCTBEHHO BO3HMKAET NPH PELIeHWH NPOCTEHIIero TPUro-
HOMETPHMYECKOr0 YpaBHEHUA

ctg x = a, (1.7
4YTO, B CBOIO OuY€pelb, CBOAUTCA K HAXOMKJEHWIO TOYEK me-
peceuennss rpadukoB QyHKnME y =ctg x u y = a. Teo-
MeTPHMYECKH 3Ta 3ajayva IIOJHOCTHIO pellleHa Ha puc. 1.7.

y

e

H"

X1 0| Xo T Xy

— e S ST Sy

Puc. 1.7. Pewiesne ypaBHeHudA ctg x = a
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I'nasa 1. O6pamubie mpuzonomempuieckue GyRKyuL

Posr <«IeHTpPaNBHON» BETBH B CJydae KOTAHTEHCA M-
paer BeTBb, cooTBercTByomasn xe(0;n). Ha srom muTep-
Bane QyHKIMA y = ctg X MOHOTOHHO yOnIBaeT OT +0 A0
—0, IToaToMy Ha 3TOM HHTepBaje BCerja CYIeCTBYeT H
TIPUTOM OAWH KOopeHL ypaBHeHHd (1.7), KoTOpHI MBI 060-
3HAYHM X,.

OcranbHble KOPHH €CTECTBEHHBIM 00pasoM MOryT
OBITh 32HYMEpOBAaHBI LEJIhIMH YHCJIAMH: KOPEHb C HOME-
POM n, rae n — HEKOTOpoe Iejloe 4YHCIo0, 0bpasyeTca OT
nepeceyeHUs TrOPHUI3OHTAJBHOH IPAMOH Yy =a M BeTBH
rpabuka y = ctg x, coorBercrayiomeit x e(nn; n(n+1)).

Ilpn 3TOM BCe KOpPHH MOryT ObITh BBIPDaXXeHBI uYepes
«IEeHTPaNbHBIN» 1O (hopmyJIe

X, =x,+nn,neZ. (1.8)

«llenTpanbHEIi» KODEHb X;, 4Yepe3 KOTODHIA BEIpAa-
KAITCA BCe OCTAJbHBIE KOpHH ypaBHeHus (1.7), o6oana-
yaeTca arcctg @, 4TO NO3BONAET 3aMMCATH COOTHOIIEHHE
(1.8) B IpUBEIYHOM BHJE:

x, =arcctga+nn, neZ. (1.9)

Tounoe ompeapenenne arcctg ¢ BBINIAAUT CHEAVIOLLIIIM
obpasom.

Onpenexenue 2. arcctg a — amo makxoe Hucno x, Mo

I.ctg x = a;

2. x e (0; ).

HznoxeHHas BhIIIe TeOPHA INO3BOJAET YTBEPIKAATh,
4YTO CIpaBeInBa

Teopema 1.2. Qucno arcctg a onpedeneno u npumom
00HO3HAYHO npu n0bom a e R.

PdopmanbHOe anrebpanmueckoe onpepeseHHne arcctg a
MOXKHO NPOMJUIIOCTPHPOBATL € MOMOIIBLI puc. 1.8 (aro
npocTto ¢parmenTt puc. 1.7).
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1.2, Onpedenenue ¢pynxyuu y = arcctg x

y

0| arctg a w

rY

Puc. 1.8. I'patdhnueckoe onpegeneHne arcctg a

ITOT PHUCYHOK MOXXHO PACCMATPHBATH H KaK JAPYTYIO
dopmy sanucH onpefenenus 2 (Ha rpadUyecKOM A3BIKeE),
a He KaK €r0 HWLIIOCTPAITHIO.

Kak u nia arctg a, emme ofHA BO3MOKHOCTEL HATJIATHOMN
wLocTpanuu arcctg a cpsasaHa ¢ wimocTpanuei ctg x ¢
TIOMOII[bI0 TPHTIOHOMETPHYECKOH oKpysxHOCTH (pHuc. 1.9).

[ I
I* (ocb xoTaurencos) | By yan
T =ctgx
P
x Py
(0]

Puc. 1.9. Onpenenenue ctg x ¢ NOMOILIO
TPUTOHOMETPHYECKOH OKPYXKHOCTH
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I'naea 1. O6pamisie mpuzoHoMempuiecKue QyHKEYUU

Bosbmem Touky P, = (1; 0) m moBepHeM ee Ha Yroa x
(pagmaH) BOKDYr HavajJa KOOpAWHAT. B pesyabTaTe MbL
NOJIYYHM TOYKY P, egWHHUYHONA OKPYXHOCTH. [L[OCKONBKY
yron P,OP, uaMepsieTc paguiaHaMi, a PAHyC OKPYKHO-
cTH paBeH 1, pumua ayru PoP, paBHa x (IuHEHHBIX exu-
aun). [ToaroMy BMecTo NOBOPOTA HA YTOJ X MOXKHO I'OBO-
PHUTH O ABHKEHHH TOYKH P, N0 efUHHYHOH OKPYKHOCTH
HA PACCTOAHHE X.

Teneps cOeAWHHMM HAYAI0 KOOPAMHAT C TOUKOH P, u
npogo/KuM orpe3ok OP, no mepecedyeHusi ¢ FOPH3OH-
TANbHOM TpAMOM !, mpoxoAAmel dyeped Touky Py =P, ¢

koopauHaramMe (0; 1). O603HAYMM TOYKY mNepecedyeHHs
yepes T,. Torga ganMHaA OTpes3Ka PO"T: (c yueTom 3HAKA

«MHHYC», ecau Touka T, pACIOJOKeHA B JIeBO# IONy-

TIJIOCKOCTH) paBHa ctg x. Jlpyrumm croBaMu, ctg x — aro
abcuucca Toukn T, .

Ecnn ma npamoii |* 3amaTh HanpaBJeHWe KaK YKas3aHO
Ha puc. 1.9 u BRIGpaTh B KayecTBe Havyaga TOYKY B,
TO 9Ty HNPAMYI0 MOMKHO PacCMaTPHBATE KaK YHCJIOBYHO
ock — och KoTaHreHcoB. Ha aToil ocm Touka T, Hemo-

CpefCTBEHHO H3o0Oparxkaer ctg x.

ITosromy arcctg a MOKHO HIIIOCTPHPOBATH (4 Ha ca-
MOM feje I'eOMETPHYECKH M ONpeAedATb) C NOMOINLIO
TPUIOHOMETDHYECKOH OKPYKHOCTH CJIeAyoiuM obpasom
(puc. 1.10).

OTMeTHM Ha OCH KOTAHTEHCOB TOYKY @ M COEIHHHM ee
¢ mauaaom koopguHaT O. OTpesdok (Oa nepeceueT Bepx-
HIOIO TIOJIOBHHY TPHUTOHOMETDHUYECKOM OKDY’KHOCTH B He-
KOTOpO# TouKe P.

Torga arcctg @ — sro BeamumnHa yrna POP,, mame-
PEHHOrQ B paguaHax.
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1.2. Onpedenenue pyuxyuu y = arcctg x

ay

>

P

a

o =arcctga Py

Puc. 1.10. T'eomeTpuyecKoe onpegesenune arcctg a
Ha TPUTOHOMETPHUYECKOH OKPY¥HKHOCTH

C paBHBIM yclexoM N0 arcctg a MOMKHO NOHMMATH
OIuHy nyru PyP.

ITockoneky arcctg a OJHO3HAYHO OIpeZeNeH A
aoboro a € R, MOXKHO roBOpHTh 0 QYHKIUHK Yy = arcctg X,
061acTs ONpefeseHUs KOTOPOM — BCA YMCJAOBasA 0Ops-
mad.

B cumiay ocHOBHOrO oOnpejleleHHss 2 paBeHCTBO
y = arcctg X paBHOCHJIBHO CHCTEMeE

{x =ctgy,

1.10
O<y<m. ( )

Iloaromy dyHrnmua y = arcctg x aBiaserca obparHOH
K cy>keHHI0 GyEKuuu y = ctg x Ha unrepsan (0; 7). Co-

OTBETCTBEHHO, ee rpad¥K NOJay4aeTcs U3 BeTBH rpaduxa
¢dyHKnun y = ctg x, coorBercrBylomeir x €(0; 1), oceBoi

CHMMETPHEeH OTHOCHTENbHO NpAMOK ¥ = x (puc. 1.11).
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I'naea 1. O6pamnbie mpuzonomempuieckue GyREyuu

wtg x
0 x

Puc. 1.11. I'paduk dysruuu y = arcctg x

Oxrako uacTo ynoOHee mnpejcraBasTh cebe rpadux
¢dysknuu y = arcctg x mo-Apyromy, KakK IEHTPAJIbLHYIO
BeTBb rpadura y = ctg x, Koropywo nosepHyaud Ha 90° u
0oT00PASHIN CHMMETPHYHO OTHOCHTEJIBHO OCH ODJHMHAT.
ITOT Ke pe3yJbTAT MOXKHO IOJYYHTb, €CJH NOBEDHYTh
JUCT Oymarm, Ha KOTOpoM u300pakeH rpadpuxk byHKImHU
y = ctg x Tak, 4ToOBl OCh y CTajia FTOPH3OHTAIBHO’, 4 OCh
X — BEPTHKAJBHOM, M IOCMOTPETb HA PUCYHOK C 0o6par-
HOM CTOpPOHBI jJucTa (TOrza HoBaa ock abcmucce Gyjger Ha-
NpaBJeHa BIIPaBO).

B 3aBHCMMOCTH OT CHTYAallMM TIPH PeIIeHHH 3aJadY, B
KOTOPHIX (purypmpyer arcctg x, DIPHMXOZHUTCA HCIOJb30-
Bath ub0 dopmansHO-anrebpamdecKoe ompeneneHyue 2,
Jqubo ero rpaduyecKHH BapHaHT, OpPeACTABJEHHLIH HA
pucyskax 1.7, 1.8, nmnbo reomerpuueckuid BapuaHT OII-
pelesieHHA, MpeACTaBJeHHbIH Ha puc. 1.9, mu6o rpadpmk
¢yaKuuK y = arcctg x, nusobpasKeHHbIH Ha puc. 1.11.

1.3. Onpenenenne pynKuuH y = arcsin x

Teopua GYHKOIHUM y = arcsin x IpaKTHYECKH HOCJIOBHO
TOBTOPAET TeopHI0 MyHKOUM y = arctg x m y = arcctg x.
OpHako B 9TOM CJy4Yae BOSHHKAIOT M BaKHBIE OTIHYHA.
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1.3. Onpedenenue pynxyuu y = arcsin x

Kak w pgpyrue arc-pyHkmmn, ¢pyHKnEa y = arcsin x
HamboJiee €CTECTBEHHO BO3HMKAET IIPH pELIeHHH IIpo-
CTEeHIero TPUroHOMETPHMYECKOT0 YPAaBHEHU S

sin x = a, (1.11)
YTO, B CBOIO OYepeib, CBOLUTCS K HAXOMKAEHUIO TOYEK Iie-
peceueHuss rpadukoB GpyHKIuH y =sinx # y = a. leo-
METPHUYECKH 3Ta 3a/ava IOJHOCTHIO pemreHa Ha puc. 1.12.

\Y
y=a 1! N
k ~+ 4 4 x + '/. + 33
_F Xo T X \/ X2 X3 X
2 T - 2

Puc. 1.12. PenieHue ypaBHeHHA Sin x = a

U3 puc. 1.12 aAcHo, uro npn a > 1 win a < -1 ypas-
Henue (1.11) He uMeer KopHeid, a npu —-1<a<l umeer
OEeCKOHEYHO MHOI0 KOpHEeH, KOTOpbie eCTCCTBEHHLIM 00-
pasoM MOryT GbITb 33HYMEDOBAHbI LEJbIMK YHCIAMH.

Ponb «UeHTpaIbHOM» BEeTBH B CJIy4ae CHHYCA HIPAET

2

Ha atom unTepBane dpyHKnua y = sin x MOHOTOHHO BO3-
pactraetr or —1 go +1. ITosromy Ha 3TOM OTpe3Ke BCerja
CyLIeCTBYeT M TIPHTOM OJMH KOpeHb ypaBHeHus (1.11),
KOTOPBIA MEI 0003HAYHM X;.

Eciu -1 < a <1, xopeEp ypaBHenms (1.11) ¢ HOMe-
poM n, TAe n — HEeKOTOpOe IeJioe YHUCIo, obpasyercs OT
nepeceueHHsA € TOPU3OHTAJNBHOM IIPAMOH Y = a BeTBH

T T
BeTBL (4acTh rpaduka), COOTBETCTBYIOMIASA xe[—-z—;—-l.

. ap T n
rpaduka y = sin X, COOTBeTCTBYIOINEH X e[nn——z—; nn+5]
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I'naea 1. O6pamusie mpuzonomempuveckue pynKyuu

(npu yeTHOM n (PYHKOHUA y = Sin X MOHOTOHHO BO3pacTa-
€T, a [P HEeYeTHOM — MOHOTOHHO yObIBaer).

W3 meproguyHOCTH QYHKIHMH Y = sin X fCHO, 9TO BCe
KOPHH X, C YeTHbBIMU HOMepaMH (Korga n = 2k IR HEKO-
TOPOTO 1EeJore k) MOryT OLITH BBIpAMKEHEI Uepe3 <«IleH-
TpaJbHLIN» KOpPeHb X, ICG Gopmyse

X,, =X, + 27k, ke Z, (1.12)
a KOpDHH X, C HeYeTHbBIMHM HoMepamu (Korga n = 2k + 1

A HEKOTOpOro mesoro k) Moryr ObITh BLIDAXXK€HBI 4Yepes
KOpEeHb X, o dopmye

Xy =X +2nk, ke Z. (1.13)
Janee, M3BeCTHOE TDHTOHOMETPHYECKOE TOMKIECTBO

. T ¢ n
sin (E + xj =81n [E - xj Ha reOMeTpu4YeCKOM #A3bIKe O03Ha-

kL
qJaeT, 4YTO BePTHKAJbHAA OpAMaf x=§ ABJISIeTCA OCBhIO

cuMMeTpuy rpadbuka GyEKOUH y = sin x. M3 aToil cHUM-
n
METPHH CHHYCOMZABI CJIeIYeT, YTO TOYKA 7 cepeanHA

orpeska [x,; x,], T.e.
T_%otE
2 2’
OTKyZAa X, =TM—X,. JTO PaBeHCTBO MO3BOJIAET IepPeNncaTh
coorHomenue (1.13) B Buge
Xy =T—Xy+2nk=-x,+(2k+ 1), ke Z. (1.14)
®opmynsr (1.12) u (1.14) DOJTHOCTHIO OMHCHIBAIOT MHO-
JKEeCTBO KOpHeH ypaBHeHUs sin X =a (B ciyuae |a| <1).
ItH aBe hopMYyIbI MOXKHO 0GBEIMHATH U B OOHY hopMyy

x,=(-1)"x,+nn,neZ. (1.15)
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1.3. Onpedenenue pynryuu y = arcsin x

«IleHTpabHEII®» KOpEHbL X,, 4Y€pe3 KOTOPHIH BHIpa-
SKAOTCH BCe OCTaJbHBIe KOpHM ypaBHeHms (1.11), o6o-
3HAYaeTCA arcsin a, YTO MO3BOJAET 3amMcaTh COOTHOIIE-
gve (1.15) B npuBEIYHOM BHJE:

x, =(-1)" arcsina+nn, ne Z. (1.16)
B cny4yae a =1 u3 puc. 1.12 acHo, 4T0o X, =%+2nn.
C Opyroil CTOpPOHBI, T.K. arcsinlz-;-, oburue GopMyJbl
(1.12) u (1.14) npu a = 1 npumMyT BHA:
X, =g+2nk,
T
G . =E+2nk.

IToaToMy MHO’KecTBa {xz,‘}hez u {x,,},, 6yayr omm-
HaAKOBBIMHM H COBIagyT C MHOXXeCcTBOM 4YHCeJI, OITHCBIBae-

T .
MBIM DaBEeHCTBOM X, =§+2nn. ITosromy ¢opmyny (1.16)

MOKHO MCHOOABL30BaTh u npu a = 1. OgHako BakHo mO-
HHMAThL, 9TO B 3TOM CJAy4Yae KaJblil KOpeHb YpaBHeHHHA
sin x = @ mMOABHTCA B XOZe IOACYETOB JBa pasa (HampH-

Mep, YHCJIO g MOXKHO NOJAYYHTH mo dopmyne (1.16) npn
n=0wun=1), T.e. TONYyYUT ABA HOMEpPA.
B cnyuae a = -1 u3 puc. 1.12 acuo, 4To0 X, =—g+2nn.
C apyroi CTOPOHBI, T.K. arcsin(il):—g, obmue GOpMYIIBLI
(1.12) u (1.14) npu a = —1 npumMyT BHA:
X ——R+2nk
2k 2 ’

Xy =-3§’3+ 2nk = —§+ 2n(k +1).
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I'nasa 1. O6pamusie mpuzonomempuiecxue QYHKYUU

Tosromy mHOKecTBa {X,,} . ¥ {x,,,}, , Oyayr omm-

HaKOBbBIMHM H COBIIAAYT C MHOMECTBOM 4YHCeJl, OINUCBIBAe-

MBIM DaBEHCTBOM X, :--g+2nn. IToaromy dopmyny (1.16)

MOXKHO HCIIO/Ib30Barh M npu a = —1. OgHako, Kak u A
a = 1, Ba)XHO NOHUMAThL, UTO B 3TOM ClyUae KaXKABIH KO-
PEHb YDaBHEHHA Sin X = @ MOABHUTCA B X0Je NMOACYETOB ABA

T
pas3a (HanpuMep, YHCIO 3 MOXKHO TIOJIYYHTH 110 (hopmyte

(1.16) itpu n = 0 1 n = -1), T.e. MOJYYUT IBA HOMEPA.
Tounoe onpeneeHHe arcsin a BBITVIAAUT CAELVIOTIHMM
obpaaom.
Onpenenenne 3. arcsin @ — Mo MAKOE HYUCAO X, MO
1. sin x = a;

2. x E[—E; £:|.
2 2

HanoskeHHas BeIle TEOPHA TIN3BOMAET YTBEPIKAATH,
4YTO CilpaBeA/InBa
Teopema 1.3. Qucao arcsin a onpedeneno u npumom
o0Ho3HauHO Mmozda u moavko mozda, kozda ac[-1;1].
dopmanbHOEe anarebpandeckoe omnpejesieHHe arcsin a
MOKHO IIPOMJIJIIOCTPHPOBaTH ¢ momompslo puc. 1.13 (ato
npocro dbparment puc. 1.12).
I
y
-1
a .
] t
T arcsina T
2 2
r—1

Ry

Puc. 1.13. I'padmueckoe oupenesieHHe arcsin a
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1.3. Onpedenenue pynxyuu y = arcsin x

ITOT PHCYHOK MOJKHO PacCMATDPHBATH M KaK APYTYIO
tdhopmy 3anmucH ompefeneHusa 3 (Ha rpaMIecKoOM ABBIKE),
a He KaK ero MJIICTPAIIHIO.

Eme opsa BO3MOMKHOCTE HATVIAZHON HMJLIIOCTPAINH
arcsin a cBsi3aHa C ONpefeJIeHHEM Sin x ¢ MOMOINLIO TDH-
rOHOMETPHYECKOH OKpy:kHocTH. HanmomHuMm, uTo sin x —
9TO OpPAMHATA TOYKM P, Ha EeZWHHUYHOH OKDYKHOCTH
(P, — obpas rouku P, = (1; 0) npu moBopoTe Ha yroua x
BOKDYTI Hayaja KOOpPAMHAT), WJIH, YTO TO Ke caMmoe, IJIH-
Ha orpe3ka OS,, rge S, — npoeKnuA TOYKH P, Ha OCh
OpAMHAT, ¢ y4eToM 3HaKa (puc. 1.14).

—
>

sin x
Py

\j

Puc. 1.14. Oupepesenue sin x
HA TPHTOHOMETPHYECKOH OKPYIKHOCTH

ITosromy arcsin a MOXXHO MJLJIIOCTPHpPOBATHL (a Ha ca-
MOM JeJie TeOMETPDHYECKHM U ONIpEeReJATsh) C IOMOIIbIO
TPHIOHOMETPHUUYECKOH OKPYXKHOCTH ciaepyromuM obpasom
(puc. 1.15).
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I'nasea 1. O6pamnsie mpuzonomempuieckue QyHKyLUY

al p

a

o = arcsina }Po_

Puc. 1.15. Onpeaenenue arcsin a
HA TPUTOHOMETPHYECKON OKPYIKHOCTH

OrmeTHM HA OCH ODAMHAT TOYKY 4 U IPOBEJEM uepes
Hee IPAMYIO, IAPAJLIeNBLHYI0O ocH abcmucce. 9ra npamas
mepeceyeT MOPABYI0 IOJOBHUHY TPHIOHOMETDHUYECKON OK-
PYKHOCTH B HEKOTOPOHA TO4YKe P.

Torpga arcsin ¢ — st10 BeamumHa yraa POP,, u3mMme-
PEHHOr0 B paguaHax (C y4eToMm 3HaKa).

C paBHBIM YCIEXOM TIOJ arcsin @ MOYXHO HOHMMATH
anuey nyru P P.

ITockoabKy arcsin a OgHO3HAYHO OIpegeseH s JH060-
ro ae[-1;1], mo)HO roBOpuUTs 0 (YHKIHMH y = arcsin x,
0o61acTh OIpeZesieHusa KOTopoil — oTpedok [—1; 1].

B cumay OCHOBHOrC OIpejeleHHss 3 paBEHCTBO
y = arcsin X paBHOCHJIBLHO CHCTEMe

x =siny,
(1.17)

-—=<y<

nolA
N A
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1.3. Onpedenenue ¢pynxyuu y = arcsin x

Iloaromy ¢yHKOHs y = arcsin x sBaserca o0paTHOH

; T T
K CYXeHHMI (YHKIHMH y = sin x Ha OTpe3oK [———;—i}.
CooTBeTCTBeHHO, €e rpadMK IOaydaeTrcda H3 BeTBH (T.e.
yacTH) rpadnka QYHKIHM Yy = sin x, COOTBETCTBYIOIIEH

T T . o "
X € —5;5 , OCeBOHM CHMMMeTPpHEH OTHOCHTEJIBHO IIPDAMOH

y = x (puc. 1.16).

| a

k1

2

Puc. 1.16. I'pabuk byHKIMM y = arcsin x

Opnako uacTo ygmobHee mpeacTaBaAaTh cebe rpadux
¢dyurpr y = arcsin x NO-ZPYroMy, KakK IeHTPaJLHYIO
BeTBb rpadHKa y = sin X, KOTOpyr noeBepHyJH Ha 90° u
oTo0pa3mM/Ii CHMMETDHYHO OTHOCHTEJIBLHO OCH OpJHMHAT.
JToT Ke pesyJibTaT MOXKHO IIOJY4YUTh, €CIH IIOBEPHYTH
mucr Oymarud, Ha KOTOpOM H300paskeH rpa@mK QyHKOIUH
y = sin x Tak, 4T0dBI OCh y CTaJla rOPH30HTAJBLHOH, a OCh
X — BEPTHKAJbHOH, W IOCMOTDETh HA DHUCYHOK ¢ oOpar-
HOWM CTOpPOHBI JucTa (TOrza HoBaA ochk abcmucc Oyaer Ha-
IpasJjieHa& BIIPAagBo).

IIpn 3ToM M[ONE3HO HOMHHTB, 4YTO rpad@uK GYHKIUHA
Yy = arcsin x pacnojIoKeH B NOPAMOYroJbHHKe -1<x<1,

—gs ysg (3roT NPAMOYTOALHUK KH300pakeH Ha puc. 1.16).
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T'nasa 1. O6pamnbie mpuzonomempuieckue GyHKyUL

B 3aBHCHMOCTH OT CHTYallWH I[IPH DpeEIIeHHAH 3axad,
B KOTODHIX (PUIYpHPYET arcsin x, OIPpUXOAUTCS HCIIOJL30-
BaThk nu6o dopmanbHO-anrebpanyeckoe onpepejaeHue 3,
aufbo ero rpaduuecKMil BapHaHT, INPEACTABJIEHHLIA
Ha pucyHKax 1.12, 1.13, mu6Go reomeTpuuecKHil BapHAHT
OIpeje/IeHUs, MNOpeAcTaBJeHHbIH Ha puc. 1.15, aubo
rpaduk GQYHKROUH y = arcsin x, u3oOpaKeHHBIH Ha
puc. 1.16.

1.4. Onpenenenve GyHKIMM §J = arccos x

Teopusa GYyHKOHHE y = arccos X MPaKTHYECKH JOCIOBHO
MOBTOpPAET TeOpHMIO (yHKUUH y = arctg x, y = arcctg x,
arcsin x, XoTsa U comepXKUT HeOoJ/IbIINe HIOAHCHL,

Kak m gpyrue arc-dpyHKmmy, QYHKIHMA Y = arccos x
Haubosee ecTeCTBeHHO BO3HHKAET IIPH pellleHHH TIIpo-
CTellIero TPUroHOMETPHYECKOro ypaBHEeHHUA

cos x = a, (1.18)

4TO, B CBOI0 OuYepefb, CBOAMTCA K HAXOMIEHUIO TOYEK
nepeceveHuss rpa¢UxKoB (QYHKIWE y=Cc0SX U Y = a.
leomeTpuuecKkn a3Ta 3ajaya IOJHOCTBI0 pelleHa Ha
puc. 1.17.

VY

y-a /-l\f\ .

. . /.
\L_E/ x3 xs\yxf EEE
2 14

Puc. 1.17. Pemenue ypaBHEeHUSA COS X = @
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1.4. Onpedenenue ¢gynxyuu y = arccos x

Ha puc. 1.17 acuo, yto npu a > 1 wiam a < -1 ypas-
ueHre (1.18) He mmeer KopHeil, a npu —-1<a <1 umeer
feckoHeuHO MHOro KopHeil. Ecam -1<a<1, To Ha Kax-
IOM OTpe3ke Buza [-mw+2nn; t+2nn], rge n — HeKOTOpOe
1eJioe YHCJO, HAXOJATCA POBHO JBa KOpHA (ecam a = 1,
TO 3T KODHHM COBIIaaloT), OAWH CJieBa OT TOYUKHK 2717, a
Apyroil — cmopaga.

IIpaBele M JieBble KOPHM HPHHATO HYMepOBaTh He3a-
BucuMo. [IpaBBIii KOpeHb W3 Haphl, PACIOJOKEHHON Ha
orpeske [-n+2rn; n+2nn], obosnauaror x, (Ha caMoM
JileJie 9TOT KOPEHb JIEMKUT Ha orpeske [2nn; n+2nn]). Jle-
BLIH KOpeHb M3 Iaphl, DPACHOJOXEHHOH Ha OTpe3Ke
[-n+2nn; n+2nn], obosmauaror x, (Ha camMoM Jeje 3TOT
KOpeHB JIe)KHT Ha oTpeske [-n+2nn; 2rnn]).

Ha orpeskax Bugpa [2nn; n+2rnn] dyHkOoua y = cos x

MOHOTOHHO yOmIBaeT or +1 mo —1, a Ha OTpe3Kax BHAa
[-n+2nn; 2rn] — MoOHOTOHHO BO3pacTraeT oT —1 mo +1.

IToaromy npn -1<a<1 KOpHM X,, X, BCerja CyuiecrT-

BYIOT U OIIpefle/IeHLI OQHO3HAYHO.
W3 nepuogudHOCTH GQYHKIMH Y = COS X SICHO, YTO BCe
KODHH X, MOTYT OBITH BhIDAsKEHBI UYepe3 «LeHTPAJIbHEI»

KOpeHb X, 1o dopmye
X, =xy+2nn,neZz, (1.19)
a KOPDHM X, MOTYT ObITh BhIDA)K€HBI uepe3 KOPeHb X, IO
dopmy.ie
n L
X, =x,+2nn,neZ. (1.20)
Hasmee, u3BECTHOE TPHUNOHOMETPHUYECKOE TOMJAECTBO
cos(—x) = cos x Ha PeOMETPHYECKOM S3BIKE 03HAYAET, YTO

OCh OPAHHAT ABJAETCA OChI0 CHMMeTPHHU rpadmira QyHK-
ouH y = cos x. M3 aToit cHMMeTpUM KOCHHYCOMABI ClERy-
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I'naea 1. O6pamnbie mpuzonomempuiecKkue pyrnyuy

er, 4TO0 X;=—X,. OTO PABEHCTBO MO3BOJAET MepPenucaThb
coorHomnernue (1.20) B Buge

x, =-x;+2nn,neZ. (1.21)

@opmyanl (1.19) u (1.21) DOAHOCTBIO ONUCHIBAIOT
MHOKeCTBO KOpHed ypaBHeHHMA cos X =a (B caydae
|a|51). I3t aBe GPOPMYJTIbI MOMHO OOBEJHWHHTHL H B OJHY
Gdopmyry

x, =tx,+2nn,neZ, (1.22)

n
rae X, =X,.
«IleHTpaNbHBIi» KOPEHb X, =2X;, Y€pe3 KOTODHIA BhI-
PaKaloTCs BCE OCTAaJIbHBIe KODHH ypaBHeHus (1.18), o6o-

S3HAYAEeTCA arccos 4@, 4YTO MO3IBOJIAET 3allHCATh COOTHOIIE-
"umue (1.22) B npuBEIYHOM BHJIE:

x, =tarccosa+2nn,neZ. (1.23)

Ecam -1 <a <1, To Bce KODHH, NOJCYHTAHHBIE MO
dopmyne (1.23), mam, uTo TO XKe camoe, o Gopmyam
(1.19) u (1.21), pasnuyHEI.

Ecmm a = 1, To HenmocpeacTBeHHO 3 puc. 1.17 scHo,
YTO MHOXKECTBO KODHeH onuchiBaeTca GopmMys1oH

x,=2nn,neZ.

C ppyroii cToponsl, ecau a = 1, To arccosa=x,=0,
Tak 4ro popmyas! (1.19) i (1.21) npumyT BuA:
x! =2nn,
x, =2nn,
T.e. ABa pasa 3aJanyT TOT ’Ke caMblii Habop KopHe#. Ilo-
aromy dopmyay (1.23) MOXKHO HCOONBL3OBATH M IIPH
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1.4. Onpedenenue pynxyuu y = arccos x

a=1. IIpn 3TOM Ba’XHO MNOHHMATH, YTO TOrga KaXKIbIA
KODeHb HOABHTCA B XOJe IIOACYETOB /[ABa pasa: OJWH
pas — KaK «IpaBeli» KODeHb X,, a4 BTOPOH pa3 — Kak
«JIeBbIiI» KOPEHb X .

Ecmu a = -1, To HenocpeacTBeHHO u3 puc. 1.17 sicHo,

YTO MHOYKECTBOQ KODHei omuchIBaeTca GopmyJioi
x,=n+2nn,neZ.
C mpyroit CTOPOHEI, ec @ = —], TO arccosa=x;=r,
TaK 4to dhopmynsl (1.19) u (1.21) npumyT BHAI:
x, =n+2nn,
LJ

X =-n+2nn =n+2n(n —1),

T.e. ABa pasa 38JafyT TOT K€ caMelii Habop KOpHEH.
IToaromy dopmyny (1.23) MOKHO HCIOJNL30BATH H IIPH

a = -1. Ilpx aToM Ba)XHO IIOHHMAaTh, YTO TOTAA KAaXKIbIA
KOpeHb HOABHTCA B XOJe IIOACUETOB JBa pasa: OJHH
pa3 — KaK «IpaBhlii» KOPDEHb X,, a BTOPOH pa3 — Kak

"
n+l*

«JIEBEI» KOpeHb X

TounOe OIpeAeNeHNe ArccOS @ BBIMVIAAUT CAEXYIOLIAM
obpazom.

Onpepenenne 4. arccos a — amo makoe 4ucro x, 1mo

1. cos x = a;

2. xe[0; n].

H3noxeHHAs BhIIIE TEOPHA MO3BOJIAET YTBEDXKAATH,
4TO CIpaBeJIHBA

Teopema 1.4. Hucno arccos a onpedeseHo U npumom
00HO3HaYHO Mmozda u moabko mozda, Kozda ae[-1;1].

" @opmasnbHOE anrefpaMdecKoe OIpeAeNeHHe Arccos a

MOKHO TPOMJUJIIOCTPHPOBATH ¢ momombio puc. 1.18 (aro
npocto ¢parment puc. 1.17).
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I'naea 1. O6pamibie mpuzoRoMempuiecKue GYHKYUU

=4
=

0| arccosa

-1

Puc. 1.18. I'padgmueckoe onpeseieHHe arccos a

9TOT PHCYHOK MOYKHO pacCMaTpPHBATh H KaK APYIyio
¢opmy 3anucH onpegescHuUA 4 (Ha rpadHYecKOM A3BIKeE),
a He KaK ero MJJIOCTPAILHIO.

Emre oxHa BO3SMOMKHOCTH HATVIAZHONW WJLIIOCTPAIIHH
arccos 4 CBA3aHAa C OIpeJesieHHeM COS X C IMOMOIOBLIO TPH-
FOHOMETDHYECKON OKpYXHOoCcTH. HanmoMHEHM, 4YTO cOS X —
aro abcomcca TOYKM P, HA eJUHHYHOM OKDYXXHOCTH
(P, — obpas touku P, = (1; 0) npun nmoBopoTe Ha yroa x
BOKDYr Hayajga KOODAWHAT), MJIH, YTO TO Ke caMmoe, AJIHU-
Ha orpesrka OC,, rpe C, — mnpoekIHsa TOYKH P, Ha oChb
abcnuce ¢ yueroM 3HakKa (pue. 1.19).

4

P

Puc. 1.19. Onpegenenue cos x
Ha TPUTOHOMETPHYECKOH OKPYKHOCTH
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1.4. Onpedenenue pynkyuu y = arccos x

IloaToMy arccos @ MOXKHO MJLIIOCTPHPOBATH (a Ha ca-
MOM [leJle TeOMEeTPHYECKH M OIpEeJeNATb) C IIOMOIILIO
TPUIOHOMETPHYECKOH OKPYKHOCTH CJIenyIIIHM 00pasom
(puc. 1.20).

o = arccosa P?_

Puc. 1.20. Onpeznenenne arccos a
Ha TPHFOHOMETPHUYECKOH OKPYHHOCTH

OrmeruM Ha OcH abcmucc TOYKY a M OpOBEAEeM IIp#-
MyI0 IapajijielbHO OCH OpAHMHAT. Jra IIpsAMas Iepeceder
BEPXHIOK MOJOBHHY TDHTOHOMETPHYECKOH OKDYMKHOCTH B
HEKOTOpOii Touke P.

Torma arccos a — 310 BeauumHa yriaa POP;, uame-
PEHHOTO B pajuaHax.

C paBHBIM YCHEXOM TIOJ arccos 4 MOXKHO TIOHHMAarTh
AnAHY ayrH P,P,

ITockoMBKY arccos a OZHO3HAYHO OIpefesieH s J106o-
ro aef[-1;1], MOXHO roBOPHTH O (DYHKIMH I = arccos X,
obacTs ompeneneEHs KOTOpoil — orpesok [—1; 1].

B cuny ocHoBHOro ompezpeneHus 4 paBeHCTBO
Y = arccos X.paBHOCHJILHO CHCTeMe

% =c084, (1.24)
O<y<sm
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I'naea 1. O6pamivie mpuzoHomempuieckue PyHEYLU

IToaToMy GYHKIHA y = arccos X ABJAETCA 0DpPATHOMH
K CYXeHHI0 (GyHKOuHM y = cos x Ha orpesdok [0; n]. Coort-

BETCTBEHHO, ee rpagHK INOoJydaeTcs W3 BeTBHM rpaduxa
GYHKIHK Yy = coS X, cooTBercTByIomen xe[0; n], oceBoi

CHMMETDHEHN OTHOCHTEJLHO NpAMOH y = x (puc. 1.21).

4
y

b4

(SR

-1 0 1 X

Puc. 1.21. T'paduk dyHEKIHHE y = arccos x

Opnaxko uacto yjaobHee mnpeAcTaBAATH cebe rpaduk
(GYHKOHH Yy = arccos X MO-APYyroMy, KakK UEHTPAJLHYIO
BeTBL rpaduKa y = COS X, KOTOpPYH moBepHyJH Ha 90° m
0oT0OpasUIM CHMMETDPUYHO OTHOCHTEJIbLHO OCH OPAHHAT.
JroT Xe DPE3YJbTAT MOMKHO IIOJYYHTh, €CJIH MOBEPHYTH
guct 6ymaru, Ha KoropoMm m3obpakeH rpaduK (yHKIHH
Y = €0S X Tak, 4T0oObI OCh y CTajia FOPU3OHTAIBHOH, a 0OCh
X — BEPTHKAaJNBHOH, M IIOCMOTPETh Ha DPHCYHOK ¢ obpart-
HOH CTOpPOHBI JMcTa (TOorga HoBas och abcumec Gyaer Ha-
IpaBjieHa BIIPaBo).
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1.4. Onpedenenue pynxyuu y = arccos x

Ilpn srom mose3sHo MOMHHTH, 4YTO rpadmK GyHKOIHUH
Y = arccos X pacmoJIO}KeH B TPAMOYToJbHMKe -1<x<1,

0<y<m (3TOT MIPAMOYIrOJLHHUK H300pakeH Ha puc. 1.21).

B 3aBHCMMOCTH OT CHTYaIMd TIpH pelIeHHH 3agad,
B KOTOPBEIX (hHTYPHUDPYET arccos X, NPUXOAUTCH HCIOIb3O0-
BaTh Jn60 GopManbHO-anredpandecKoe OlpeneneHue 4,
mu6o ero rpadHYecKHIl BapPHAHT, NOPeACTABJIEHHRIH
Ha pucyHkax 1.17, 1.18, 160 reoMeTpHYeCKHil BapHAHT
onpejieJleHUs, IpeACTaBJeHHBId Ha puc. 1.19, anbo
rpapuk (QyYHKOHEM Yy = arccos X, H300pa’KeHHBI Ha
puc. 1.21.
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T'JIABA 2. CBOMCTBA ARC-®YHKITH

2.1. ColicTBa THIA YE€THOCTH/HEYETHOCTH

Teopema 2.1.
arcsin(-a) = -arcsina, ae[-1;1], (2.1)
arccos(—a)=n—arccosa, a e[-1; 1], (2.2)
arctg(-a)=-arctga, a € (—w; + ), (2.3)
arcctg(—a)=n—arcctga, a € (—oc; + ). 2.4)

Pemenne 3amaun. B xadecTBe OCHOBBI IiIA [JOKasa-
TEJBCTBA 3TUX TOMAECTB MOYHO HCIIOJEL30BATh:

1. ¢opmanbHoe anrebpaudeckoe olpesieleHue;

2. omnpepeseHHe C NOMOIOLIO rpadHKa COOTBETCTBYIOLIEH
OpPAMONA TPUIOHOMETPHYECKOH QYHKI[UM;

3. reoMeTpHYECKOe OIpeje/ieHHe C IMOMOMIbI0 TPHUIOHO-
MEeTPHUYECKOH OKPYIKHOCTH;

4. rpaduK coOTBeTCTBYyHOIIEeH 00paTHOHi TPUTOHOMETDH-
4YeCKOH GQYHKIHUH.

Ms1 nogpobuo pacemorpum ToMkAecTBO (2.2) U npHse-
JeM YeThIpe cnocofa ero JOKasaTeJbCTBa; MJIA OCTAMBHBIX
TOMAECTB aHANM3 OyJeT MPaKTHUYEeCKH AOCJOBHO MOBTO-
PATH NPHUBOJAMMBIE HHXKE PACCYKIEHHS.

1. B coorsBercTBHHM ¢ ajaredpanvyecKMM OIpejeseHHEM
JOKa3aTh, 4YTO arccos(—a) paBeH 7 —arccosa — 3TO
3HAYNT JOKA3aTh, YTO YUCIO O =T —arccosa obmamaer
ABYMSA CBOMCTBaMH!:

cosa =—a, (2.5)

O0<a<m, (2.6)
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2.1. Ceoticméa muna wemnocmu/nevemnocmu

KOTOPbIE OJHO3HAYHO XapakTepuaywoTr arccos(—a). Ilpm

3TOM MEI OyZleM MCXOAWTHL M3 CJAEAVIOIQUX CBOMCTB YHCJA
B=arccosa:

cosp=a, (2.7)
0<B<m (2.8)
Haunem ¢ paBeHcTBa (2.5):
cosa=cos(n—P)=-cosPf=-a.
IIpogesnaHHble BHIKJAAKH MCIOJL3YIOT H3BECTHOE TO-
#aecTBo cos(m—P)=-cosPf u coorromenue (2.7).

Hanee, HepaBeHcTBO (2.6) PAaBHOCHMJIBHO HEpPaBEHCTBY
0<n-pB<n, KOTOpPOE, B CBOI0 OuYepeAb, PABHOCHJILHO He-
paBeHCTBY (2.8).

2. Hapncyem ¢parmenT rpahuka GyHKIHH I = COS X,
coorBercTByOmHit x €[0; t], m ormMeTrMM Ha OCH Op-

JOHHAT TOYKH a 1 —a (puc. 2.1, roe gnsa onpeneseHHO-
cti u3obpaskeH cayuait a > 0).

yh
1

4

a T

>

v+ \\2 arccos(-a)
0 arccos a b

Y

_1a.

Puc. 2.1. [loka3aTeJsCTBO TOXKAECTBA
arccos(—a) =n—arccosa ¢ IOMOIIbIO rpadHKa § = COS X

3areM IIpOBeJeM TOpPH3OHTAJNbHBIE IMPAMBIE Y = a

U J = —a OO0 NePeCeYeHHs C «LEeHTPAIbHOH» BETBBLIO KO-
CHHYCOMJEL.
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T'nasa 2. Ceoticméa arc-pynryui

HaBecrHOE TPUIrOHOMETPpHYECKOe TOXIECTBO

T I
COS(—Z- s x] = —COS(E - IJ Ha reoOMeTpH4YeCKOM H3BIKE 03-

T
Ha4aeT, 4YTO TOUKAa M[E, OJ ABJIAETCA LEeHTPOM CHMMeET-

pun rpaduka GyHKmEH y = cos x. Vs aroil cummerpuu

T
KOCHHYCOMALI CilieayeT, 4TO NJIHHA OTpe3Ka [&I'CCOS(J; —2-i|

T n
paBHA IJIHMHe OTPEe3Ka [-?:, arccos(—a)il, T.e. —2——arccosa =

=arccos(—a)—%, OTKYAa HeMeIJIEHHO cieayer (2.2).

Cayuait a < 0 MmOXHO cBecTH K cayyawn a > 0. Ileicr-
BHTEJIBHO, YHCJIO0 b = —a — MOJIOKHUTEJbHO H HOTOMY B
CHIY yIKe NOKa3aHHOTO BEPHO PABEHCTBO

arccos(-b) =n—arccosb.
3ameHAA 3nech b HAa —a, MeI noayuum (2.2).

s
Ecan a =0, T0 arccosa:arccos(*a):g, TAK 4TO TO-

kaecTBo (2.2) oueBHAHO MCTHHHO.

3. HapucyeM TPHINOHOMETPHYECKYI0 OKDYKHOCTH K OTMe-
THM Ha ocu abcmucc Toukm @ m —a (puc. 2.2, rae naa
onpeaereHHEOCTH H300parkeH cayvait 0 < ¢ < 1) u npo-
BeJIeM BEPTHKAJbLHBIE NPAMEBIE 0 epeceYeHrus C BepX-
Hel NOJYOKPY2KHOCTBIO.

B coOTBEeTCTBHM C TreOMeTpPHYEeCKHM OllpejeeHHeM
arccosa = ZPOP = ZaOP, arccos(—a)= ZPOP'= ZaOP'
(3aech a u (—a) 0603HAYAIOT COOTBETCTBYIOIINE TOYKH Ha
ocu abcrnuce).

Paccmorpum TtpeyroapEuku aOP n (—a)OP'. Oun —
npamoyroabable (£Pa0 = £ZP'(-a)0 =90°), ux rumorexHy-
3wl paBHbl 1, KateTsl Oa u O(—a) UMEIOT paBHbIe JJIHHEL.
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2.1. Ceoucmea muna wemunocmu/Hewemuocmu

ITosromy oTH TpeyroJbHMKH paBHEL. Clef0BaTeN bHO,
paBHEI 1 yriel POa n P'O(—a), a Torga

arccos(—a)=Z£aOP'=n- £ZP'O(-a)=n- £ZP0Oa=n-arccosa.

P P

Puc. 2.2. Joxa3aTeJabCTBO TOMKIECTBA
arccos(—a)=m—arccosa ¢ DOMOINBIO

TPUrOHOMETPHYECKOH OKPYXKHOCTH

4. I'padbuk GyEKIUHM y = arccos(—x) DOTy4YaeTcs M3 rpa-
puka pyHKOHH y = arccos X OCeBOH CHMMeTpHell OT-
HOCHTENbHO ocH opauHaTr. OH nsobpaxer Ha puc. 2.3.

'y
Y = arccos x n Yy = arccos(—x)
i
2
-1 0 1 x

Puc. 2.3. I'padpuk dyHROMH y = arccos(—x)
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I'naea 2. Ceéoticmea arc-¢gynryuil

I'padbur GyHKOUM y=n—arccosx NOJYy4aeTcsa M3 rpa-
¢uKa QYHKIOIVUH } = arccos X Noc/Jief0BATEeJIbHBIM BbINOJI-
HeHHeM [ABYX ABHXKeHMH (puc. 2.4):

1. oceBoif cHMMeTpHeH OTHOCHTEJILHO ocH abciucce;
2. mapaJuleJIbHBIM NEPEHOCOM HA T BROJIB OCH ODAMHAT.

AY
y = arccos x x Y=m-—arccosx
T
2
-1 1

=Y

y = —arccos x | -7

Puc. 2.4. I'padmk GyHKOHM y=7m—arccosx

M3 pucynkor 2.3 u 2.4 scHo, 4TO peub uper o0 of-
HOM H TOM XXe rpadpmie. JTO O3HAYAET CIIPABEAJIMBOCTL
ToxjecTBa (2.2).
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2.2. Canav arc-pynxyuti u arc-xopyrnxyuli 00H020 apzymenma

2.2, CBa3p arc-QpyHKIMHA ¥ arc-KopyHKIHiH
OXHOTO APryMeHTa

Teopema 2.2,
arcsinx+arccosx=12t—, xe[-1;1], 2.9
arctgx+arcctgx=g, x € (—o0; +o0). (2.10)

Pemenue 3amaun. Kax 06LIYHO, B KauyecTBE OCHOBEI

JJIA OOKA3aTeJbCTBaA 3THX TOMNIAECTB MOMHO HCIOJB30-

BAThb:

1. dopmansHOe anrebpaHyecKoe Ompelle/IeHHE;

2. ompefjesieHHE C IOMOIOBLI0 rpadHKa COOTBETCTBYIOIIEH
IPAMOM TPUTOHOMETDPHYECKOH QYyHKIIUH;

3. reoMeTpHuecKoe OmNpeJesieHHMe C MOMOIBI0 TPHIOHO-
METPHYECKOH OKDY’KHOCTH;

4. rpaduK COOTBeTCTBYIOImEil 00paTHOH TPHTOHOMETDH-

4eCKOH QYHKIIHMH.
Mu nmoppo6uo pacemorpum ToxzecTso (2.9) u npuse-

feM deTwhipe cliocoba ero pokasarenawcTBa; maa (2.10)
PACCYKAEHUSA TIOBTOPAIOTCA NPAKTHYECKH JOCJIOBHO.

1.

Ilepennmem Toxmectso (2.9) B BUAE

z n
arcsin x =§aarccosx.

B coorBercTBHH C a,nreﬁpanqecxum onpeneyeHueM

arcsin x aro PaBeHCTBO PABHOCHJIBHO CHCTEME

. T
Slfl("z- —arccos I] =X,

T 7 T
——<——arccosx <—.
2 2 2
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I'naea 2. Ceoiicmea arc-pyrnryuil

. T
HCIIOJILGYH TOMXIAECTBO S1n (-2- = U.) =C0S0 W paapelnas

HEepaBeHCTBO CHCTeéMBbl OTHOCHTEJIBHO arccos x, MbI IIOJIY-
YHUM:

cos(arccosx) =x,
0<arccosx <m.

9TO B TOYHOCTH CHCTEMAa YVCJOBHH, ONperesiomux
arccos x.
2. Hapucyem rpaduk ¢yHKIHH y = Sin x ¥ OTMETHM Ha

OCH OPAWHAT TOUKY a.

3areM I@poBeieM TIOPH30OHTAJLHYI0 NPAMYI0 Y = a
0 Iepece4eHUs C <«MEHTPAIbHONH» BETBBI0O CHHYCOHABI
(puc. 2.5, roe piA ONpeAeNeHHOCTHM M300payKeH ciaydai
0 <a <1 u orMeueHH JBa KOPDHA ypaBHEHMA sin x = a:
x, =arcsina u x,).

y 4\9'

&E Xo X1 :311: ' x
2 wq o

: n
Puc. 2.5. lokaszaTenbCTBO TOMKIECTBA arcsing+arccosa = 3

nN|A

¢ nomMome rpadpuka y = sin x
|
Eciu och OpAHWHAT CABHHYTH BIIPABO Ha 3 TO BeTBb

© 3r |
CHHYCOULBI, COOTBETCTBYIOIIAN xE[E;EJ’ MOJKeT pac-

CMaTpUBATBCA KaK I[EHTPaJbHAA BETBb KOCHHYCOHJHIL.
Touka x; B 2TOi HOBOHM cHcCTeMe KOOpAHMHAT OyaeT uso-
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2.2. Ceéasv arc-¢pynrxyuil u arc-kopyrnryuil 0dH020 apzymenma

T T
OpaxKaTe 4YMCIO X, ~3 (BBIYMTAEMOE 3 COOTBETCTBYET

T
CABUTY OCH OpJHHAT BIPaBO Ha E)' C npyroi CTOpOHI,

B CHJIY rpad)muecKOro OIpefejeHHs arccos 4 (CM. puc.
1.18) ara Toura m3o0pascaeT YMCJO arccos d, T.e.

n
X, —— =arccosa.
2

Kak mul BHaenu B pasgerne 1.3, ansa KOpHel x, M X,
ypaBHEHMs Sin X = @ BepHO PaBeHCTBO
X, =—X, +m=-—arcsina+m.

HNuaue rosops,

& 1Y i T
—arcsina + - 5 =arccosa <= arcsina + arccosa = E .

3. HapmcyeM TpUIOHOMETPHYECKYIO OKDPYMKHOCTHL WU OT-
MeTHM Ha ocaX abCIfHCC M OpAMHAT TOUKH A U B Tak,
yro OA = OB = a (puc. 2.6, rae nn1a onpegeseHHO-

cru n3obpayken cayqai 0 < a < 1).
'

B| P

P
a
0 a Al

Puc. 2.6. [loxasaTeanCTBO TOKAECTBA
. i "
arcsina + arccosa = 2 ¢ TIOMOIIBI0 TPUTOHOMETPHYECK O

okpyxHOCTH A1a 0 < a < 1
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I'naea 2. Céoiicmeéa arc-pynryuil

IIpoBenem ueped TOUKH A U B BepTHKAJbHYIO H TOpH-
30HTAJBHYIO NPAMBIE COOTBETCTBEHHO [0 IE€pEecedYeHHs C
IpaBoO BepXHEH II0JYOKPYKHOCTHIO.

B CcOOTBETCTBHH C reOMETPHYECKHMMH ONpeJeIeHHAMHU
arcsina = ZP'OA, arccosa=ZPOA.

Paccmorpum tpeyronsHuku OPA u OP'B. Onn —
npamoyroasueie (ZPAO=/P'BO=90°), HX rHIOTEeHY3bl
paBunl 1, kareTel OA u OB nmeoT paBHble JnHEL [lo-

3TOMY 3TH TPEYTrOJLHHKHK paBHEI. CliefoBaTe/NbLHO, PaBHBI
n yraei POA uw P'OB. Ho ZPOA=arccosa, ZP'OB=

n n ;
= 8 -ZP'OA = E —arcsing, 4TO0 03HAYaeT CIpPABEIJIMBOCTH

OKa3bIBAeMOro ToxjecTsa B caydae 0 <a < 1.
HOna -1 < a < 0 Bmectro puc. 2.6 Hy’>XKHO HApPHCOBATH
puc. 2.7.

Py

Puc. 2.7. loka3aTeJbCTBO TOXKAECTBA
. i “
arcsina + arccosa =—é- € MOMOMmMBI0 TPUTOHOMETPHYECKOH

oKpyxHOCTH A —1 <a <0
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2.2. Caasv arc-pynKyul u arc-kopyrxyui 0d1ozo apzymenma

Torza arcsina=-ZFOP', arccosa=/F,0OP. Ha pa-

BeHCTBa TpeyroasHHKOB OAP u OBP' ciefgyeT paBeHCTBO
yrioB POA u P'OB. Ho ZPOA=n-/ZP,OP=n-arccosa,

ZP'OB =§ - £LP,0P'= g +arcsina, Tak 4YTO BepHO paBeH-

T
CTBO T —Aarccosa= E +arccosa, KOT0opoe DaBHOCHUJIBHO O0-

KasbliBaeMoMy ToKIecTBY (2.9) B cayuae -1 <a < 0.

Cayuau a =0; -1; 1 mpoBepsAOTCA HENOCDPEACTBEH-
HO, T.K. Mbl MOKeM IIOACUMTATHL 3HAYeHHA arcsin a
M arccos a.

L .
4. Tosxnecrso arccosxza—arcsmx O3HaYaeT COBIIAZeHHe
o . n
rpadMKOB QYHKIUM i = arcsin x 1 Yy =—2——arccos x.

1
I'padpuk pyHKIHH y=§—arccosx ToJIy4aeTcsa M3 rpa-

buKa QYHKOHHM y = arccos X IOCJEeJOBATENLHBIM BBINOJI-
HEHHEM JAByX OBH)KeHHH (puc. 2.8):
1. oceBoii cuMmMeTpHell OTHOCUTEJNBHO OcH abciuce;

T
2. napajjeJIbHbIM II€PEeHOCOM Ha -:;; BOOJIE OCH Op-

JHUHAT.

N3 puc. 2.8 AcHO, 4TO B pe3yabTaTe IOJAYYHUTCH B
TOYHOCTH rpaduk MyHKOuM y = arcsin x.

Toxkzgecrso (2.9) mosBosseT u3 JJI000Oro paBeHCTBA,
coZilepiKamiero arcsin x, IOAYYUTh AHAJNOTHYHOE PaBeHCT-
BO, copepJkarmee arccos x. Hampumep, cBOMCTBO HEUeTHO-
CcTH arcsin x npeBpalnaeTcsa B TOMKAECTBO!

s T
— —arccos(—x) = —(— - arccosx],
2 2
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I'naea 2. Ceoticmea arc-¢pynryui

KOTOpOe JIETKO NPMBOJMTCA K BHIY:
arccos(—x) =mn—arccosx.

VY
y = arccos x |
n
2 b
Y=——arccosx
2
-1 1
x
T
2
y = —arccos x |7

Puc. 2.8. I'paduk byEKINN Y zg—arccosx

2.3. Ceass arc-pyHKIMHA 1 arc-KoQyHKIINH
Pa3HBIX apryMeHTOB

Paccmorpum yron a =arcsina ansa ae(O;l), TaK 4TO

n
ae(O; EJ Kax MBI 3HaeM, reOMeTpHYECKH Yroa o
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2.3. Cenav arc-gpynryuil u arc-koQyHKYuil pasnbLx apzymenmoe

MOKHO IOJYYHThL ciaepyiouniuMm obpasom (puc. 2.9): orme-
THM Ha OCH ODAMHAT TOYKY 4 M IIpOBEJeM uepe3 Hee
npAMy0, NapajieJbHYI0 ocu abcimce, N0 mepecedeHHs C
IpaBoOi IOJOBHHON TPHUIOHOMETPHUYECKOH OKDPYMKHOCTH B
HexoTopoit Touke P. Torga a=arcsina — 2To0 BeJIHYHHA
yrina POP,, u3MepeHHOro B pajuaHax.

o =arcsing Py

o \’1—'02

\J

Puc. 2.9. loxasaTeJbCTBO TOXKIECTBA

arcsina =arccosvl-a® pma0<a<1
HA TPHTOHOMETPHYECKOH OKPYKHOCTH

Taxk KaKk paguyc OKPYKHOCTH paBeH 1, abcrucca TOY-

Ku P paBHa J1-a®. Torza HeIIOCPeACTBEeHHO II0 OIpeje-
JIEHHI0 apKKocHHyca (cM. puc. 1.20) MOKHO yTBEpPKIAaThb,

yro o=arccosyl-a®. Takmm ob6pasom, mIa o€ (0; 1)
BEPHO PABEHCTBO:
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I'nasa 2. Ceoticmea arc-gpynxyui

arcsina = arccosv1-aZ. (2.11)
Kpome Toro, Aas 3TOro e yria o BepHBI DABEHCTBA

sina a
tga &= =

COSO  1-g2 ’

cosa +1-a*
ctga= =

sina a

ITOCKONBKY O —- TOJIOMKHUTENBHBIA OCTDPHIA yroJ, OH

T
NEeXUT KaKk Ha Jayre ae(—E;EJ (xyre apKTaHTeHCOR),

TaK M Ha Ayre cxe(O; n) (myre apkkoranrencos). Ciexo-

BATEJIbHO, HENNOCPEJACTBEHHO IO ONIpeae/;IeHUI0 apKTaHIeH-
Ca 1 ApKKOTaHreHCa Mbl HMeeM.:

aEarcsina=arctgL, (2.12)
1-a°

asarcsina=arcctgi. (2.13)
a

Ewme pas noguyepKkHeM, 4YTO IO CHX IIOP MBI IIPEAIOJa-
ramm, uto 0 < a < 1.

O6mmit cayuaif, korga -1<a<1, onmceiBaeTca cJe-
AYIOIMM YTBEpKIeHNeM,

Teopema 2.3.

) arccosvl-a®,ecrn0<a<l1,
arcsina =

2
—arccosyl-a“,ecim-1<a <0,

; a
arcsina :arctg—z, ecan—-1<ac<l,
l-a
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2.3. C6a3v arc-@pyHKyUl u arc-KOPYHKYUL PAIHBLX apZyMenmoe

1-a°
arcctg————,ecmu0<a <1,
a

arcsina =
2

a
arcctg————m,ecan—-1<a<0.
a

HokasarenscTBo. JloKkakeM IepByi0 ¢opmyJy.
Eciu 0 < a < 1, To ee cIpaBeJJIMBOCTE YK€ YCTAHOBJIEHA.
Ect a =0, To arcsin a = arcsin 0 = 0, arccos\jlmaz =
=arccosl=0, Tak uro ¢opmysa BepHa. Ecim a =1, TO

. . b1
arcsina =arcsinl = E, arccole -a® =arccos0==, Tax

Lt
2
yro ¢opmyna BepHa. Ecimu -1<a<0, T0o a=-b, rme
be[0;1], u Toraa:

arcsin a = arcsin(-b) = —arcsinb = —arccosvy1-b* =
=—arccosy1l-a®.

Tenepr noka)kem BTOpyio dopmyay. Ecoim 0 < a < 1,
TO ee CIpaBeAIUBOCTL YiKe ycraHoBieHa. Ecim a = 0,

; a

To arcsin a = arcsin 0 = 0, arctgﬁ=arctg0=0,
1-a

TaKk 4ro ¢opmysa BepHa. Ecaun -1<a<0, To a = -b, rae

be[0;1), u Torpa:

b
arcsina = arcsin(-b) =-arcsinb = —arctg—2 =
1-b

-b a
=arctg ———==arctg ——.
J1-v Ji-a®

U, Hakomen, anA Ttperbed ¢GOpPMYyJILI HMeeM: €CJH
0 <a <1, To ee CIpaBelyINBOCTL Y)Ke ycTaHOBjieHa. Eciu
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T'naéa 2. Ceolicmeéa arc-pyHKyul

2

. . n l-a
a =1, To arcsina =arcsinl :E, arcctg——— =arcctg0=
a

=—g-, TaK 4ro (popmysa BepHa. Ecom -1<a <0, 1o a = -b,

roe be(0;1], u Torga:

, 2
arcsina = arcsin(-b) = —arcsinb=- arcctg—}—y—— =

/ 2 [ _ a2
——arcctg—tg—z— 1o

= n-arcctg —— |=
-a a
v1-a?
=arcctg——-—m.
a
Teopema 2.4,
arcsinvl-a®,eciu0<a<l,
arccosa =
n—arcsinyl-a®,ecim-1<a <0,
1-a®
arctg————,ecmuO0<a <1,
arccosa = a
J1-a®
n+arctg————,ecimm-1<a <0,

a

a
arccosa =arcetg———,ecmn—1<a<1.
o

HokasaTeabCcTBO. ITY TEOPEMY MOXKHO JOKa3aTh
PACCYXACHUAMM, AHAJOMMYHLIMA TEM, KOTOpbIE MCIOJb-
30BAJIMCh IPH AOKasareabcTBe TeopeMmul 2.3. Ho mpome
NPUMEHHTh AaJbTepPHATUBHEIA METOJ, OCHOBAHHLIH Ha
teopeme 2.2, Hanpumep, nepBas ¢opmyina Iojaydaercd
ciaeayomuM odpasoM:
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2.3. Céa3v arc-¢ynrxyull u arc-KoPyHKYUL PA3HbLX ApZYMEHMOS

n |arccosvl-a®,eciim0<ac<l,

1 R
arccosa =—-—arcsina =—-—
2 - J1-a? ~1<a<0
arccos a®,ecin-1<a<0,

n
E—arccosdl—a"‘,ecnnOSasl,

i
E+arccos\/1—a2,ecnn -1<a<0,

g—(—g—arcsin\/l—a2 J.ecnnOSaSI,
1‘.+(-12£—arcsinx/1—a2J,ecam—lSaSO,

2

arcsinvl-a®,ecin0<a<l,
n—arcsinvl-a?,ecin-1<a <0.

B KadecTBe OCHOBEI JJIA JOKA3aTEJILCTBA BEIIIENpHBE-
AGHHBIX IPyNO (POPMYJ [JIs APKCHUHYCA M ADKKOCHHYCA C
PaBHBIM YCIIEXOM MOJKET MCIOJb30BATHCA H METOH, OCHO-
BaHHEIN Ha (OpMaJLHBIX anrefpawyecKHX OIpe/IeIeHN-
ax. Ml npoJleMOHCTDHPYEM 3TO HA IPUMEpPEe A0KA3ATehb-
CTBA AHAJOTMYHOM rpynmsl GOPMYJI Ij1d apKTAHTEHCA.

Teopema 2.5.

. a
arctga =arcsin——, — 00 <a <+,
1+a®
1
arccos ———, ecau 0 <a < +oo,
V1+a?
arctga= 1
—arccos————,ecaun—-o<a <0,
1+a®
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I'naea 2. Céoicmea arc-pynrxyuil

1
arccetg —, eciin 0 < a < +o0,
a
arctga = 1
arcetg——m,ecar—oo<a<0.
a

JdorkasaTtenscrBo. Ilycrs a=arctga. 9rto o03Ha-

b LA 18
yaeT, 4T0 tga=a m ae _E;E . Yrobml 3amucars o

KaK apKCHHYC, apKKOCHHYC, APDKKOTAHIeHC (BO3MOJKHO,
KakKoro-ro apryMeHTra), mpeKJe BCero HaujJem 3HaYeHHA
sina, cosa, ctga.

Yrobbl HAUTH Sino, MOXXHO BOCHOJb30BATBHCH TOMKIE-

CTBOM:
1 1
l+tg?a=—F—=—"r,
cos“a l-sin“a
OTKYHa
. tgla a’
sin®q = —2 =

1+tg?a 1+a®’

HOCROJILK)’ Ana a=arctga B3HaK d COBHAJaeT CO 3HA-
KOM sina, mocjegHee PaBeHCTBO PABHOCHNJIBHO DABEHCTBY:

a
v1+a® '

Yucso o (KaKk apKTaHTeHC) JIEKHT Ha WHTEpBaJe

sina =

T T
(—E; 5) HOS’I‘OMy HEIOCpeACTBEHHO B CHJIY OIIpeneieHHA

. a
APKCHHYCA MOMKHO VYTBEDPXKAATh, UYTO O =arcsin——.
v1+a®
OOpaTuM BHHMaHHe Ha TO, YTO 3TO PABEHCTBO BEepHO 0e3
Kakux Obl TO HM OBLIJIO OrpaHHUYEHHH HA a.
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2.3. Ceasv arc-pynryull u arc-koPyHKYyUl PAIHBLX ApzyMEHMOE

Yr1o6el HAMTH COSC, MOMKHO BOCIOJB30OBATHCA TOXKIE-
CTBOM:

1 +‘tg2 a= ——1—2—-,
cos o
OTKYa

1 1

cos’a= —= =
: l+tg°a l+a

Ecau a20, To a=arctga E[O;g]. Torma cosa>0 mu,

cjlefoBaTeqIbHO, IIOCJNIegHee pPaBeHCTBO DPaBHOCHJABHO pa-
BEHCTBY:

1
CoOsSOl =—————.
J1+a?

Tak kKak B paccMaTpHBaeMOM CJay4dyae O JeXHT Ha

n
TIPOMEKYTKE [O; E)' HeIlOCPe/ICTBEHHO B CHJIY OIpejeNe-

HHA apKKOCHUHYCAa MOIKHO YTBEDIKAATH, uTO
1
0. = Arccos —=—=.
Ji+a
Ecnn e ae(—0;0], To paccMOTpHM 4YHCI0 b = —a.

Ono y:xe OyHeT HeEOTPHOATEJLHBIM H, CJIEJ0BATEILHO,

1
MOXXHO IIpUMEHATHL paBeHCTBO arctgb= arccos —=——=.
1+&

Torpa:

arctga=arctg(-b)=—arctgh= —arccos-—-l— =
J1+86°

1
= —arccos —————.
1+a®
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T'naea 2. Ceoticmea arc-pynrxyui

N, wnakomen, Haigem ctga: ecam tga=0, ToO

J 1 1
ctgo = oo OaHako 0TCIO[A HeNb3fA CAEeJATh BhIBOJ O
ga a

1
TOM, YTO O =arcctg—, Tak KakK JJif 3TOro HYXHO JOIOJI-
a
HHTeJBbHO 3HATh, 4T0 ac(0;m). Mnl xe MOKeM OBITh
m T
yBEpeHBbI TOJIBKO B TOM, YTO O € ——2-;5 . Opguako, ecan
JOMOJMHUTENbHO HpPeAnoJoXuTh, 4YTo ac(0;+w), TO

T
a=arctga E[O; E] B aTroM caydae HemocpeACTBEHHO MO

1
OIIpeleJIEHHID AapKKOTaAHI'eHCa MBI HMeeM: aEarcctg-.
a

Ecnu ke ae(-=;0), To paccmorpum umciao b = —a. Ono

yxe GYZIGT MNOJOKHTEJBHBIM H, CJIeZO0OBATEJNIBHO, MOXXHO

1
OPMMEHATL PABEHCTBO arctgb=arcctgg. Torga:

arctg a = arctg(-b) = —arctgbh =

= —arcctg l = —arcctg —1— =
b -a

(st reeoni
=—| n—arcctg— |=arcctg—-m.
a a

Teopema 2.6.
. 1
arcsin———, ecau 0 < a < +wo, (2.14)
l1+a
arcctga =
n—arcsinL,ecnn_oo<asO, (2.15)
1+d®
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2.4. Toxwdecmea Ona 3HAYEHUE MPUZOHOMEMPUYECKLX PYHKYLIL

arcctga=arccos—g——:,—oo<a<+oo, (2.16)
1+a®
arctg‘-—l-,ecnn0<a<+oo, (2.17)
arcctga= ¢ 1
n+arctg—,ecnn-wo<a<0. (2.18)
a

JoxasaTenbCcTBO. JTY TEOpPEMY MOXHO AOKA3aTh
pacCyXIeHHAMH, AHAJOTHYHBIMH TeM, KOTODBIE HCIIO/b-
30BaJIMCH IIPH JOKa3arTeabcTBe TeopeMel 2.5. Ho npouge
NPpHMEHHTh aJbTEPHATHUBHLIH MeTOJ, OCHOBaHHBIA Ha
reopeme 2.2. Hanpumep, Bropasa ¢opmyaa nosaydaercsa
ciaeayIomuM ob6pasom:

T n . a
arcctga= E —arctga= E —aresin ————-=

2
l+a® 9 19)

= arccos .
1+a?

2.4. ToxpecTBa OJA 3HAYCHHH
TPMIOHOMETPHYECKHUX (PYHKIUH
ot arc-pyHKUMH

2.4.1. ToxxnecTBa NAA BbhIpayKeHUHA BHIA
F(arcF(x))

HenocpencreenHo u3 anrefpanyecKUX ONpefeneHni
0o6paTHBIX TPUMOHOMETPUYECKHX MYHKIMHA MBI HMEeM:

sin(aresin x) = x, -1<x<1, (2.20)

cos(arccos x) = x, -1<x<1, (2.21)
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I'naea 2. Ceotlicmea arc-gpynryui

tg(arctg x) = x, —0<x<+00, (2.22)

ctg(arcctg x) = x, —oo<x <+o0, (2.23)

IIpr npumeRenum roxpects (2.20) u (2.21) Heobxo-
AMMO MMeTh B BHAY chepyioumiee. Ecnu B ypaBHeHHH (He-
paBeHCTBe, CHCTEMe) CTOMT BrIpa)keHue sin(arcsin x) mim
cos(arccos x), TO ero MOXXHO 3aMeHHTH Ha x. OgHaKo aro
npeobpasoBaHHe, BoOOIIEe IOBOpA, He ABJSAETCA pPaBHO-
CHJIBHBIM. 711 PABHOCHMJIBHOCTH HeOOXOZMMO COXPAHHTH
orpaHrueHHe —-1<x<1, KOTOpPOoe HEABHO COJEPXHUTICH B
caMOM (haKTe HallMCAHMUSA arcsin x u arccos x.

2.4.2. ToxaecTBa AJA BhIPakKeHUI BHIa
F(arcG(x))

Boutee HHTEPECHBIMH FBJAIOTCA CJeAyIIINe 4YeThbIpe
Irpynnbl TOMIECTB:

sin(arccosx) = y1-x%, -1<x <1, (2.24)

x

sin(arctg x) = 3 (2.25)
V1+x?
sin(arcctg x) = 1 : (2.26)
1+x°

cos(arcsinx) = v1-x%, —1<x <1, (2.27)

1
cos(arctg x) = : (2.28)
V1+x°
cos(arcctg x) = X ; (2.29)

i

1+ x
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2.4. Toxdecmeu dnn 3HaANEHUE MPUZOHOMEMPULECKUX PYHKYLUL

tg(arcsinx) = ————, ~1<x <1, (2.30)
1-x°
1-x*
tg(arccosx) = —, -1<x<1,x+0, (2.31)
X
tg(arcctg x) = l, x =0, (2.32)
x .
: v1-x*
ctg(arcsinx) = —, -1<x<1,x#0, (2.33)
x

ctg(arccos x) = -—-f——z—, -l<x<l, (2.34)
1-x

ctg(arctgx) =—, x = 0. (2.35)

R =

3TH ¥ Apyrue nog06HEBIEe TOMJAECTBA JOKA3BIBAIOTCAH II0
equHoi Merogmee. IloaroMy MEI IOKa)KeM JIHMINL He-
CKOJILKO M3 NpHBeJeHHBIX BBIIIE TOMAECTB.

Yrobrl moKazaTs ToXKAecTBO (2.24), paccMOTPHM BhI-
pakenue sin(arccos x) Kak sina, rge mpo yroax o Mel
3HaeM, 4T0 cosoa=x H a€e[0;n].

IToaromy, uToGBI HAWTH Sina, €ro HYMXHO CBASATh C
cosa. ITO MOXMKHO CHEJATH C MIOMOINBI0 OCHOBHOTO TPHIO-
HOMETDHYECKOTO TOXKZecTBa: sin’a+cos’ a=1, oTkyaa

|sinof =v1-cos® a =1- 2.
Hanee, nmockoaeky o€[0; ], uyncmo sina — HeoTpH-

OATeJBHO, TAK 4YTO 3HAK MOAYJA B TOChegHel (dopmyie
MOKHO yOpaTh M MBI IOTYyYHUM TpeOyeMblil pe3yabTaT.

Paccy:xneHnss, KOTOphle HPHBOJAT K TOMIECTBY
(2.25), mpakTHUYeCKH AOCJOBHO HOBTODPAKOT JOKA3ATEJIb-
cTBO TOxKAecTBa (2.24).
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I'nasa 2. Ceolicmea arc-¢gpyHKyui

Bripaxcenune sin(arctg x) MOXHO paccMAaTPHMBAThL Kak
sina, rge npo yronm o MBI 3HaeM, 4TO tga=x #u
TC TC
oe
[ 2’ 2]
IToaromy, 4yro6bl HaliTH sina, €ro Hy»XHO CBA34Th C
tga. O9TO MOXKHO cCAeraTh € TOMOIIBI0 TOMJAECTBa:

tg>a+1=—=—, oTkyna
co

s‘a
1 1

J1+tg o s/1+x

ICOSO. =

T
Vcenopue ae(——é —2—] 03BOJIAET TFapPaHTHPOBATHL IO-

JOXKHUTENBHOCTL COSQ, TaAK YTO 3HAK MOAYJIA B IIOCHEN-

Hell opMyne MOMKHO yOpaTh (OTMETHM, UTO TeM CAMBIM
MBI QaKTHYECKH JOKa3aaHW TOKAecTBO (2.28)).

Tenepp AnA sina MBI HMeeM:
x

1
V142 _\/1+x2

TO?K,I[ECTB& AJIA TAaHreHCa U KOTaHreHCa JOKAa3bIBaAKT-
CsI C TIOMOIIBLI0 TOXKAECTB [Jif CUHyca M KocuHyca. Ha-
npumep,

sina=tga-cosa=x-

sin(arcsinx)  x

cos(arcsin x) - ,/1 —x? )

tg(arcsinx) = (2.36)

2.4.3. ToxkaecTera AA BRIpAKeHUH
suga F(2arcG(x))

ToxxpecTBa, B KOTOpble BXOAAT YABOEHHBIE Aarc-
GYHKIHH, JOKA3BIBAIOTCA C ITOMOIIBLIO CTAHZAPTHLIX TPU-
POHOMETPHYECKNX (OpMYJI Ui JBOMHBIX YIJIOB M paHee
nokasaabix dopmys Buga F(arcG(x)).
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2.4. Towcdecmea 0nA 3HAYEHUN MPUZOHOMEMPUNECKUX QYHKYULL

Hanpumep,

sin(2arcsinx)=sin2a =2sinacosa =
= 2sin(arcsin x)-cos(arcsin x) = (2.37)

=2xy1-x%,-1<x<1.

AHamorsuHo

sin(2arccos x) =sin2a =2sinacosa =
= 2sin(arccos x)- cos(arccos x) = (2.38)

=2xJ1-x%,-1<x<1,

sin(2arctg x) =sin2a =2sinacosa =
=2sin(arctg x)-cos(arctg x) = (2.39)
x 1 2x
= 2 . . = 7
Vi+x? 1422 1+x

sin(2arcctg x) =sin2a =2sinacosa =
= 2sin(arcctg x)- cos(arcctg x) = (2.40)
1 x 2x
= 2 . . = 7
Vi+x? J1+x? l+x

Brnpouem, nmociepHue ABA TOMKIECTBa JIETKO A0KasaTh
4 He3daBucumo. Hamnpumep, sin(2arctg x) moxHO pac-

. T yis
cMaTpuBaTh Kak sinZa, rme tga=x u -E<a<5 (ua

caMOM Jeje TOCJeJHee YCJIOBHe HAM He IIOHamxobuTcs).
Janee, npeobpasyeM sin2a ciaeaywoimum obpasom:

; 2 2sinacosa
sin2a =2sinacoso = ————.
sin” o +cos” a

3-11989 65



I'raea 2. Ceoiicmea arc-pynryuil

Ecnun umcadrens W 3HAMeHaTeNlb INOCHeZHEH JApobu
pasfleIuTh HA COS” O, TO MBI MOJy4YnM GopMyTy

2tga

sin2a=———5——,
1+tg°a

orkyna (¢ yderom TOro, 4uro tgoa=x) MBI HeMENJIEHHO

noayuaeM ToxgecTBo (2.39).
AHAIOrMYHO IOKA3LIBAIOTCHA CJIeAYIOIHe TPH FPYIIbI
TOMKIECTB.

cos(2arcsinx)=1-2x*,-1<x<1, (2.41)
cos(2arccosx) =2x*-1,-1<x <1, (2.42)
1-x*
cos(.?.arctgx):l = (2.43)
x* -1
cos(2arcctg x) =—, (2.44)
1+
. 2
tg(2arcsinx)=§—1—f—,-1gxs1,x#iiﬁ., (2.45)
1-2x 2
/ a2
tg(2arccosx):%£-:—~f—»,—1s:csl,x#i—\[—é, (2.46)
2x° - 2
1;,<;f(2.tsu-ctg;x:):1 Sy X%t (2.47)
-x
2x
tg(2arcctg x) =2—1, x#+1, (2.48)
x —
o 2
ctg(2arcsinx) = Lots ,—l<x<1,x=#0, (2.49)

2xy1-x*
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2.4. Tomdecmea drn sHaveHUl MPUZOKOMEMPLLECKUX PYHKYLIL

2
ctg(2arccosx)=M,—1<x<1,x¢0. (2.50)
2xV1-x°
1=t
ctg(2arctgx) = yx =0, (2.51)
x* -1
ctg(2arcetg x) = ,x#0. (2.52)

2.4.4. Maorounensr YeOsIiuesa

Ilo aHAmOrMM C OKA3aTeabCTBOM ToxzecTBa (2.42)
mia  cos(2arccos x) JNerko MNOJAYYHUTh TOMIECTBO MOJIsA
cos(3arccos x). B KauecTBe OCHOBBI JOKA3aTEJbLCTBA
BO3bMEM H3BECTHOE TPHUNOHOMETPHYECKOe TOXKAECTBO
cos3a=4cos’ a-3cosa. BaMeHAd B HeM UMCIO0 O Ha
Arccos X W HCIONb3ys ToxAecTBO (2.20), MBI noayuuM:

cos(3arccosx)=4x® -8x, ecmm -1<x<1. (2.53)

EcTecTBeHHO TOCTABHTH BOIPOC O TOM, KaK MOYKHO
YyIIPOCTUTH BhIpakeHue f,(x) = cos(n * arccos x), rae n —
IPOM3BOJBHOE HATYpaJdbHOEe yuca0. OTBeT Ha Hero Aaer

Teopema 2.7. ITpu nwbom n=0; 1; 2... pynrkyusa
f.(x) = cos(n - arccos x) coenadaem (Ha  ompesxe
-1<x<1) c onpedenentivim mrozourenom T, (x).

Muozounenwvt T,(x) (OHU Ha3biBaOMCA MHOZOYNEHAMU
Yebviuwesa) mozym Obimb HailldeHbl C NOMOWbIO peryp-
permuoil popmyibt

T, =2x-T,(x)-T, (x),n=1,2,3,...  (2.54)
U HAYaJlbHbLX yc.uosuﬂ:
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I'naea 2, Caoticmea arc-pynryuii

Ty(x)=1,T,(x) = x. (2.55)

HorasartenscrBo. Tlpexxnae Bcero ormerum, 4YTO
PEKYppeHTHOe cooTHomenue (2.54) BmecTe ¢ HAYAJBHEI-
MH ycaoBuamH (2.55) mossossieT mMOCaeA0BATENBHO OJHO-
3HauyHO onpeaeanth Gpyrroun Ty(x), T, (x), ... Ilpn aTom,
nocKoabKy To(x) u T,(x) ABAAIOTCA MHOTOUJEHAMH, MHO-
rousenom 6ymer m Ty(x) = 2x - Ty(x) — Ty(x) (Bmpouem,
MEI 3TO ye suaem us (2.42)). Torga muorousenom oyaer
u Ty(x) = 2x + Ty(x) — T,(x) (BipoueM, MBI 3TO y>Xe 3Ha-
eM u3 (2.53)) u T.1.

B coBpeMerHOH MaTeMaTHKe CUHUTAETCH, UTO IOHOOHBIE
PACCYXJAeHHA He ABJAKTCA B HOCTATOYHOM Mepe CTPOrH-
Mu. YT06EI YAOBIETBOPUTL COBPEMEHHEIM CTAHAAPTAM Ma-
TEMATHYECKOH CTPOTOCTH, OyAeM WCIONIh30BaTb METO[
MATeMATHYECKOH MHAVKIHWH. OTO II03BOJMT AKKYPATHO

JOKa3aTh He TOJLKO To, uro T,(x) — MHOrouireH, HO
OJNHOBDEMEHHO C 3THM H TOMXJECTBO COs(/l - arccos x) =
= T.(x).

Ocnosanue undykyuu. Ilpu n = 0; 1 cnpaBeaJnBOCTHL
YTBepK/JeHHM TeopeMbi BbiTekaeT n3 (2.20) u oueBUAHOI'O
ToxpectsBa cos(0 - arccos x) = 1.

ITaz undyryuu. JonycTHM Teneph, 9TO YTBEPXKACHUA
TEOpPeMbl HCTHHHEL A1 (hyHKIHI

fy(x), fi(x), f(x), ..., [, (%), f,(x).

HoxkaseMm ux HCTHUHHOCTD As bysKROUHN
fa =cos((n+1)-arccosx). Jdns 3Toro HYXHO CBA3aTh

far(x) ¢ dyEKIBAME f,(x), ¥ KOTOPBIX MUHAEKC K He IIpe-
BOCXOJHT n, 4TO, B CBOIO O4YepeAb, CBOTUTCA K MOJydYe-
HUI0 HOPMYIEL ANA cos((n+1)a), B KOTOPYIO 6Bl BXOJHIH

TOMLKO (yHKIMH cos(ka) ¢ xkoaddunuenTom k£, He IIpe-
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2.4. Tomdecmea dnn 3naverull MpuzoHomempuieckux QyHKyuii

socxozAmieM n. Ionyduth Takyw (GOpMyJay MOMKHO CJe-
AywIuM obpasom:

cos((n + l)u] =cos(na + a)=cos(nu)-coso —sin(na) sina =
=2cos(na) -cosa— (cos(na) -cosa +sin(na)-sin a) =
=2cos(na)-cosa—cos((n-1a).

IIpm o =arccosx H3 3TOr0 TPHTOHOMETPHYECKOro TO-
JJecTBa MbI NOJYYMM pPeKypPeHTHOe COOTHOIUNeHnWe AJA
dbynxnmit f(x):

f;nl = 2x ’ fn (x) i fn—l (x)

B cuny npepmonodeHMs HHAYKIHH 1iua xe[-1;1]
BepHBI paBeHcTBa: f(x) = T, (x),f,_,(x)=T, ,(x). IToaromy
fa(x)=2x-T,(x)-T,_ (x).

Hcenonsaysa (2.54), MBI NOAYYHUM, YTO

frh-l (x) = Tn+] (x)’

KpomMe Toro, ecamu npenosoXUTh, YTO MHOTOYJIEHAMH
asaawTca ¢yarmum T (x) u T, ,(x), TO peKyppeHTHOe
cootHoiieHne (2.54) BieuyeT, UYTO MHOroujJeHom Oyaer u
dyaruua T, 4(x).

B xauecTBe mpuMepa INIPHMEHEHHS 3TOH TEOpEMBI IIO-
ayuyuM saBHbie dopmyabr paa To(x), Ti(x) m T,(x); npu
n=1wu n=2 coorHomenue (2.54) maer (B corjacum c
(2.42) u (2.53)):

T,(x)=2xT,(x)-Ty(x) =2x-x-1=2x* -1,
Ty(x) =2x T,(x) - T (x) = 2x -(2x* —1) - x = 4x° - 3x.
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I'nasa 2. Ceolicmsa arc-¢pynxyui

Ilpu n = 3 MBI IOJAYYHM:
T,(x)=2x-T,(x)-T,(x)=2x-(4x° -3x) - 2x* + 1=
=8x* -8x% +1.

JIna OpOM3BOJNBHOrO 7N IOJYYHTH BBIPAMKEHHE IJIA
mHorouwreHa T,(x) B cTAHZAPTHOM BHIe

— n n 1
T(x)=a, x"+a,  x""+...+a, ,x+a,,

OTHOCHUTENLHO TsKeno. OZHAKO [JIA peIIeHHudA Pas3HOoooO-
pPasHBIX 3agad OOBIYHO AOCTATOYHO 3HATHL JIMHMIL OIpefe-
JIeHHbIE CBOMCTBA 3THX MHOI'OYJEHOB, YCTAHOBHTH KOTO-
phié OTHOCHTENLHO HpocTo. OCHOBHLIE M3 HUX IPHUBEJeHbI
B CJeAyIOLIeil TeopeMe.

Teopema 2.8. Bce ioaghpuyuenmor mnozounena T,(x)
AGAANMCA YEAbLMU YUCAAMU.

dra n21 cmapwuill wien muozounena T, (x) pasen
ga ki,

ITpu uyemubtx n muozouren T,(x) codepicum monvko
YemHble CMeNneHu X, a4 npu HEeYemHbulX — MOMAbKO He-
yemHole.

HJorasaTenlbCcTBO. DyxeM JoOkasslBaTb TeOpeMY
METOAOM MATEMATHYECKOH HMHIYKIHH.

Ochosamnue uHdyryuu. Ilpu n =0; 1; 2 cnpaBeniu-
BOCTEL YTBEPXKAEHUI TeopeMbl BHITEKAeT M3 ABHbIX (oOp-
myn aas To(x), Tr(x), Tax).

ITaz undyryuu. JonycTuM Tenepb, UTO YTBEPXKAEHHA
TeopeMbl MCTHHHBI JJs Bcex 3Hauenwit 0,1, ..., n. Jloka-
K€M HX MCTHMHHOCTH AJIA MHOTOYJIEHA C MHAEKcoM n + 1.
Hcnonnaya peKyppeHTHYIO opmyny (2.54), MBI uMeeM:
1. mockoabKy (IO OPEANONOKEHWI0 MHIYKIIUM) BCE KO-

apdunuenTel MHorouseHa 71 ,(x) — LeJble 9YHCA3,

Bce Ko3bdummuents: MHorowiena 2x - T,(x) rTaxxe
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2.4. Tomdecmea Ona 3HAYEHUL MPUZOHOMEMPUNECKUX PYHKYUL

ABJNAIOTCA IeJbIMH umciamu. Kpome Toro (mo mpen-
TIOJIOKEHHUI0O MHAYKONHA), U Bce KO03(h(dUIMEeHTH MHO-
rounesa T, ,(x) — uensle uncaa. ITosromy pasHOCTH
2x - T (x) — T,.(x), T.e. mHorounren T,.,, HMeeT
TOJNBKO LeJble K03 dUIMEHTH DK CTENeHAX X;
MOCKOJBKY (N0 TPEANOJIOKEHHI0O MHAYKIHH) CTEeIeHb
mHOrouresa T ,(x) paBHa n, maorouneH 2x * T,(x) ume-
er crenielb n + 1. C apyroi CTOpPOHKI, CTEleHb MHOIO-
wiresa T, ;(x) (oo NmpennoJio’KeHHWI0 WHAYKIMH) paBHA
(n — 1). IToaromy pasmocts 2x * T, (x) — T,,(x), T.e.
mHorouses T,,,, ”MeeT cTeneHsb n + 1;

€CJIM JOIYCTHTb, UTO CTApIIMH YJIeH MHOrOuYIeHA
T.(x) paBen 2" 'x", To cTapmuii YleH MHOrodJeHa
T,.1(x) paBer 2x + 27 1x" = 2nxt*l = Qntl-lyntl,

nycts (n + 1) — HeueTHOe yncyo. Torga n — uerHoe,
a (n — 1) — nHeuerHoe. Ilo mpeaNmoONOkKEHUI® HHAYK-
mun MHOroudeH T,(x) CONEepKHT TOJMBKO YETHBIE CTe-
nern x. CoorBercTBeHHO, MHorowreH 2x * T,(x) co-
Iep:KHT TOJNBKO HeYeTHBIe cTeneHH Xx. Kpome Toro,
TAaK Kak n — 1 — HeuYeTHOe YHCJO, 10 TPEXIOJIOsKe-
HHIO HHAYKIHUKH MHOrowieH T, ;(X) COZEPIKHT TOJBKO
HeueTHHIe cremeHM x. CiegoBaTenbHO, M PpPa3HOCTH
2x - T(x) - T,.(x), T.e. muorounern T,,,, COHEPXKHUT
TOJIBKO HEUEeTHLIe CTEIIeHH X;

nycts (n + 1) — gernoe umcao. Torga n — HeuerHoe, a
(n - 1) — uernoe. Ilo NpeAIOIOXKEHENI0O MHAYKONY MHO-
rouner T,(x) COmep!KHT TOJMBLKO HEUYETHEHIe CTElleHH X.
CoorsercrBenHo, MHorounen 2x * T, (x) comep:KHT TOJb-
KO 4YeTHble cTeneHH X. Kpome rtoro, Tak kak n — 1 —
YEeTHOE YHMC/I0, IO IPEATIOJOMKEHHI0 HHAYKOWH MHOro-
e T, ,(x) comepKUT TOIBKO ueTHble cTemeHu x. Cie-
JOBaTeJbHO, M pasHocTh 2x * T(x) — T, (x), T.e. MHO-
rouses T,,;, COXEPIKUT TOJBKO UETHBIE CTETIEHH X.
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I'naea 2. Ceoiicmea arc-pyHKxyuil

C noMoImpo0 IOKA3aHHON TeopeMEBl JIETKO MOJYYHTH
aBHy0 dopmyny piaa T,.(x). Hna sroro HaigeM HYJIH
muorounmena T,(x) Ha ortpeske [-1;1]. Ilockoasky
Ha 3rom orpe3ke T,(x) coBuagaer ¢ dyuknuern f,(x) =
= ¢0s (n * arccos x), Mbl UMeeM:

T (x) =0 < cos(n-arccosx) =0 <

<> arccos x = M, kel
2n
YpasHenne
arccosngkzi)f,kez (2.56)
n

Ha CaMOM Jejie sBJAsAEeTCA OeCKOHEeYHOM COBOKYIIHOCTBHIO
ypaBHeHHIT BHA arccos x = y,; napamerp k € Z saBisaercs
cB0e0OpABHBIM «HOMEPOM» YDABHEHHA M3 3TOH COBOKYII-
HOCTH. YpaBHeHMe arccos X = y Jub0 He MMeeT KOpHeil
(ecim  y¢[0;n]), MO0 mMMeeT eOWHCTBEHHBIH KODEHBb

t=cosy (ecitm ye[0;x]). Ymcno Buma y, :@.
n

k € Z, nexur ua orpes3ke [0;n] Tonbko ana k =0; 1; ...;
n—-1. TIpu stom 0 <y, <y, <..<y,, < n Iloaromy
GeCKOHEeUHAsA COBOKYIIHOCTH ypaBHeHHME (2.56) paBHOCHIL-

Ha n ypasHeHusM (c «Homepamu» kE=0; 1;...; n — 1):

arccos x = M, k=0;1;..; n—-1&
2n

@x:cosm, E=0;1;...; n—=1.
2n

ITpu arom
1>cosi>cos%>cos—5—1—t->...>cosM>—l. (2.57)
2n 2n 2n 2n
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2.4. Toxncdecmee Oan 3HALEHU MPUZOHOMEeMPULECKUX PYHKYUL

Takum o6pasom, MHorouneH T ,(x) uMeeT DOBHO I
pasnauuHbix HyJe# (2.57) na wuntrepBane (—1; 1). Ilo-
CKOJIBKY CTelneHb 3TOro MHOro4jJeHa paBHa n, APYTrHX
HyJeir oH He mmeer.. Kpome TOro, MeI 3HaeM, 4TO ero
crapmuii Koathdunuent pasen 2" !, IMoaromy

T, (x)=2"". [x— cosziji[x—cosﬁ]m

n 2n

2.58
(anl)n] ( )

--+| x—cos
[ 2n

3HayeHe MHOroujieHoB YeOblliea B MaTeMaTHKE BO
MHOrOM CBA3AHO CO CJIeAyiolmed TeopeMol, KOTOpAf M-
paer BAMKHYIO DOJIb B BBIYHUCJIUTEJbHON MaTeMaTHKe NDH
pelleHHM 3afa4YM MOCTPOEHMA ONTHMAJILHBIX HHTEpPIOJA-
OMOHHBIX M ANNPOKCHMAIIMOHHBEIX (DOpPMYJI.

Teopema 2.9. ITycmbv P, (1) — npou3eonrbHbiil MHO20-
yreH cmenenu nx=1 co cmapwum rxoappuyuenmom a, u
[a; b] — Herxomopuiii ompesox uucnosoil ocu. Tozda

b-a)
max|Pn(t)|22|an|-(—— ‘ (2.59)
te[a; b) 4

Omo HepaseHcme0 Henb3A YMOYHUMbL 6 MOM CMbiCe,
ymo 3Hax pasencmsa Odocmuzaemca Ons caedyroulezo
MHO204JIEHA CMENneHu N €O CIapWum KoIQDUYULEeHRMOM a,,.

sy @, (b-a)' (2t-b-a
P28 (2202 @)

HoxasaTenscTBo. [JomycTHM IPOTHBHOE, YTO

b-aY
max P,(t) <2|an|-[—4-—] ;
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Inasa 2. Ceoticmea arc-¢pynryui

Torpga, Trem Gonee, npu Bcex te[a;b] BepHO HepaBeH-
CTBO

" 2n-1
|Pﬂ(t)|<2|an|-[b;a) @l £ _P,(t)<1. (2.61)

a, (b-a)

Paccmorpum dyHKOUIO

2n-1
Q,(x)= 2 _.p, (b——a)x+b+a]_
a -(b-a) 2
Ecnau xe[-11], TO JIMHeHHasa bysRINAA
t(x) :&:ﬁ%jf’_fﬂ_ MOHOTOHHO Bo3pacTtaer or t(-1) =a

no t(1) = b. Iloaromy B cuny (2.61) npu Bcex xe[-1;1]
BEPHO HepaBeHCTBO

Q. (x)}<1e=-1<Q,(x)<1. (2.62)
Kpome ToOro, nockoiabKy Pn(f) — MHOTrOYJjIeH CTeleHH!

n cO CTapliuM dYieHOM a,t", dyHrnusa Q. (x) sBisgercs
MHOTOYJIEHOM CTEIleHH 71 CO CTAPIIMM YIeHOM

2n 1 n
2 _a"_((b_a)xJ = 9" lxn’
a,(b-a) 2

T.e. TAKHM 2Ke, KaKk H CTAapIIMi 4jaeH MHorodaena Ye-
oeimreBa T ,(x). ITosromy passocts R (x)=T,(x)-@, (x)
OyHeT MHOIOUJIEHOM CTEeIeHH He Bbille, yeMm (n — 1). 3to
BJIEYET, B YaCTHOCTH, YTO YHCJIO HyJiell MHOrowreHa R (x)
He MoeT ObITh OoJbine, yeM (n — 1).

PaccmoTpuMm Ha orpeske [0; n] Touknu

n _@.

n-1)rx nw
0'.0=0;0'.l=;;0'.2 =£—);a

ey O, 4 p=— =T

n n n
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2.4. Toxndecmea dna 3naverul MpuzoHoMempuLecKux GyHKyuLl

Torza uwmcia X, =C0Sa, pacloJOKeHbl Ha OTpe3Ke

[-1; 1] n, Kpome TOTO,

% =1>x>x,>...>x, , >x, =-1.

Tak kax o, c[0;r], BepHO paBeHCTBO arccosx, =q,.
IMosromy smauenme mHOrounena Ye6Grimesa T (x) npwm

X = x, PABHO

T (x,)=cos(n-arccosx,)=cos(n-a,)= cos[n-k—nJ =
n

= cos(km) =(-1)".

CooTsercTBeHHO, 3HAUeHNe MHOTouYgena R, (x) B Touke
X, paBHO

R (x)=T/(x,)-Q,(x,)=(-1)"-Q,(x,).

.Hcnmons3ya nBoiiHOe HepaBeHcTBO (2.62), MBI moJy-
YHM:

(-1)*-1<R (x,)<(-1)* +1.

IIpy yerHsix k 310 HepaBeHCTBO gact: 0 < R, (x,) < 2,
4TQ BJIEYET MOJIOXKHTeNbHOCTE R,(x,). IIpH HeueTHBIX K
8T0 HepaBeHCcTBO JgacT: —2 < R,(x,) < 0, 4ro BIeuer OT-
punaTeasrHocTh R, (x,).

ITockoabKY HA KOHIIAX KaXXAOT'0 M3 N OTPE3KOB

[xy: %, ) [%5 2,1 .0y [x,5 2, ]

MHOTOWIEH IPHHUMAET 3HAYEHHS PA3HLIX 3HAKOB, BHYT-
PH KaXXJ0ro M3 3THX OTPe3KOB HalifeTcs TOYKA, rje MHO-
rowieH R,(x) paBen mymno. Takum o06pasoM, MHOro4jeH
R.(x) umeer mo meHblnei Mepe n Hymei. OgHakKo, Kak
MBI YCTAHOBHJIM DAHBINE, YMCJIO0 HYJel MHOroudjeHa R, (x)
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I'naea 2. Ceoticmsea arc-gpynkyuil

He MoKeT ObITh Goabiue, yeM (n — 1). ITonmydeHHoe mpo-
THBOpPeYHe KOKA3BIBACT CIIPABEAJIMBOCTh TEOPEMBI.

IlokaxkeM Termepb, 4TO AN MHOTOWIeHa P (t), KOTO-
peIii 3ajmaerca Gopmynoit (2.60), HepaBeHcTBO (2.59)
npeBpamjaeTcs B TOYUHOE DaBEHCTEO.

Ilpexae Bcero oTMeTHM, 4YTO, HOCKOABKY T, (1) —
MHOTOWIEH CTEeIleHH N cO CTapiuuM dieHom 27 't", ¢yHK-
musa P (t) sABAA€TCA MHOTOYIEHOM CTEIleHH N CO CTap-

IIAM YJIeHOM

(b-a)" #
2 b-a
Ecnu tel[a;b], To auHelHaaA QYHKUUA x(t):_z_%jﬂlﬁ
-a
MOHOTOHHO Bo3pacTraeT oT x(a) = —1 mo x(b) = 1. IToaro-

MYy OpH Bcex t€[a;b] BepHO paBeHCTBO
. (b -a) —b—
P, (t)=~‘—l-"——(~—2~—~122——-cos n-arccos[w) .
2 b--a
Ilockoabry |cosu| <1, MOKHO YTBEDPKAATH, UTO
Ian| (b-a)"
__2ém1—'

Kpome roro, ecau t = b, To

[Zb—b—a]]
COos| n-arccos| —mm
[ b-a

|a@-ar
(b-a)"
————————ees o c

AOE

* r|’ b_ &
ﬂ(t)l=|a|2#)—‘

-|cos( n arccosl)| =

aﬂ

a,l(b-a)"
S —

22!1‘1 | 08 0| =
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2.4. Toxcdecmea dnn 3naveHull MPUZOHOMempPuLeckux QyHKywll

TaK 4TO

max|P; (t)| =2

telaib]

n

b-a
a,l- T .

Yueno max|P,(t)) HasbiBaeTCA YKJIOHEHUEM MHOrO-

tela; b}

ynena P,(t) or Hyna Ha orpesdke [a; b]. Iloaromy moka-
3aHHAsA TeopeMa (aKTHYECKH YyTBEpPHXKAAET, UYTO TpaHC-
thopmMupoBaHHEIIT MHOrouwieH Yebniiresa P"* (t) saBisercsa
MHOT'O'LJIEHOM, HaMMEHEee YKJIOHSIOIMMMCH OT HYJA Cpelu
BCEX MHOTOYJIEHOB CTENeHH N CO CTAapIIHM Ko3bhduIiueH-
TOM 4,

2.4.5. ToxnpecTBa 1A BeIpaKeHHH BHAA

F(%arcG(x)]

JlokasaTenbCTBO TOMKIECTB C TIOJIOBHHHBIMH  arc-
byHEKIHUAMU TpeOyeT NpOBeZeHUA DAaCCYXJeHHH, aHAJO-
TUYHBIX TE€M, KOTOpPbIe MBI IPDOBOAKJIHN B pasgese 2.4.2.

CaMBIMH NOpPOCTBIMH M3 HHX ABJIAITCA CJIEAYIOIue
YeTsipe TOXaeCTBa.

sin(%arceosx}afl_Tx,—ISxSI, (2.63)
cos[%arccost= \ P‘LT" ~1<x<1, (2.64)

tg larccosx = }-i,—1<x51, (2.65)
2 1+x

ctg(—l—arccosx = l—tf-,-15x<1. (2.66)
2 1-x
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I'naea 2. Ceolicmea arc-gpynryuil

Yrobrl mokasath TOxAecTBO (2.63), pacCMOTpHM BEI-
. f1 .o
pakeHue 31n[§arccosx Kak smE, rjie Ipo yroJ @ MeI
3HaeM, uTo cosa=x u o €[0; n].
. .o
IToaromy, 4uToOGbI HaiTH smE, €ro Hy’>KHO CBA34Th C

coso, ITO MOMKHO CHeJaTh C MOMOIILI0 H3BECTHOI'0 TPH-
:a 1l-cosa

TOHOMETPHUECKOr'0 TOMXKIECTBA: Sin 2 2 ——, OTKYJa
.oa 1-cosa 1-x
sin—| = = .
2 2 2

a
Hanee, mockoabky a€[0;n], yuciao 2 JeMHAT HA OT-

T
peske [O;E:l' rje CHUHYC HABJAAETCA HEOTPHIATeJbHBIM,

TAK 4YTO 3HAK MOZYJf B NocienHei (opMysie MOXKHO ybO-
paTh H MEI ITOJYYHUM TpeOyeMBId pe3ayabTar.

Paccyx/ieHHA, KOTOpBle MPHUBOAAT K TOMKAECTBY
(2.64), mpaKTH4YeCKH [JOCIOBHO HOBTOPAIOT TOJBKO YTO
NIPOBeEHHOEe JOKA3aTeIbCTBO.

ToxgecrBa (2.65) u (2.66) mosyyarTcsa MOYJIEHHBIM
neneHuneM ToxzaecTs (2.63) u (2.64).

Hemuoro cioxHee HOKA3hIBAIOTCA TOMXKJIECTBA

sin(%arcsinx)=$,—l£x£1, (2.67)
cos(;arcsmx) 1+x; 1- x -1<x<1, (2.68)

tg(larcsinx] VIHxVIoX o<1, (2.69)
2 Vi+x +yJl-x
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2.4. Toxmdecmea 0nn 3naveHulli MPUZOHOMEMPUYECKUX PYHKYULL

ctg (% arcsin x] = \/—C—g

Cambiit mpocroit crioco® MX JOKA3aTe/JbCTBA CBA3AH C

“1<x<1,x#0. (2.70)

% “ T
3aMCHOM arcsin x BhIpa)XeHHEM —z——arccos X
Jnsa roxpecrsa (2.67) Mbl UMeeM:

. (1 . L (nm 1
sin| —arcsinx |=sin| ———arccosx |=

2 4 2
V2 (1 2 .. [1
=——co0s| —arccosx |———sin| —arccosx |=

2 2 2 2

=_\/2_§[\/1+2-x _Jl;x]zwll+x;/1—x_

Ilna roxpgecrea (2.68) paccyaeHUs AHATIOTHYHBI:

(1 . ] (n 1 J
cos| —arcsinx |=cos| ———arccosx |=
2 4 2

Jz

1 J2 (1
=——20C08| —arccosx |+——sSIin| —arccosx |=
2 2 2 2

__Jg J1+x+\/l—x Nl+x+l-x
T2 2 2 | 2 '

Toxpecrsa (2.69) u (2.70) moayyaroTcs H3 TOMKIECTB
(2.67) u (2.68) nouseHHBIM JejIeHHEM.

Ecan x#0, To npaByio yacth ToXzaecTBa (2.69) Mox-

1--\/I-:x:2

HO IIPpHBECTH K BUAYy ———, a INPaBYIO YacThb TOXKJe-
X

1+41-x?

crBa (2.70) — x Buty ————. JIna 3T0ro ROCTATOYHO
i
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I'naea 2. Ceolicmea arc-pyHxyull

00BIYHBIM CIIOCOO0M M30aBATHCA OT MPPAIMOHAJILHOCTH B
3HaMeHATe e Apobu.

1
Cienymomas rpyna TOXK/JIeCTB BKJIOYAET Earctgx:

sin[larctgx)z d ; (2.71)
2 J2(1+x2+\/1+x2)
’ 2 I 2
cos[larctngz Ltx +V1+x ; (2.72)
2 V21 +x?
tg(larctgx]—; (2.73)
2 141427
2
ctg(—;—arctg x] 1AV x s, (2.74)
x

IIpome Bcero moxasaTts ToXAecTBO (2.73). Ona aroro
obosnaunm arctg x uepes a. Torpa:

. a .o o
1 o smE 231n-2—cos§
tg(—arctgx}=tg—= o P
2 2 cos— 2cos® —
2
sina _ sinarctgx

l1+cosa 1l+cosarctgx

Ucnmoneaya y:xe pgokasaHHbie Gopmyabl (2.25) u
(2.28), MBI mONyYNM:

tg[larctng= 1+ " = X :
2 1+ 1 1+v1+x?
J—.
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2.4. Tomdecmea Onn 3naveHull MPUzOHOMEeMPULECKUX PYHKYUL

Yrobsl foKa3aTh TOXxAeCTBO (2.71), mepenuiiemM ero B
BHE

o x
sin—= .

2 \/2 1+x +41+x? )

rge, Kak H paHbllle, oa=arctgx, Tak 4ro tgoa=x H

T T
——<a<—.
2 2

T a T
Tlocnepuee ycioBue rapaHTHPYET, YTO ¥ < = & i H I10-

a ’ 5 O
=,[cos® —.
2 2

COS—|

o o
aTOMY COS E >0. CrexnoBaTenbHO, cos—z— =

ITonuskan creneHsb 3a CYUET YABOEHHWSA apryMeHTa, MEI IOJY-

o 1+cosa
YuM: cos-é—: —2— Ho cosa — aro cos arctg x, pua

KOTOpPOTO yite AoKasaHo Toxzaectso (2.28). IToaromy

1+x \)1+x + 1+x
2 V21 +x?

.o o o o 1
ITockospky sin—=cos—-tg-- um ctg—=——, mOKa-
2 2 2 tg2
2
saHHbIe TOXKAectBa (2.73) m (2.72) Baekyr (2.71) u
(2.74).
IIpakTHYeCKH JOCJOBHOE IIOBTOPEHHE PaCCYXIAEHUMH,

KOTOpble NpPHBEJH K ToxkJecTBaMm (2.71)—(2.74), mossoas-
eT JOKa3aTh AaHAJOTHYHBIE HM TOXKIECTBAa, B KOTODLIE

1 1
BXOJHT HeE Earctgx, a Earcctgx:
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I'nasa 2. Ceoticmeéa arc-pyrryuil

X (1 ) Ji+x? —x
sin| —arcctgx |=, [———,
2 2V1 +x?

cos(larcctgx)+ 1+x tx
2 owW1+x®

1 ,
tg(aarcctg x] =v1+x® -x,
1
ctg[aarcctng =y1+x% +x.

(2.75)

(2.76)

(2.77)

(2.78)

2.5. ToxpaecTsa NJia BhIpaKeHUH BHIA

2arcF(x)

Teopema 2.10.

. arccos(l-2x?), ectm x €[0;1],
2arcsinx = ,
—arccos(l1-2x°), ecsim x €[—1; 0],

arccos(2x? —1), ecyut x €[0;1],
2arccosx =
2n —arccos(2x? - 1), ecm x [-1; 0],
1-x*
arcctg ,ecau ) < x <+,
2arctgx =
arcctg —  _mecaM-—o<x <0,
x® -1
arcctg ,ecan 0 < x < +oo,
2arcctgx = )
arcctg — m, ecan —oo < x <0.

2x
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2.5. Toxdecmea dna eévipancenuii euda 2arcF(x)

HorkasaTeabcTBOo. Paccmorpum ToxaecTso (2.41):
cos(2arcsin x) = 1 — 2x2,

Koropoe BepHO aas Bcex xe[-1;1]. B aroit curyanuu or-

HOCHTENBHO O =arcsinx MOMHO yTBEpXKIATH JIHIIBL TO,

n 7T o
4TO0 ae[——z—;i}. IToaromy 2arcsin x JeXKHUT roe-TO Ha OT-

peske [-m;n], Tak uro M3 ToxiAecTBa (2.41) Henb3A che-

JaTh BBIBOJ O TOM, uTo 2arcsin x = arccos(l - 2x?%). Ho

. T
eCJIM (IPefNoJ0XKHUTh, uTo X €[0;1], To a=arcsinxe ();E ;
L

IMoaromy 2arcsin x nexuT rge-ro Ha orpe3ke [0;n], Takx

4YTO HenocpelACTBEHHO II0 OIipeJeNeHHMI0 apKKOCHHYCa MbI
HMeeM:

2arcsin x = arccos (1 — 2x%).
Ecnm xe[-1;0], To y=-x€[0;1] u moromy
2arcsin x = 2arcsin(~y) = —2arcsin y = —arccos(-1-2y*) =
=—arccos(l —2x%).
dopMmyna gas 2arccos X IOJIydaeTrcd Ha OCHOBe JOKa-

3aHHOH ¢opmyJbl A 2arcsin x:

1 5 %
2arccosx =2 —2- —arcsinx [=n-2arcsinx =

arccos(l-2x?), eciu x €[0;1],
=T—
—arccos(l-2x?), ecm x [-1; 0],

_ |m—arccos(1- 2x?), econ x €[0;1],

n +arccos(l - 2x?), ecu x €[-1; 0],
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I'naea 2. Ceéolicmea arc-gpyrnryuil

_ |arccos(2x? -1), ecom x € [0; 1],
2n —arccos(2x® 1), ecnu x € [-1;0].

YroOwl mOYYHTH TOMIECTBO Iasa 2arctg x, paccMmor-
puM roxaecTBo (2.51):

2
ctg(Zarctgx)=1 i ,
2x

KOTOpoe BepHO ajas Bcex x#(0. B aroit curyanuu oTHO-
CHTEJBHO O =arctgx MOXKHO YTBEDPXKIATb JHIIL TO, YTO

o 14
“E(_E;E)' IToaromMy umcso 2arctg x JeXHUT rjie-T0 Ha

naTepsane (—mw;w), TAK UTO M3 TOXKJAEcTBa (2.51) Henb3a
2
x

. Ho ec-

chesiaTh BBIBOA O TOM, uTO 2arctgx =arctg

JIA OPeNNoJI0KUTE, YT0 X €(0; +00), TO azarctgxe[o; g]

Ilosromy umcno 2arctg x JeXuT rie-ro Ha HUHTepBaJe
(0; ®), TAaK 4YTO HEHOCPEICTBEHHO IO ONpeAeeHHIO aApK-

KOTAHI'€HCa MBI UMeeM:

2

2arctg x =arcctg
2x

Ecau x €(—0;0), To y=—x€(0;+) n noromy

1 P 2

2arctg x = 2arctg(—y) =-arcctg y -

_ 2

=—arcctg =
-2x
_ xZ _ 2
= —(n —arcetg J =arcctg -T.
x 2x
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2.6. Toxcdecmea Onn 6vipancenuii euda %arc[“( x)

Popmyna gaa 2arcctg x moayyaeTcs HAa OCHOBE JOKa-
3aHHOM Q)opmynm nna 2arctgx:

T
2arcctgx = 2[E—arctgx fn 2arctgx
N
,eum0<x<+oo
arcctg———ﬂ',ec.nn—oo<x<0
1-x?
n~arcctg ,ecan 0 < x < +oo,
:ﬁ 1_ s
n—| arcctg -1 |,ecau —oo<x <0,
2x
x%-1
arcctg yecan 0 < x < +oo,
=4
2-..—
arcctg +m,ecam —o < x <0,
L 2x

2.6. ToxxaecTBa AJaA BHIPAKEHWI BUAA
1
—arcF(x
7 OF (x)

Teopema 2.11.

Vitx-V1-x

-;—arcsinx = arcsin—z-— yxe[-1;1], (2.86)

%arccosx=arccos,f1—;£,xe[—1; 1], (2.87)
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I'nasa 2. Ceolicmea arc-gpynryui

%arctgx =arctg » X € (—0; + ), (2.88)

x
1+y1+x°

%arcctg x= arcctg(\/1+ x4 x), x €(—o0; +0). (2.89)

HorxasatenscTso. Paccmorpum TomxaectBo (2.67):

Vi+x-+1-x

sin larcssinx =
(goreins |53

KOTOpoe BepHO Ans BcexX xe[-1;1]. B aroi curyamum or-
HOCHTEJIBHO O =arcsinx MOXXHO VyTBEepKJATh, YTO

T T 1 ;
0.61:—5;5}. IToaromy Earcsm:c JIeXKHAT Ie-TO Ha OTpes-

n T
Ke [*Z;Z_], TaK 4YTO HeIoCPeACTBEHHO IIO OnpeAeNIeHHI

APKCHHYCa Mbl HMEeM:

1 ; :
—arcsin x =aresin
2 2

1
MDopmyna AaA Earccosx nmoJy4aeTcsi moJoOHEIM ke
obpasom Ha ocHOBe (hopmyuin (2.64):

(1 ) 1+x
cos| —arccosx |=,[——.
2 2

ITockoabky arccosx €[0;m], MOMXHO rapaETHUDPOBATS,

1 T
qTro Earccosxe O;E , 4 TOrjla HeIoCPeACTBEeHHO IO OI-
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2.7. Tosxcdecmea dna evipancenuil éuda arcF(x)xarcF(y)

1
pefieneHHKO APKKOCHHYCA MblI HMeeM: E arccosx =

1+x
=arccos, ’_____
2

1 1
Popmynsl giaa Earctgx Hu Earcctgx NOJIYYal0TCAH

nogo6HBIM »Ke oGpasoM Ha ocHOBe ¢opmyn (2.73) u
(2.78) cooTBeTCTBEHHO.

2.7. ToxxpecTBa AJA BHIPAKeHHH BHIA
arcF(x)tarcF(y)

Teopema 2.12. Ecru x, y €[0;1], mo

arcsinx +arcsiny = arccos( 1-x? y -xy), (2.90)

o
"——-/ S —

arcsinx —arcsiny = arcsm(x\/l Y —le x (2.91)

arccos x + arccos y = arccos| xy —v1-x° \/1 v, (2.92)

( )
arccosx—arccosy=arcsm(yJ1 x —x\[l 2) (2.93)

Ecau x, ye(0;+x), mo

arctg x + arctg y = arcctg 2 A (2.94)
x+y
arctgx —arctgy = arctg—y, (2.95)
1+xy
arcctg x +arcctgy = arcctgxy—_1 ; (2.96)
x+y
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I'naea 2. Ceoticmea arc-gpynryuil

arcctg x —arcctg y = arcctg == (2.97)
1+xy

HdokasarenscrBo,. IIycrs a=arcsinx, f=arcsiny,
rae x,y €[0;1]. B 3rToii cuTyanmum MOKHO YTBEDKAATh,

T
4yro o,f O;E . IToaromy umcno 'o+f JIEKHT TAE-TO Ha

orpeske [0;rn], Tak uro paBeHcTBO cos(a+fB)=a paBHO-
CHJIBHO paBeHCTBY a+P=arccosa. Hmea sro B BHAY,
nopcuuraem cos(a+p):
cos(a+PB)=cosa-cosp-sino-sinfi=
= cos(arcsin x)- cos(arcsiny) -

—sin(arcsin x)-sin(arcsin y).

HUcnoansysa Toxaecta (2.19) u (2.27), Mbl nonyuum:

cos(a +p)=v1-x*\1-y* —xy,

uro (C yYeToM YCTAHOBJEeHHOro HepaBeHcTBa O0<o+f <)

03HAYaeT CIIpPaBeJIMBOCTE TOoXAecTBa (2.90).

T
Ona uucna a-p HepaBeHcTtBa 0<q,B< 3 03HAYAXT

" n T
CIIpaBeJJINBOCTL JABOMHOr0 HepaBeHCTBA ——2— <o- B < 5-

B oroi#i curyanHm paBeHCTBO sin(a—[f})=a paBHOCHJIBHO
paBeHcTBY o —f=arcsina. iMesa aTo B BHAY, NOACYATAEM
sin(a -f):

sin(a -P) =sina-cosf-cosa-sinf =
=sin(arcsin x)-cos(arcsin y) — cos(arcsin x)-sin{arcsin y).
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" 2.7. Tondecmea dns evipaxcenuli 6uda arcF(x)*arcF(y)

Hcoonssysa Toxaectsa (2.19) u (2.27), MbI noayuum:

sin(a—PB) = xy/1-y° —yy1-2,

s T
410 (C y4eTOM YCTAHOBJIEHHOTO HEpPABEHCTBA 5 sa—ﬁsé—)

03HAYAET CIIpaBeIMBOCTh TOXKAecTBa (2.91).
IIycte o =arccosx, [=arccosy, rae x,y € [0; 1].

B 31081 cuTyammu MOJKHO YTBEDXKIATH, UYTO O, Be[b;—g].

[Tosromy umcimo a+p nexur rpe-ro Ha orpesxe [0;r],
raKk 4T0 paBeHCTBO cos(o +[3)=a PaBHOCHJIBLHO PABEHCTBY
o +p =arccosa.

Hmesn aTo B By, noacuuraem cos(a +f3):

cos(a + ) =cosa-cosfP -sina-sinf} =

= cos(arccos x) - cos(arccos y) — sin(arccos x) - sin(arccos y).

- Hcnonbaya Toxpectsa (2.20) u (2.24), MBI nOTyYUM:

cos(a +B) =xy—v1-x21-¢%,

gT0 (C YY4eToM YCTAHOBJEHHOro HepaBeHcTBaO<a+p<m)

03HAUYAeT CIIPaBedTMBOCTEL TOXAecTBa (2.92).

T
Ousa uncina o—f HepaBeHcTBa 0<q,PB< 3 03HAYaloT

o T T
CIpaBeJJIHBOCTh JOBOHHOI0 HepaBeHCTBa - —2— <a —ﬁ < —2- .

B sToii curyanuu paBeHcTBO Sin(a—[3)=a paBHOCHJIBHO
paBeHCTBY o —[p=arcsina. MUmesa aro B BHAY, NOACHHTAEM
sin(a—-p):
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I'naea 2. Ceolicmaa arc-¢pynxyuii

sin(a - }) =sina -cosf3 —cosa -sinf =

= sin(arccos x) - cos(arccos y) — cos(arccos x) - sin(arccos y).

HUcnonsaya roxaecrsa (2.20) u (2.24), M1 nonyuymum:

sin(a—8)=y\/1—x2 rx\/l—yz,

n n
4T0 (€ YYETOM YCTAHOBJIEHHOIO HepaBeHCTBA —ESa—Bg—z-)

03HAYaAeT CIpaBeINBOCTE ToXIecTBa (2.93).

3amevyanue. Ina ynopomeHns GOpPMYJIHPOBKH Teope-
MBI Mbl OrDAHHYHJINCh PACCMOTPEHHEM CJIy4yaeB, KOTOPHIe
NPEACTABAAIT HamOoabIHi HHTepec. [pyrue BapmaHTH
CBOJATCA K Yye paccMorpeHHbiM. Hanpumep, ecin
xe[0;1], ye[-1;0], To u=-ye[0;1], Tak uro:

arcsin x +arcsin y = arcsin x + arcsin(-u) =

=arcsinx —arcsinu =

= arcsin(le— u® - qu —x* );

=ar‘csin(:t:\/1‘y2 +y\/1~;vc2 )

Temeps safiMeMca TOMIECTBAMH JAJISA apKTaHreHca U
apKKOTaHI'eHCcA.

IIycte a=arctgx, p=arctgy, rme x,y €(0;+x).
. T
B aro#i cuTyallMH MOXKHO yTBEpPXKIaTb, 4TO o, e [0; 3 J

IToaToMy uymciao o+ Je:xuT rae-to Ha uHTepBane (0;w),

TaK 4TO paBeHCTBO ctg(o+[f)=a paBHOCHJILHO PaBEHCTBY

a+P=arcctga. HWmea 3T0 B BHIY, IOACUHTAEM
ctg(a+p):
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2.7. Toxdecmea dnn evipaxcenuli 6uda arcF(x)tarcF(y)

ctga-ctgf-1

ctg(a + B) =
& P ctga +ctgf

_ ctg(arctg x) - ctg(arctg y) - 1
ctg(arctg x) + ctg(arctgy)

HUcnoneaysa ToxgecTBo (2.35), MBI moyuum:

Ll

x 1-x
ctg(e +p) ===,

L4 x+y

x y

4r0 (C Y4€TOM YCTAHOBJIEHHOro HepaBeHCTBA O<a+P<m)
O03HAYaeT CIpPaBeJIHBOCTDL TOxKAecTBa (2.94).

T
Hua uyucna o-P HepaBeHcTBa O<a, P< - 03HAYAIOT

. n n
ClIpaBeJINBOCTE [ABOHMHOI'0O HepaBeHCTBA ME <a 413 < E.

B oroii curyauum paBeHCTBO tg(o -f)=a paBHOCHJIBHO
paBeHCTBY o —[f=arctga. mesa 3To B BUAY, MOACYHTAEM
tg(a—P):

tga -tgP

R

_ tg(arctg x) — tg(arctg y)
1+ tg(arctg x) - tg(arctg y)

Hcnonsaysa toxaecTso (2.21), MBI OAy4HM:

x_
tg(a-p)=—2Y,
1l+xy

m T
yTO (C yUEeTOM YCTAHOBJIEHHOTO HEPAaBEHCTBA ——2-<a—ﬁ<—2-)

03HAUAET CIIPABENIMBOCTDL TOXKAecTBa (2.95).
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T'raea 2. Ceolicmea arc-gpynryuil

ITycre o =arcctgx, P=arcctgy, rme x, y €(0;+x).

2
[loatomy uucso a+p sexur rae-ro Ha unrepsaite (0; ),

7
. m
B aTo#l curyanmimy MOXKHO YTBEPXKEATH, YTO Q, BELO;—].

TaK 4TO paBeHCTBO ctg(a+fB)=a paBHOCHIBLHO PABEHCTBY
o+p=arctga. Umesn aTo B By, nogcunraem ctg(o+p):

ctgo-ctgf-1

ctg(a +p) =
g(a+P) ctga +ctgP

_ ctg(arcctg x) - ctg(arcctg y) -1
ctg(arcctg x) + ctg(arcetg y)

Hcenoneaya Toxaectso (2.22), MBI DOJYyYHM:

xy-1
x+y’

ctg(a+B) =

410 (C Y4eTOM YCTAHOBIEHHOTO HepaBeHcTBa O<a+f<m)
03HAYAET CIIPABENJIMBOCTh TOXKAECTBA (2.96).
T
HOus umcna o—-fB HepaBencrBa 0< a,[3<§ 03HAYAIOT

" T n
COpaBeJIUBOCTE JBOHMHOI'O HEpPABEHCTBA -—2- <a —[3 < E

B o9roii curyammu paseHCTBO tg(a—Pf)=a paBHOCHIBHO
paBeHCTBY o —[B=arcctga. Umea aTo B BURY, MOACYHTAEM
tg(o-p):

tga-tgf

tg(m_ﬂ):1+1;got-tg[3 -

_ tg(arcctg x) — tg(arcctg y)
1+ tg(arcctg x) - tg(arcctg y) '

92



2.8. Towdecmea dnan evipaxnenull 6uda arcF(F(x))

Hcnonesys Toxaectso (2.32), MBI DOTyIHM:

n m
410 (C y4eToM yCTAaHOBJIEHHOT0 HepaBeHCTBA _E <a-B< E)

O3HAYaeT CIpaBeaJMBOCTh TOXAecTBa (2.97).

2.8. ToxaecTBa AJA BRIPAKEHHH BHIA
arcF(F(x))

I9T0o camMadA CJOKHAA TPYINa TOXKAECTB. YIPOMeHHe
B ¢opmymax arcsin(sin x), arccos(cos x), arctg(tg x),
arcctg(ctg x) m momoOHBIX WM ynoOHee Bcero 3aduk-
CHPOBATL € TNOMOMIBI® TrpadMKOB COOTBETCTBYHOIIHUX
byHROHHA.

2.8.1. T'padux pynxknuu y = arcsin(sin x)

Yrobrl moeTpouThk rpaduk GyHEKOHH y = arcsin(sin x),

IOpe)KkJie BCero OTMETUM ee IpOCTeiIne cBOHcTBA.

1. Ora pyEKIUA ompepeseHa Opd Bcex x (Tak Kak sin x
onpelesieH NpA BCeX X, a ero obiacTh 3HaUeHWH, OT-
pe3aok [-1; 1], coBmajaeTr c 06JacThIO OIpefeSieHUSA
arcsin x).

2. 9ra QyHKLHA ABXAETCA MEPHOJUYECKON ¢ HepHogoM
T=2n (aT0 OpOCTOE CJIEACTBHE MOEPHOSUIHOCTH
¢dyERIHN sin x):

Y(x + 2n) = arcsin(sin(x + 2n)) =
= arcsin(sin x) = y(x).
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I'nasa 2. Ceoticmea arc-gpynxyui

3. 9ra QYHKOUA ABJIAETCA HEYETHOH (3TO MpOCTOE Ciej-
CTBHE HeYeTHOCTH (PYHKIME sin x u arcsin x):

y(-x) = arcsin(sin(-x)) =arcsin(-sin x) =
=--aresin(sin x) = —y(x).

IToaToMy [AOCTATOYHO HOCTPOHTHE rpadMK Halleil
dyaknun Ha orpe3ke 0<x<n Ilocne aToro ¢ MOMOILIO

IEeHTPaJbHOH CHMMETPHH OTHOCHTEJILHO Hadajla KOOPAH-
HAT MBIl MOCTpPOHMM rpadmk Ha orpe3ke —-n<x<0, a 3a-

TeM, [epHUOAMYECKH IOBTOPAA 4YacTh rpaduka, coOTBeT-
CcTByIOHIyI0O Xe[-mn], MB MNOOJIYyYUM Bech rpaduk.

I'padmx Ha orpeske 0<x<n mbI Oy#ZeM CTPOMTHL B JBa

npueMa: cHadaJja IIOCTPOMM d4acTh rpaduka, cOOTBeTCT-
i

BYHOIYIO OSxSE, a 3aTeM — 4acTh rpauka, cOOTBeT-

T
CTBYIOLIYIO —2; Sx<m

Vi
Ilpu xe{o;g} HEeNOCPEACTBEHHO M0 OIpPeAeIeHHI0

arcsin @ BepHO paBeHCTBO arcsin(sin x) = x. [elcTBu-
TeJHHO, 9TO PABEHCTBO PABHOCHJIBHO CHCTEME

sinx =sinx,

T T
——<x<—.

2 2

PaBeHCTBO CHCTEMBI BEpHO OYEeBHAHBIM 00pa3oM, a He-
PaBEHCTBO ABJAETCS CJEACTBHEM TOrO, YTO MBI PACCMAaT-

. T
pHBaeM Cay4ai xe{o; _2"} ITOT Ke BBIBOJ OUYEBMAEH W U3
n o
puc. 2.10: ecotr B3ATH TOUKY xe{o;—z—], TO arcsin(sin x)

MOXHO IIOJIYYHUTE CAEAYIOIIMMHA IIOCTPOSHHAMH:
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2.8. Toxwcdecmea dna swipanceruii suda arckF(F(x))

1. mpoBecTH BEPTHKAJLHYIO NMPAMYIO Yepes3 X A0 Iepece-
YeHHA ¢ CHHYCOUAOHM B TouKe M(x; sin x);

2. TPOBECTH TOPHU3OHTANBHYI NPAMYI0 udepe3 TOYRy M
J0 IepeceyeHHs C OCBIO OPAWHAT; HA OCH OPAHHAT IO-
JydeHHaA TOYKa H3o0parKaeT 4yMCJIO @ = sin x;

3. Yeped TOYKY @ = Sin x HA OCH ODAMHAT IIPOBECTH TrO-
PHM30OHTANBHYI0 HOPAMYI A0 IlepeceYeHHUA ¢ IIABHOW
BETBBIO CHHYCOHMJBI B HEKOTOpPOH TOuKe N: ACHO, 4TO
Touka N coBmazeT ¢ TOuKoi M;

4. CIPOEKTHDPOBATH MOJYUYEHHYIO TOUKY N, T.e. daKTH-
yeckn M, Ha och abcmuce — 3T0 M OyJer arcsin a =
= arcsin(sin x).

a =sin x

x = arcsin(sin x)

Puc. 2.10

Ha camom jiene, npoBeleHHBIe PACCYXKAEHUA JOKAa3bl-
BAIOT CIPABEIJIHMBOCTE 6oJiee CHJILHOI'O YTBEDXKIEHMA:

arcsin(sinx)=x, ecan xe [—%;}%}. (2.98)

s xe[g;n} puc. 2.10 nmpesparurca B pmc. 2.11.

Hpn 3TOM M3 CHMMMETPHH CHHYCOHJBI OTHOCHTEJBHO Bep-

” " n
THKANLHOHA HNPAMOH x:E ciaenyer, 4to

n _arcsin(sinx)+x
2 2
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I'naea 2. Ceolicmea arc-¢pynxyui

4YTO PaBHOCWUJIBHO TOMAECTBY

arcsin(sinx)=n-x, ecliu x€ lig, n]. (2.99)

|

i I
csin(sin x) 9

Puc. 2.11

CrpaBeJINBOCTDL 3TOr0 TOMKIAECTBA MOXKHO YCTAHOBUTH
H C NOMOLIBI (OPMaNbHOro anaredpamyecKoro orpenee-
HHJ; HAITE TOXKAECTBO DABHOCHJIBHO CHCTEMeE

sin(n—x)=sinx,

T T
——<nt-x<—.
2 2
PaBencTBO cHCTEMBI — 3TO M3BECTHOE TPHI'OHOMETDH-

YEeCKOe TOXXKJAeCTBO, & HepaBeHCTBO CHCTEMbI DABHOCHJ/IBHO

T 3n
HepaBeHCTBY —Z—stz—, KOTOpOe sABJIAETCH CJeACTBHEM

” T
TOr'0, YTO MbI pacCMaTpHUBaeM Ciaydyau xE1:-2-; T[}.

Ha camom Jesie, IpoBefeHHbIE PACCYKAEHUA AOKAILI-
BalOT CIIpaBeIJIHBOCTh D0Jiee CHIBLHOTO YTBEDIK/IeHUA:

arcsin(sinx)=n-x, eciu xe {g, 3—;} (2.100)
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2.8. Toxcdecmea dna ewpanenuii euda arcF(F(x))

3TO paBEHCTBO MOMKHO TOJYYHUTh H C IMOMOIIBIO TOM-

JecTBa

arcsin(sin(x + n)) = —arcsin(sin x), (2.101)

KOTOpOEe JIeETKQ JOKAa3blBAETCHA € HCIIOAb30BAHMEM Heuer-
HOCTH (yHKUMHM y = arcsin x ¥ GopMynbl NpPHBEJEHUA

sin(xtn)=-sinx:

arcsin(sin(x t )) = arcsin(—sin x) = —arcsin(sin x).

HonmycTumM, 4T0 X € E;EE . Torga x-me ——E;— ",
2 2 2 2

3HAYHUT,
arcsin(sin(x-mn))=x —m.

IIpumensa romgecrso (2.101), Mbr moayuum:
—arcsin(sin x) = x —n < arcsin(sinx) =t —x.

ITonyueHHBIH € TOMOINBIO IPOBEJEHHBIX BBILIE DPAac-
cy:kgenuii rpadux GyHKOuHM arcsin(sin x) nmsobpaken Ha
puc. 2.12 (10T rpad@MK MOX0X HA «COPAMJIEHHYIO» CH-

HYCOHJY Y :g-sin x).

5]

)

i 2n 3n

Puc. 2.12. T'padpux pyaxuuu y = arcsin(sin x)

Do | 3
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I'naea 2. Ceoticmea arc-pynryuii

Jlomanas Ha puc. 2.12 cocTouT M3 3BEHBEB, KOTODbIE
HAKJIOHEHEI K ocH aGcmucc mox yriom 45° mnm 135°, rak
4YTO MX YIJIOBBlEe K03GhdHUIueHTH paBHBI +1 i —1.

3BeHbA ¢ YrJIOBBIM Koa(dduumedToMm +1 mepecexaror
ock abemuce B TOUKax Buza 2nn, n € Z. Iloaromy 3BeHO,

mepecekaromee ock abcmmec B TOYKe 27N, 3agaeTca
ypaBHeHHeM y=x-2nn. OgHAKO mpaMaa y=x-2nn
cosnazaer ¢ rpadukoM QYHKIMH Y =arcsin(sinx) ToOAbKO

T
JIA X, OTAMYaloIHMca OoT 2nn He GOJblle, YeM Ha E’

T.e. xe|:——;—+2nn;—g-+2nn]. WNuaue rosopa,

arcsin(sinx)=x-2nn,

ecou —g+2nnst—;—+2nn. (2.102)

ITOT BLIBOJ MOXKHO MOXYYUTHL M € IOMOINLIO (op-
MaJBHOro anrefpamyecKoro oOmnpejesieHHs arcsin a: pa-
BEHCTBO arcsin(sinx)=x-2nn paBHOCHNBHO CHCTEME

sin(x - 2nn)=sinx,

n 1S
——Z—Sx—ZTtn <—.

HepaBeHCTBO CHCTEMBI — 3TO B TOYHOCTH HEDABEHCT-
BO, 3aJal0Iee pPACCMATPHBAaeMBIN IMAnasoH M3MEeHeHHd X,
A paBeHCTBO — TPHUTOHOMETPHYECKOe TOMJECTBO, BEIpa-
JKaroIee NepUOSUYHOCTh DYHKIMH Y = sin x.

3BeHbA C YIJIOBHIM Ko3ddunueHToM —1 mnepecekaioT
ock abcmuce B Toukax Buga (2n + 1)n, n € Z. Ilosromy 3Be-
HO, IepeceKaoinee och abcmucc B Touke (2n+1)m, 3anaer-
ca ypaBHemmem y=-x+(2n+1)n. Oprako npAmasa
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2.8. Toxdecmea dna evipancenuii 6uda arcF(F(x))

y=-x+(2n+1)x cosmasaer ¢ rpad@MkoM QYHKIUMA Yy =
= arcsin(sin x) TONBKO A X, OTJHYAKMIEMCA OT (2n+1)n

b1 b4 3n
He OoJibLIe, YeM Ha _.‘é" T.E. xe[5+2nn;?‘+ Znn}. HNuaue

roBopH,

arcsin(sinx) = -x + (2n + D,

ecsu g+2nn <x Ss?n+2nn. (2.103)

IToT BBHIBOJ MOMKHO IOJYYHTH W C MOMOIUBIO (op-

MaJbHOro ajarefpamMdyeckKoro ompejgeseHUs arcsin a: pa-
BeHCTBO arcsin(sinx)=x+(2n+1)n paBHOCHJIBHO CHCTEME

sin(-x +(2n +1)r) =sin x,

~—£s—x+(2n +r £
2 2

HepaBeHcTBO CHCTEMB! pPABHOCHJIBHO HEDPABEHCTBY
s 3n .
2 +2nn<x< 1 +2nn, 3ajaomeMy pacCMATPHBAEMEBIH
JHanasoH M3MEHEeHHS X, 4 PABEHCTBO CBOAMTCA K IEDHO-

JUYHOCTH (QYHKIMH y = Sin X H H3BECTHOMY TOMAECTBY
si{n—x)=sinx. Popmynsr (2.102) u (2.103) mMoxHO

00 BbeIHHUTL B OHY QOpPMYIy:

arcsin(sinx) =

x - 2nn, ecin —£+2nn <x SE+21m,
2 2 (2.104)

—x+(2n +1)mx, ecnu-g+ 2nn<x S%E+2nn.

I'padbur ¢yHrmum y = arcsin(sin x) MOXXHO 3aJaTh
COOTHOLIeHMEeM, oOTaudalomumca ot (2.104). Ob6parum
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T'naea 2. Ceoiicmea arc-pyrxyuil

BHHMAaHHe Ha TO, YTO KYCOK 3TOro rpagmukra, COOTBETCT-

o T
BYIOIIHM 3HAYEHHAM X, OTCTOAIMM OT TOYKH —E+2nn

3n T
He Ooyee, uemM Ha T, T.e. AJAA X€E —?+2nn;5+2nn .

UMeeT XapakTepHYI0 dopMy v (e¢OTHuka»). Tak BbIrjas-
OHT rpaduK QYHKOHH Yy = |x|, BepILUMHA KOTOPOr'o Haxo-

o T - s
OUTCSA B TOUKe ¢ abcmuccoi “§+21m H OpAHHATOH —E.

Taxum 06pa30M, CIipaBefJIMBO TOXIOECTBO

——

arcsin(sinx) = ,x + wu/ 2nn
2 2

|

€CJIM X € [Znn —%T—c-; 2nn + ";E]’ neZ. (2.105)

9TOMY TOKAECTBY MOXKHO NPHUAATH €le OXHY HHTepec-
HyR0 ¢opmy. OGpaTHM BHAMaHHe HA' TO, YTO OTPE3KH BH/A

3n n
2nn — —2—; 2nn + 3|’ n € Z, nepecexKalTCA: HOCKOJIBKY

LIPS e
2 2

T
TOYKa 21N +§ ABJIAETCA IIPDaBBIM KOHIIOM OTDE3Ka, COOT-

BETCTBYIOIIMM 3HAYEHUIO N, U JIeBbIM KOHLOM OTDe3Ka,
COOTBEeTCTBYIOIUM 3Hauenuio n + 1. Ilosromy (2.105)
MOJKHO IIEPEIMCATEL B BHIE:
. " T
arcsin(sinx)=|x+—-2nn

2

ecJIH 2Tm—3?n3x<2nn+g, nel. (2.106)
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2.8. Toxcdecmea dnn evipaxcenul euda arcF(F(x))

Hepasenctso B (2.106) paBHOCHJILHO HEPABEHCTBY

3 x 1
——+n<—<—+n
4 2n 4

g

ns—x—+§—<n+1
2n 4

rae [t] o6o3navaeT Heayr 4acTb yucaa I,
IMoatomy (2.106) mokHO 3anucaTh U B BUAE:

m x 3
Xx+——2n| —+—
2 [Zn 4}

I @107

arcsin(sin x) = Y

Mockonsky [t]=t—-{t}, rae {t} — npobHas yacTp 4mc-
aa t, ToxaecTBo (2.107) MOXXHO NMPEBPATHTE B TOXK/ECTBO

{x 3} 1
_+_. e
2r 4| 2

2.8.2. T'paduk ¢pyHKmuu y = arccos(cos x)

- (2.108)

arcsin(sinx)=2n 5"

Jlerko npoBepuTh, uro byHKnua f(x) = arccos(cos x)
SBJIAETCA YeTHON M NepHoAuYecKol ¢ mepuomom T =2m.
IMosToMy mOCTATOYHO MOCTPOUTH ee rpadbuxk a4
xe[0;x]. ITocse 3aTOro ¢ MOMOINBIO OCEBOM CHMMETPUH
OTHOCHTENBHO OCH OPAMHAT Mbl HOCTPOAM rpaduK Ha OT-
peske —-t<x <0, a 3aTeM, NEPHOSZUYECKH IIOBTOPASA YaCTh
rpaduKa, COOTBETCTBYWOIIYI0 Xxe[-mn], MBI NOMyYHM

Bechb rpapuk.
101



I'naea 2. Ceolicmea arc-gpynxyui

Ona xe[0;r] dopmyny, xoropasa 3ajaer (yHKIUIO
f(x), MOMHO YIOPOCTHTL A0 X (9TO HENMOCPEACTBEHHOE
CJIe/ICTBHE OIpeAe/IeHIuA YUCIa arccos a).

ITony4yeHHBIH C MOMOIIBI0 3TUX PACCYIKAEHWI rpadux
tdbyuknun f(x) nsobpaxen Ha puc. 2.13.

yn

=Y

-7t n

Puc. 2.13. 'padpux pyuknunm y = arccos(cos x)

M3 aToro pucyHKa fCHO, 4TO M X €[2nn - m; 2nn + ),
neZ, rpapuxk ¢GyHxknuum f(x) coBmajiaeT ¢ rpagHKoOM
dysxumn |x—2nn|. MHave roBopa, CHPABENINBO TOX/E-
CTBO

arccos(cosx) =|x - 2nn)|,
ecnu xe[2nn-m;2nn+n), nek. (2.109)

Tak ke, Kak u npd BbiBoge (2.107), (2.108), nerko

MOKAa3aTh, YTO
arccos(cosx)=|x-2n ii——l— =[2n i+l —nl.
2n 2 2n 2

(2.110)

Ilockoneky

& |-
arccos(cosx) = —z— —arcsin(cosx) = 5 —arcsin| sin| —-x l

/
s . 1L n
=arcsin| sin| x—— | [+—,
[ [ 2 n 2

102



2.8. Toxcdecmea dnn evipancenui euda arcF(F(x))

rpadpuk GyHKUUH y = arccos(cos x) MoxKHO Owli0 OBl HO-
NY4YUTb, BBIIOJIHHB CJEAYIOINHE JBa INpeobpa3soBaHUA
rpadpuka ¢pyHKIUHU Yy = arcsin(sin x):

1. caBur BmpaBo Ha g WM, YTO TO JK€ camoe, CHABUT

T
BJIEBO OCY OPAMHAT Ha —2-;
T
2. CABHI MOJYYEHHOTrO rpaduka BBEpPX HA o) WM, 4YTO TO

T
JKe caMoe, CABMI BHH3 oCcH abciuce Ha E

2.8.3. I'padnk pynxknun y = arctg(tg x)
Dyukuua y = arctg(tg x)
onpeaesyeHa NpH X # % +1n, nei;

nepuoguyna ¢ nepuogom T =m;
HEYeTHAR;

B D

npu xe(—%;g) cosnanaer ¢ GyHxuueit y = x.
Iloaromy ee rpaMk BBIMJIAAUT TAK, KAK IIPEJACTABJIECHO
Ha puc. 2.14. IIpu arom, T.k. byHknusa y = arctg(tg x) ue

n ;
OoIpeneJieHa npn x=§+ nn, nez, rpaHU4YHBIE TOYKH HAa-

KJIOHHBIX OTPE3KOB OTCYTCTBYIOT.

. s T
M3 3TOro pucyHkKa ACHO, YTO JJIA X € (nn - —2—; T + E)'

n € Z, rpapuxk byakuuu arctg(tg x) cosmagaer ¢ rpacdu-
KOM ¢yHKIUH x—7nn. WHade roBops, CrpaBefHBO TOMK-
XecTBO

arctg(tgx)=x-nn,
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I'naea 2. Ceolicmea arc-pynKyuii

ecau xe nn—E;mH-T-r- , nel. (2.111)
2 2
ndY
2
n B
7 i 7
2 2
.
2

Puc. 2.14. I'padux dyuaxuuun y = arctg(tg x)

Tak ke, kaxk ¥ npu BuBoge (2.107), (2.108), nerxo
[IOKa3aThb, YTO

arctg(tgx)=x-n £+l =7 £+—1-}-£. (2.112)
n 2 n 2] 2

IIpu npuMeHeHHH 3TOro TOXKAECTBA HANAO MMEThH B BH-

m
Ay, 4TO IPHU x:Ech, n € Z, ero ynesas 4aCTh HE OIpe-
JeJleHa, B TO BpeMs KaK MNpaBas 4acTh CYLIECTBYET H

paBHa — -
7"

2.8.4. I'paduk dynknun y = arcctg(ctg x)

Dysxnua y = arcctg(ctg x)

onpeje/ieHa IpH X #7n, n € Z;
nepuoguyHa ¢ nepuoaom T =m;

npu x<(0;n) coBnagaer ¢ QyHKLHEH y = X.

w o -
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2.8. Toxcdecmaa dna evipasxcenuti euda arcF(F(x))

[IoaTomy ee rpaduk BBITIAZHAT TAK, KK IIPEACTAB-
neno Ha puc. 2.15. Ilpm atoMm, T.K. QYHKOUA
y = arcctg(ctg x) e onpenenena npu x=nn, n € Z, rpa-
HHYHBIE TOYKY HAKJIOHHBIX OTPE3KOB OTCYTCTBYIOT.

AY

, T

- T 2t X

Puc. 2.15. I'padux dyarnuu y = arcctg(ctg x)

M3 aroro pucyHka sicCHO, 4YTO Aaa xe(nn;n+mnn),
ne?, rpabux pyHxnum arcctg(ctg x) cosmamaer ¢ rpa-
koM ¢yHKnuun x-—nn. WHadye rosopd, cnpaBeaInBO
TOX JECTEBO

arctg(ctgx)=x-nn,

ecan xe(nn;n+nn), neZ. (2.113)

Tax ke, xax u npu BeiBoAe (2.107), (2.108), nerxo
OOKa3aTh, YTO

X

arctg(ctgx)=x—n[£]=n{—}. (2.114)
s T,

IIpn npumeHEeHHH 3JTOr0 TOMKAECTBA HAJNO0 HMETH B
BUAY, YTO IIPDH X =7n, n € Z, ero JeBasa 4acTb HE OMpe-

IeJeHa, B TO BpeMA KakK IIpaBad 4YacThb CYILIECTBYET
¥ pasua 0.
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I'raea 2. Ceolicmea arc-pynxyuil

Ecan yuecth, uTO arctga+arcctga =§, apna tel

BepHO paseHcTBO {-t}=1-{t}, To m3 dopmyam (2.114)
MOXKHO JIETKO NOJY4YHTE opmyay (2.112) (ona BepHa gid

T
x¢-§+:rm, nelZ):

arctg(tg x) =g —arcctg(tgx) =

ITockoaneky

arcctg(ctgx) = g —arctg(ctg x) =g - arctg(tg[g - xD =

T s
- t t ’
arc g( g[x —D+—

rpaduk byHknuu y = arcctg(ctg x) moxxHO 6B1710 GBI HO-
JIYYUTh, BHIIIOJHUB CJAeAYIOIIHe [ABa IpeoGpazoBaHHA
rpaduka byHxnuu y = arctg(tg x):
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2.8. Toxcdecmea dnn evipaxcenus euda arcF(F(x))

1. caBur BOpaBO HAa WA, YTO TO K€ CcaMoe, CABHT

[ R

T
BJIEBO OCH OPAMHAT Ha E;
T
2. caBUTr IOJIYYeHHOro rpauka BBEPX Ha i WM, YTO TO

L
JKe caMoe, CABUI' BHH3 OCH aﬁcuncc Ha E
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I'’IABA 3. IIPUMEPHI PENIEHHS 3AJAY

3.1. ToxpecrBa U npeoGpa3oBanusd

3anmaqa 3.1 (BMK, 1998, ycrusiit) Buiyucaume
tg 5arctgﬁ—larcsin£ .
3 4 2

V3

Pemienne 3azaum 3.1. Ilockouabky arctg?=

J3

. 1 3n
arcsm?=§, 3a1a4ya CBOAMTCA K IOACYETY th. 9To

I
6,

b T
4yHucJo paBHoO tg| n—-— |=-tg—=-1.
paseo 53 -t

OTrseT: —1.

3anpaga 3.2 (BMK, 1999, nrwoas, N 1) Hisecmuo, wmo
ctga=1. Cpasnume

S L
arccos| — Sln(!-*-4— 24 .

Pemenne 3amauu 3.2. Eciam ctga=1, To a=g+nn

oJA HEeKOToporo HeJoro d4HcJjaa n. Torpa sina=

2

.
=(-1)" sz =(-1)" ? CooTBeTCTBEHHO, IEPBOe YHCJIO

2 1)
2

PaBHO arccos[- -Jﬁ(-l)"-——ZJ. Ecnu n — 4eTHoe,

TO MOJ 3HAKOM paJuKana CTOMT OTPHIATENLHOE YHCI0
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3.1. Tomdecmea u npeobpa3osanusn

5 =
—Z. HOSTOMY 9TOT CAy4Yar HEBO3MOJXKEH. Ecnu e n —

HEYETHOE, TO IOJ 3HAKOM DAJUKAJIA CTOUT MNOJOKUTENb-
3
Hoe 4HCAO . B aToM caydae nepBoe 4HCJI0 PaBHO
V3 _n:_5n:_20n:>19n

arccos ——3 =N—arcCoOs—=nN——=-—=——2>——,
[ 2] 2 6 6 24 24

OTrBeT: arccos —J—\/ﬁsina—-l- >~IEE.
4 24

3agaua 3.3 (BMK, 2002, ycrasiii) Haiidume ece Ha-
mypanabHbie n, ydosiemeopawue Ycioeulo

arctg 3 + arctg [2 + iJ
<

V3

3|3

2

5
Pemrenne 3agaun 3.3. Ilockoneky umcia 3 u 2+\/—§,

OueBULHO, GoabIle, yeM /3, a y=arctgx — MOHOTOHHO

Bo3pacTramliinas (DYHKII,HH, MOXHO rapaHTHpPOBaTh CIIpa-
BeJJIMBOCTE HEPDABEHCTB

E<atrctg3<£,
3 2

7t<au‘ct.g 2-+ 2 <Z
3 J3) 2
Toraa ¥ cpexHee apudMeTHUECKOe 3THX YHCEJ, T.€.
YHUCJIO

arctg3+ arctg(2+—5—)

V3

bl

A=

2
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I'naea 3. Ilpumepui pewenun 3aday

L
JIeXKUT Ha HMHTepBaje (5,5] ITockonsxky A > 0, ucxon-

HO€ HEPABEHCTBO MOXXHO IEPENHCATh B BHAE:

nzi.

W3 npuBeaeHHONH OneHKH Aaa A cieayer, UYTO

2<—3—<3. IToaromy n = 1 nau 2.

OrBeT: n =1; 2.

3agagya 3.4 (BMK, 2004, ycrurnit) CpasrHume uucaa
2

. D
arcsin— u -—.
7

V7

Pemienne zagaum 3.4. pobn g npubanKEeHHO paBHA

0.714. HaM u3BeCcTHBI 3HAYEHHS arcsin x ais CJIEAYIONMX

1 J2

«KpacHBbIX» 3HadYeHun x: x=—=0,5, x =~2— ~0,866. Ilo-
3TOMY

.9 .
AREAIN e HTEREIT

C apyroit CTOPOHBHI,

Kax 1oxasbslBarOT 9TH NPUGIMIKEHHA, BUAUMO,

arcsin?:—i. (3.1)

NG
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+ 3.1. Toxcdecmea u npeobpasosanusn

OxHaKO COBpEMEHHbIE CTAaHZAPTHI MAaTeMATUYECKOH
CTPOTOCTH HE IIOZBOJIAIOT CUNTATH NPOBEJEHHEIE PACCYHK-
fEHUS NOKasaTenbCTBOM HepaBeHcTBa (3.1). Heao B TomM,
YTO 3HAK =~ HE€ UMeeT TO4YHOro cmoicjaa. Tem He meHee,
MpOBeAeHHbIE PACCYKAEHHA IO3BOJAIT BBICKA3ATH pa-
3YMHYVIO THIIOTE3Y

2
J7
JlokaKkeM 3TO ABOMHOE HEPABEHCTBO.
B cuny rpaduueckoro ompegeneHus 4uciaa arcsin a,

aro::sinE ST (3.2)
7T 4

; T
opeacraBieHHoro puc. 1.13, HepaBeHCTBO arcsm?>z

PaBHOCHJIbHO HEPABEHCTBY

V2

sin£<5 —<— <:949<50
4 7 2 7

H I03TOMY MCTHHHO.

n 2
HepaBeHCTBO —>——  DaBHOCHUJIBLHO HEPABEHCTBY

J7
n>8—7i, KOTOpPOE MCTHHHO, T.K. ©>3,1, a 8J_<3 1.

Ilocneguuii sTanm AOKa3aTeJNbCTBA OMHMPAETCA Ha «M3-
BecTHBIH» ¢axT: n = 3,14... Crporoe AmOKasaTeJIbCTBO
aTOro pes3yabTaTa — ZHOBOJIBHO T#Xesas sapgada. IToato-
My ObUIO Obl HMHTEPECHO MCNOJIB30OBATH TAKYIO OIEHKY
YHCJA T, KOTOPYI MbI Morsiau Obl cTporo o6OoCHOBATE.
A 3TOro paccMOTPHM OKPYXKHOCTB ¢ paguycom R =1u
BOMCAHHEIH B Hee npaBHJIbBHBEIA 12-yroapHuk. Ero cropo-
HA paBHA

a=2sin15°=/sin?15° = 2 1-cc;s30 =Jé;j§'
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I'nasa 3. I[Ipumepo. pewernusn 3adax

fAcHo, 4TO gNHMHA OKPYXXHOCTH, T.e. 27w, OoJbiie ne-
6-v2
pumerpa P,, atoro 12-yrojgbHHKA: 21t>12-£2--£,

4TOo n>3(\/f_i—\/§). Yucio S(JE—JE) npuGIMKEeHHO

paBHO 3,106, Tak 4YTO 3TOH OLEHKH 3aBEAOMO JOJIIKHO
87

XBATHTE [OJA JOKAaA34aTE€JIbCTBA HEPABEHCTBA TC>--—---

JlefcTBUTENBHO, 9TO HEPABEHCTBO BBITEKAET M3 HEPABEH-
cTBa

8J7
(J— \/_)>—<:36(2—J§)>%<:>J§<16L;<:>

< 11907 <12100.

OTBeT: nepsoe yucio OoJbile.
3anava 3.5 (reorpad., 2001, mait, N¢ 4) CpasrHume

2n 3
dsa wucaia — u arccos—.
5 10
2n
Pemienme zamaum 3.5. IlockoabKy Kak = TaK o
3 T
arccos«l-é- JIe}KAT Ha HHTEpBaje O;E , MOYXHO CpaBHM-

BaTh 4YuUcJIa cosz—gscos72°=sin18° " % IIpx aToM B

CHJIY MOHOTOHHOIO Y6uiBaHMsA QYHKIHA y = COS X HA HWH-

T 2n
TepBale O;E YHUCJIIO -5—~ 6osbie (MEHBILIE) YHCHA

arccosm TOrga M TOJBKO TOTAA, Korjga yucjao sin 18°
. 3
MeHbIe (boabiue) yncia o
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3.1. Tosxcdecmea u npeobpasosanus

" Vron 18° sameuaresnen TE€M, YTO, XOTHA OH K He CBA3aH
¢ 00bIYHBIMH «KpacuBeIMu» yraamu (30°, 45°, 60°), Tpu-
rOHOMETPHYECKME (PYHKIMK OT 3TOro yria (M OT KpAarT-
HEIX emy yrioB 36°, 54°, 72°) MOryr GbITh BBEIDAXKEHBI B
paaukanax (mo 3Toif NMPUYHHE OH YACTO BCTPEYAETCHA B
MKOJBHOHW TPUTICHOMETPHH).

9T0 MOMKHO CHEJATh, HAPUMEP, MCXOAA H3 COOTHO-
menusa sin 36° = cos 54°. Ilpumensss dopmyasl sin 2x =
= 2sin x cos x, cos 3x = 4cos®x — 8cos X, MBI MOJYYUM
mocJie COKpanieHusa Ha cos 18

2sin18°=4cos’18°-3 <
<>4sin®*18°+2sin18°+2sin18°-1=0,

OTKYAA

sin18°=i;£

-1-5
=,

uiau sinl8°=

TIockonsky sin 18" > 0, MOMHO yTBEP)KIATEL, YTO

s1n18°z——1;—\/5. Takum oOpasdom, 3amaya CBeJach K
-1+J5 3
CPABHEHHIO YHNCEJl ————— H —
4 10
'1;‘/_ 3@5\/5\/11@125\/121.
CrenoBaTesbHO, _—1+—J—_{l>i, TOra 2—n<arccos—-
4 10 5 10

2n 3
OrBeT: —<arccos—.
5 10
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I'nasa 3. ITpumepuv. peuwerun 3aday

3anaua 3.6 (BMK, ycrusin, 2004) Bwuucaume
; [ 33n]
arcsin COST .

Pemenue 3agaun 3.6. B KauecTse 6a3b! Ajs pellieHHs
3aga4yy €CTECTBEHHO HCIOJL30BATh TOXaecTBO (2.98):

. T T
arcsin(sinx)=x, ecau xe —E;E !

HNmes ero B BHAY, NOpexie BCero mnpeobpasyem

33n : T T
cos—g— K BUAY Sin x IS HEKOTOPOro xe|-—;— |:

2 2

33n 3n 3n . (n 38n) T
cos——=cos| 6n+— |=cos—=sin| ——— |=sin| -——|.
5 5 5 2 5 J 10

IToaTomy

; ( 337:} ; ; [ n] s
arcsin| cos— |=aresin| sin| -—— | |=—-—.
5 10 10

OrBerT: -i.
10

3amaga 3.7 (reomor., 1998, ycrmmit) Bwviyucaume

aforsin[ 1))

Pemenue 3amaum 3.7. [[nA pelleHMsa 3afadyMl MOYKHO
HMCIIONBL3OBATE TOXAecTBO (2.36):

L
tg(arcsin[—%n = T(fl—f = —% = —?.

3

MoKHO NPOBECTH M HE3aBUCHMEBIE PACCYIKAEHHA, [LO-
CJIOBHOE MOBTOPEHHE KOTOPBIX IO3BOJIAET JOKA3aTb M
oburee ToxaecTro (2.36).
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3.1. Towdecmea u npeobpazoeanusn

i 1
Bpr&J'KEHHB ig ( arcsin ( - EJ) MOXXHO pacCMaTpHBaTh

. 1
Kak tga, rae IIpo yrosx o MbI 3HaeM, 4TO Sln(l=——3— H

™ T
aE|l ——;—|.
[ 2 2}
Tenepr Hamy 3afadyy MOXKHO CHOPMYJHUPOBATE Clie-

Ayouum obpasom:

. 1
sbiyucaume tga, ecau usgecmeH sma=~§ u npome-

2’2
fcHo, uTO aaA ee pelieHUA HYXKHO igo BBEIpA3UThL

m T
MHymok, 8 KOmopom pacnoaazaemcsa yaoan a: (1€|:—-'—:|.

yepes sina.
HauneMm ¢ HaxoxaeHusa tga:
1
sina g 1
tga= W -

cosa cosa 3cosa

Tenepb 3ajga4dya CB€JaCbhb K IIOACYETY COSOL. HJIH aTOoro
BOCIIOJIB3yeMCA OCHOBHBIM TPHIOHOMETPHYECKHM TOXKIE-
CTBOM:

sinfa+cos®a=1

—+cosa=1

g

cos’a=—

|
242

|cosa|=—-.
3

115



I'naea 3. IIpumeput pewerus 3aday

IToguepkHeM, UTO, HMeA TOJLKO 3HAYEHME Sina, MbI
MOXKeM (OAHO3HAYHO) HaHTH JUINL a6COMIOTHYIO BeJIHYU-
Hy coso. 4Yrobnl ybpaTs 3HAK MOAYJA, HeoOXoAMMO
3HATH, HOJIOMKUTEJEH WJIH OTpunareleH coso. IJjaA atoro
HCIONb3yeM HHGMOPMAIIMI0O O NPOMEKYTKE, B KOTOPOM

nmn
pacnoJjiaraercsa yroj o: npH (I(—E[:-‘-é-;“z—} YHUCJIO0 COSO. He-

2J2
OTpHI.I&TEJII:HO, TaK 4TO COSCL=|COSU.{=T. Tenepb AJA

tga MBI HMeeM:

1 1 J2

tga=-——=-—re=—or,
g 3cosa 22 4

Orser: -l/—_z—.
4
3amaya 3.8 (reomor., 1998, ycraniit) Bwiuucaume
cos (2 arctg(—4)).
Pemienne 3amaum 3.8. [Ina pemmeHHsa 3afaydl MOXKHO

HCIIOJB30BATE TOXaecTBo (2.43):

1-x* 1-16 15

cos(2arctg x) = = S il
(2arctgx) =17 =116 17

Mo>KHO TIpOBECTH M He3aBHCHMBIE PaCCy»KAeHUHA, A0-
CJIOBHOE IIOBTOPEHHE KOTOPBIX II03BOJAET J0Ka3aTh H
obiee ToxaecTso (2.43).

Buipaxxenue cos (2 arctg(—4)) MmoxkHO paccMaTpHBaTh
KakK cos2a, rje mpo yroji o Mbl 3Haem, 4To tga=-4 u

T
ae|l-—=;=|.
[ 2 2]
Teneps Hamy 3agady MOXKHO c(hoOpMyJHpOBaTH CJie-

OyomEM o06pasoM: gbiuucaume cos2o, ecau usgecmen
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3.1. Toadecmea u npeobpa3osanusn

tga=-4 u npomemcymox, 6 KOMOPOM PACNONAZACMCA
Tx
yon o ae|l-—;—|.
22
flcHO, YTO ANA ee pPelleHMA HY)KHO cos20 BBIPA3HUTH
yepe3 tgo. HauHem co ciaeayroiero npeoGpa3oBaHmns:

cos’ a—sin’a

cos2a =cos’ a-sin®a = 1

_cos’ a-sina
" sina+cos’a’

B uuciauTesle U 3HaMeHaTese mocjenHeil Apobu cTOAT
OAHOPOJHBIE BLIPAX(EHUA BTOPOH CTENEHH OTHOCHTEJIBHO
a=sina u b=cosa. B cooTBercTBMH C 00IIeil Teopuei
OAHOPOAHBLIX MHOTOYJIEHOB HYXXHO YHCJHTENh N 3HaMe-
HaTeNnk 3TOH ApoOM pasgesuTh Ha cos’a (mam sin’a).
KoHeuHo, AesaTh 3TO MOYKHO, TOJIBKO €CJIM Mbl YBEDEHHI,
yto cosa#0 (cooTBeTcTBeHHO, sina #(); B HaIIeM CJIy-
Yyae, OYEBHAHO, 3TO YCJOBHE BHIIOJHEHO, T.K. tgo cyie-
crByer. Ilocie aToi onmepanuy Mbl HOJTYUHM:

1-tg’a

>—> ecau cosa#0.
1+tg°a

cos2o =

Jnsa mameit 3aga4u 9TO TOXKAECTBO AACT:

2
cos2a=%=-£.
1+(-4) 17
OTMeTHM, 4YTO B AAHHOM cJy4vae HHGoOpManus o IIo-

JIOXKEeHHUHM 4YHCJa @ He Urpaja HUKaKOoH POJIH.

OrBerT: —E.
17
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I'naea 3. [Tpumepwi peutenun 3aday

3amaua 3.9 (BMK, 2000+2003, ycrusiit) Buiyucaume
2 alrf.:tgl +arctg L
4 23
Pemenne zamauu 3.9. [Insa pelnenus 3aJlauy MOKHO
MCII0Nb30BaTh ToxAecTBa (2.83), (2.18) u (2.94):

7
+arctg—=
9.1 23

4

1 7
2arctg—+ arctg — = arcct
e 4 B 23 e

=arcctg E +arctg i =arctg i +arctg —7— =
8 23 15 23
8 7

=arcetg %

—+'
15 23

T
=arcctgl =—.
& 4

OaHakKo, MOCKOJBKY 3allOMHUTL HCIOJb30BAHHEIE TO-
JKJlecTBa OYeHb THAMEJNO, B YCHOBHAX JK3aMeHa JIydlle
NMPOBECTH He3aBUCHMEIE DACCYXXKAeHHH, cjerka Moaudu-
OUPYs AOKA3ATENLCTBA 3TUX 0OmUX TOXIECTB.

HOus atoro chopMmyiupyeM HCXOAHYIO 3aJa4dy CIAEAYIO-
mum obpasom: sbiyucrume @=2a+p, 20e npo yzavt o u

22

ITockonbky Ham u3BecTHBI tga u tgP, moacumTaeM

tg @, a sareM ¢ momomipi0 3TOM WMH(pOpMamuu O6yaem Ha-
XOAUTH CaM YroJ ¢.

B muL snaem, umo tgaz%, th:2_73 4 a,ﬁe[#n_n}

KoreuHO, npexzae Bcero HeoOXoAMMO yOeJHTHCH, YTO
tge cywecrsyer. Musa sToro Jokanusyem yroa ¢ (T.e.
HaiileM [IPOMEXXYTOK, B KOTOPOM OH PACHOJIATaeTcd); 3Ta
nadopMaNUsa, KPOME TOro, OKAaXXeTCA I0Je3HOH Ha mo-
CJIEQHEM JTale PelueHHdA.
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3.1. Toxcdecmea u npeobpasosanusn

Ecaym ncnosnbp3oBaTh OTMEYEHHBIE BBIIITE 061111&3 Hepa-

T 1Y
BEHCTBAa —E<a, B<§, TO OTHOCHTEJNBHO (¢ MOXXHO YT-

3n 3n .
BEPKAATE JUINE TO, YTO -2 <(p<? — B 3TOH CHUTYanHuH

n
HeJIb3A HCKJIHOYHTB BO3MOMKHOCTH (.p=i5-, Koraga tgcp HE

CYIIeCTBYET.
OpHaKo o H f — COBepIIEeHHO KOHKPETHLIE YTJIBI H

MOXKHO yKasaTb ropasfgo 6osiee y3KHe NDOMEXKYTKH, B
KOTOPHIX OHH PFapaHTHPOBAHHO PACIIOJIOJKEHEI, YeM IIpo-

non "
MEXKYTOK (——Z—;EJ, B KOTOPBIN MONAJAI0T BCE apPKTAHIEH-

1 7
cel. IMEHHO, MOCKOJNBKY YHCIa U T MOJOMHTEND-

3
Hbl 1 MEHBbIIIEe, YeM —é—, MOXXHO YTBEPXXAATh, 4UYTO 0<a,

L T s
B< E CoorsercTBenno, 0<2a< 5, O<p< E B I03TOMY

cymecTBylor tgla, tgo.
Teneps ¢ MOMOIIBIO M3BECTHBIX (HOPMYJI TPHI'OHOMET-
PHH MEI MMeeM:

2tga 2'3 8
tgzatl—tgza_ fz “15°
d
8.7
tg(@a+p)=—E20 18P _ 15 23 _,;

1-tg2atgp | 8 7
15 23

119



I'nasa 3. I[pumepo. pewerun sadav

PaBencteo tgo=1 He onpeaesnser ¢ ogno3nauno. Ha
T
€r0 OCHOBE MOXKHO YTBEPXKAATH JIMIOb TO, YTO cp=z+ nn

JJIA HEKOTOpOro meioro umuciaa n. OAHAKO paHee MBI ycC-

T

TAHOBHWJIM, 4YTO 0<(p<5. Ha 3TOoT npoMesKyTOK Ionajgaer
T

JIMIIIL OAHO YHCJIO ¢, TakKoe, uTo tgp=1 — aTo 1

T
OrBeT: —.
4

3amaga 3.10 (BMK, 2003, ycrmsuit) Bbwiuucaume
arctg 2 + arctg 4 + arctg 13.

Pemenne 3amaum 3.10. [Ina pemreHus 3agadydl MOYKHO
HCNONBL30BATh TOAecTBa (2.94), (2.4), (2.18) u (2.95):

arctg2 +arctg4 +arctgl3d =arcctg
2+4

+arctgl3d =

=arctg [——;—] +arctgl3=n- arcctg%+ arctgl3=

; 13-0
= n+[arctg13—arctg—]-—-n—arctg—ié:
7 14132
7
=n:+arctg1=1t+£=5—n.
4 4

OaHAKO, NMOCKOJRKY 3aNOMHHUTL HCHOJIL30BAHHBIE TO-
KAECTBA O4YEHBb THAMKEJIO, B YCJOBHAX JK3aMeHa Jydllle
NPOBECTH He3aBHCHMBIe PAaCCY)XAeHHA, ciaerka Moaudu-
APYS AOKAa3aTeJbCTBA 3THX OOIINX TOMJAECTB.

HOna atoro chopMyaupyeM HCXOAHYIO 3azady cJie-
AyoinuM obpasom:
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. 3.1. Tomdecmsa u npeoGpa3oéanusn

gviiucaume ¢o=o+p+y, zde npo yzavt o, B,y Mbe
T m

snaem, umo tgo=2, tgPf=4, tgy=13 u o, P, ye(AE E)

HOCKOJIBKY HAaM H3BECTHEI 4YHMCJIEHHBIE 3HAYEHHA TaH-
reHCOB 9THX YIJIOB, UX MOXCHO JIOKAJIN30BAThH rOpPasjgo TOY-

- wpre(33) (5o} oe=%)
Hee: a,f,y€| —;—|. Iloatomy a+PBe|—;n|, Qe m;— |

3 2 3 2

Orcroza, B 4aCTHOCTH, CJeAyeT, UTo cymecTsyior tg(a+p),
tgo.

Teneps ¢ MOMOIILIO M3BECTHHIX (OPMYJ TPMIOHOMET-
PHHM MEI HMEEM:

tga+tgp 2+4 6

t p— b—- :—'"—-,

B = ratep 1-24 7
6

_tea+prtegy 7P

1 tg(a+p)tgy 1+6 13
7

PasenctBo tg@=1 He onpepenser ¢ ogHO3HauHO. Ha
T
ErO OCHOBE MOJKHO YTBED}KAATH JIMIOb TO, 4YTO (p=z+7tn

IJIA HEKOTOpOro mesoro yuciaa n. OQHAKO paHee MEI yc-

3n
TAaHOBMJIM, YTO n<q)<—2—. Ha 3ToT MpoMe)KyTOK momnaja-
T
eT JIMIIEL OAHO YHCJO ¢, Takoe, 4To tge=1 — arto T

OTrBer: E
4

3axaua 3.11 (mex-mar., yctusii, 1999) Botuucaume
19 3
arctg8+arctg— +arcctg| —— |.
g g 29 g ( 2J
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I'nasa 3. ITpumeps. pewenus 3aday

Pemenne zamauu 3.11. [{nA pelneHHA 3aJaud MOXKE
HCIONB30BaTh TOXxAecTBa (2.4), (2.94), u (2.10):

19 3
arctg 8 + arcctg — +arcetg) —— [=
g g22 g( 2]

19 3
=n+arctg8+arctg— —arcctg—=
rrarclgerarcte o, €2

1922

22
8+—1--S'i
22

2 2 2
=n+arcctg —arctggzn+arcctg "3 —arctg§=

2 2 2 2
=2n—arcctg——arctg—=2n—| arcctg—+arctg— |=
" Egarctey [ £3 gs)

:21‘[~£:_3_E'

2 2

OxHaKo, MOCKOJBKY 3allOMHHMTH HCIIOJB30BAHHEIE T(
JKJAeCTBA OYEHb THAMKEJNO, B YCJIOBHAX IK3aMeHa JIYUIl
NPOBECTH HE3aBUCHMEBIE DACCYMKIEHHHA, CIEerka Moaub
OMPYA JOKA3aTeNbCTBA ITHX 0DIIMX TOXIECTB.

Hna atoro chopMyanpyeM HCXOAHYIO 3aaady ClHe
AYIOLIHM oGpasom:

sviuucaume ¢=o.+B+vy, 20e npo yzavt o, B, y mbr 3n

em, umo tga=8, th:;_,_g' ctgy:_g u a,ge(ﬂﬁ EJ

22

v €(0; m).
TTockonbKYy HAM M3BECTHBI YHMCJIEHHLIE 3HAYEHHUA TaH
FeHCOB 3THX YIVIOB, HX MOYKHO JIOKAJIHU30BATHL rOpasj

T T T 3
TOYHEE: QL E Bel=;—|, ye|—;m|.
[3 2) [6 4) (4 J
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3.1. Toswdecmea u npeobpasosanusn

3n 5n_Tn

n

Iostomy a+Be| —;— e| —;—|. Orcroga, B ua-

y B(2,4],¢[4,4J

CTHOCTH, CJeZyeT, YTO cymecrsyeT tg(o+p), B To Bpemd .
K8K rapaHTHPOBAThH CYIECTBOBAHUE {g( MBI HE MOXKEM,

5t Tn 3n
T.K. HA HHTepBaJe T’T JEXAT TOYKA x=?, B KO-

TOpOit 3HAYEeHHE tg X He oIpenesieHo.

Tenepb C IIOMOILBIO M3BECTHHEIX (HOPMYJN TPHULOHOMET-
PHH MEI HMEEM:

19
tgo+tgf 8+§§ 3
_ N 19 2
1-tgatgp 1-8.22 2
22

ITockoNBKY, KAk Mbl OTMEYasH, FapaHTUPOBATL CY-
miecTBOBaHUE t{g (@ HeNb3A, MBI HE MOXeM MOJACYHUTHIBATH
(kak aro Aenanu B 3agavax 3.9, 3.10) tge. BmecTo aroro

obpaTuM BHEMaHue HA To, 4To tg(a+f)=ctgy. Iro pa-

tg(o+B)=

T
BEHCTBO MOXKHO IepenmucaTh B BuAe tg(u+f)=tg —z——y ,

OTKyZa CJefYyeT, YTO

T
a+P= 5 Y+ mn, AJIA HEKOTOPOTrO IEJOro YHcJiaa n

)

1
o+ B +v= —2- +nn, AJJA HEKOTOPOro nejaoro 4yvucja n.

Y n
PaHee MBI YCTAHOBWUJIHM, YTO T<tp<7. Ha artor

NPOMEXYTOK NonagaeT JIMIIb OAHO YHCJIO (¢, TaKoe, 4YTO

T 3=n
@=—+nn — 3TO0 —.
2 2

OTBerT: -3—15-
2
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I'naea 3. [Ipumepsl pewenun sadayw

3amaua 3.12 (BMK, ycrasuii, 1998+2005) Beiuucaume:

arcsin (cos arcsin x) + arccos(sin arccos x).

Pemenne 3amaum 3.12. Ilpexxae Bcero BoCHOJIb3yeMcs
roskgecteamu  (2.27) m (2.24): cosarcsinx =+1-x%,

sinarccosx =v1-x*. ITosToMy (pakTHYeCKH HaIla 3agaua
CBOAMTCA K  BBIYHCIEHWI0  arcsina+arccosa, rge

a=+1-x* €[0;1]. IIpumensas ToxxecTso (2.9), MBI moay-
n
YHUM, YTO 3TO BHIDAYKEHHUE PABHO 5 (ecsi x BXOAHUT B 00-

JIacTh OIpEAeJeHUA HMCXOJHOrO BBIPAMKEHHUA, T.€. eCIH
xe[-1;1]).

OrBerT: —g— (ecn xe[-1;1]).

3.2. I'pacuku

3agagya 3.13 (BMK, 1995, ycramii) Boivucaume
Kpamuailuiee paccmosHue om MOYKU C KOOpOUHamamu

(—v3;1) do zpagura pynryuu
n{arooes
y=sin Earccosx ]
Pemenne zagaun 3.13. C nomonuso Toxaectsa (2.63):

I'd
sinLlarccosx] = ’ti, -1<x<1
2 2

tdopmyay, KoTopaa 3agaeT HAIy (PYHKIHIO, MOXKHO IDH-
BECTH K BHIY:

1-x
=/, —1<x<1.
"V 2
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3.2, I'paguxu

1-x
IloguepxHeM, 4YTO, XOTH BHIpAKEHHE N onpejue-

neHo npu x €(—o0;1], 3aganHas HaM GYHKUUA OIpeaesie-
Ha JUmb Ha orpe3xke xe[-1;1]. I'paduk aroit pyHkUMHU
n3obparkeH Ha puc. 3.1.

Y

e e e

x{r

3 -1 0 1

Puc. 3.1

PaccTogHMeM OT TOYKM A A0 MHO»KecTBa M Ha3sbIBa-
€TCA HauMEeHbIlee M3 PACCTOAHMH MEXAY A M TOUKaMHU
MHOXKecTBa M

p(A; M) = minp(A; B).

OTrMeTHM, 4YTO 3TOT MHHHMYM He 00A3aH JOCTHIATHCAH.
IlosToMy MO PACCTOAHHEM OT TOYKH [0 MHOXKECTBA,
Boo0IIle roBopfA, MOAPa3yMEBAIOT TAK HASLIBAEMYK TOY-
HYI0 HIDKHIOI0O rpaHb (ee 0003Ha4aroT cHMMBOJIOM inf)

paccroasud p(A; B), rae Touka B npoberaer MHOXe-
cTBO M:

p(A; M) = inf p(A; B).
B mamem cayuae u3 puc. 3.1 ACHO, UTO HAMMEHBIIEE
paccTosiHue OT TOYKH A( —Jﬁ;l) IO TO4YeK rpaduka JAaH-
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I'nasea 3. ITpumepu. pewenun sadayw

HOM ¢yaKmuu pocruraercsa B Touke B(—1; 1). Iloatomy
HCKOMO€ PACCTOAHHE PABHO AB=43-1.

Orser: AB=+3-1.

3amava 3.14 (BMK, 1996, ycrasiit) Ilocmpoiime zpa-
urx pynryuu

cos(arcsin 4x?).

Peumienne 3anaun 3.14. C noMOLIbIO TOMAECTBA
cos(arcsint)=+1-¢

dopmyny, KoTOpas 3ajaeT HAIlY QYHKIMIO, MOXKHO IIpPH-
BECTH K BHAY:

y=v1-16x*,

1 1
Ora ¢yHKIUA oIpeiesieHa HA OTpPe3Ke —ESxS—z—. Ha
9TOM MHOXKECTBE €€ MOJKHO pPacCMaTPHMBATE KAK CyIIepmo-
SUIHK O(YHKIHH y:«f; u 2=1-16x*. IlockoieKy
byHKIUA y=s/; . MOHOTOHHO BO3pacTaeT, IOBE/eHHe

dbyuKuuu y=+v1-16" (T.e. IpOMEXYTKH ee BO3pacTaHAd
1 yOBIBAHWA) COBIAJAeT C NOBeAeHHEeM (DYHKIMHK

z2=1-16x". Iloaromy Ha OTpeske —% <x<0 Hama ¢dysk-

nusa Boadpacraer or 0 mo 1, a Ha npomexyTke 0<x<

B | —

yosiBaet ot 1 mo 0.
OrBer: IlpumepHulii BuA rpaduxa QYHKIHE
y=v1-64x* usobpaxen ma puc. 3.2.
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3.2. I'pagpuxu

yll
1
0 -
1 1 x
2 2
Puc. 3.2 .

3amaua 3.15 (BMK, 1999, ycrasiit) Joxaxcume, umo
arcsin(fsin x|) = arccos(jcos x|).

Pemenue 3agaun 3.15. PaccmorpuMm byHKIIHH
f(x) = aresin(jsin x|),

g(x) = arccos(/cos x|).

06e 3T HPYHKIHMU YETHHIE, T.K.

f(—x) = arcsin(jsin(—x)|) = arcsin(-sin x|) =
= aresin(sin x|) = f(x),
g(—x) = arccos(Jcos(—x)|) = arccos(|cos x|) = g(x),

H DepHognvecKue ¢ nepuogom T =7, T.K.
flx+n)= arcsin(|——sin x‘) = arcsin(lsin x[) = f(x),
g(x + ) = arccos(|-cos xl) = arccos(|cos x|) = g(x).
IToaromy mocraTouHO AOoKa3aTh TpedyeMoe DPAaBEHCTBO

T "
TOJNIBKO OJIA IE[O; E] ,HEPICTBHTEJII:HO, B CHJIY YE€THOCTH

Torga MOXXHO rapaHTHpPOBATE €ro CIpPaBemJINBOCTE AJA
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I'nasa 3. Ilpumepo. pewenun 3aday

T m
xE|:—§;O}, a 3Ha4YuT, N OJA xE|:—'§;"é':|. ,HJTPIHE. 3TOro

OTpe3Ka paBHAa 7, T.e. o0memy nepuofny f(x) u g(x). Cie-
AOBaTeJbHO, PaBeHCTBO f(x) = g(x) OyZeT BBINQJIHEHO H
oA Bcex x € R.

Ho ansa xe[{); g:l ¢OopMyJbl, KOTOpPbIe 38Ja10T (MYHK-

nun f(x) n g(x), MmoxHO ynpocTuts. Ilpexae Bcero, Ha
3TOM OTPe3Ke KAaK Sin X, TAK U COS X HEOTPUNATENbHLI U
noaromy [sin x| = sin x, |cos x| = cos x. Kpome Toro, aror

n T
OTPE3OK ABJAETCA INOAMHOMXECTBOM OTPE3KA [—E;Ej', Ha

KOTOPOM BEpHO paBeHCTBO arcsin (sin x) = x u nomMHo-
secTBoM oTpeska [0;m], Ha KOTOPOM BEPHO PAaBEHCTBO

arccos (cos x) = x. Iloatomy
f(x)= arcsin(|sin x|) =arcsin(sin x) = x,

g(x) = arccos(|cos x|) = arccos(cos x) = x,

TaK 4TO AeHCTBUTENBHO f(x) = g(x) npu xe{o; g]

3anaua 3.16 (BMEK, 1999, ycraniit) Ilocmpoiime zpa-
Qur Ppyrryuu

y(x) = arcsin([sin x|).

Pemenne 3anaumn 3.16. B xonme pemenus sagauu 3.15
MBI YCTAHOBHJIM, YTO Hama (YHKIUHA ABJIAETCA YETHOH X
nepuoauyeckoi ¢ mepuogom T =n. IlosTomy AocTaTouHo

T 5
IIOCTPOMTE €€ rpapuK IJadA xe{O; 5} JleiicTBUTENBHO, B

CHJIy YETHOCTH uacTh rpa¢uxa, COOTBETCTBYIOIIYIO
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3.2. I'pagpuxu

T .. o
IE[_E;O], MOJXHO IIOJYYHUTH OCEBOM CHMMETPHEH OTHO-

curenbHO ocu Oy. Ito pacrt Bupg rpaduxa QA

T
IE[__;E} Jnuna 3TOro oTpe3ka paBHa T, T.€. MEPHOAY

f(x). IleppoamMyeckyn MOBTOPAA 3TY 4acTh rpadwka, ME
NOJIy4uM Bech rpaduk.
T
Kpome TOro, Mbl yCTaHOBHMJH, YTO AJIA X E[O;E} dop-
MyJly, KOTopad 3agaer GyHKHuO f(x), MOXKHO YIIPOCTHTH
Jo x, T.e. IepBaA 4acTb rpadMKa — 3TO COOTBETCTBYIONIAA
4acTh GMCCEKTPHCHI IEPBOr0 KOOPAWHATHOrO yTia.
IIpeacTaBasA aTH pacCyKAeHUA rpaduyeck, Mbl NO-

ayuyum pHc. 3.3.
OTBeT:
vt
iz
91
S R B S
2 2
Pnc. 3.3

3apaya 3.17 (BMK, 1995, ycruniit) ITocmpoiime zpa-
dur pynryuu y(x) = arcsin? (sin x) - arctg? (tg.x).
Pemenne samaum 3.17. Kak u npm pelneHus sagadyu

3.15, Jlerko A0Kas3aTh, YTO HAIIA PYHKIMA ABJIAETCH YeT-
HOM W mepuogudeckod ¢ mnepuogom T =n, a npu
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I'nasa 3. ITpumepv. pewenun 3aday

T
xe{o;gj ¢opmyisry, xoTtopada 3azaer GYHKUUIO y(x),
MOJKHO YHPOCTHTB A0 x° —x°=0. Ormerum, uTo ANA
T
= 3 +7nn, n € Z, dynkuua He ompegeneHa. IlosTomy ee

rpaduKoM OyZeT ropu3OHTaJbHAN NPsAMAas, COBIANAIOUIAN
¢ ocel0 Ox, M3 KOTOPOH BBIKOJOTEL TOYKH BHIA

T
x:-§+nn,neZ.

IIpuMepHbIil BUA rpadHKa NpeacTaBjieH HA puC. 3.4.

OTrsBeT:
y.ﬂ
3 x 0 = 3 E
2 2 2 2
Puc. 3.4

3anava 3.18 (BMK, 1999, ycramii) Haiidume nau-
MeHbulee U Hauloabuiee 3HaveHun Qynryuu

f(x) = arcsin x - arccos x + 1,
Pemenne 3agaum 3.18. I[lockoapky arcsinx +arccosx=

n
ﬁ? ¢yuxnuo f(x) MOKHO NPUBECTH K BUAY
f(x) =arcsin x [%— arcsin x] +1.

HOBTOMY €€ MOXXHO pacCMaTpHBATBL KaK CYIIE€PIIO3H-

. P :
oo QyHKIUH y=—22+52+1 n 2z = arcsin x. Ilpu wus-

MeHeHUH nepemeHHoit x ot —1 go +1 (r.e. B obnacTu om-
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3.2. 'paguxu

penenenus f(x)) sHaUeHHs NepeMeHHOH 2 3aNOJHSAIOT OT-

T T
pesoK [_E;E]' IToaToMy HauvMmeHblllee M HaHGOJIbIIEE

sHaueHHnA GyHKHuH f(x) COBHAZAIOT ¢ HAMMEHBIIHM H
n
HauDOJbIUMM 3HAYEHHUAMH (DYHKIMH y=—22+—§z+1 HA
T T
0Tpe3Ke zZe€|——;—|.
2°2

T
Bepmunna napaboner y=-2° + Ez +1 umeer KoopAuHa-

m T T Y
TBl 2, =— ~r=g = s U =1+_, a4 €€ 3HAYE€HHA B TOUKAaxX
0 4 0

2 2 16
T n n
2=—§ u z=§ paBHel 1-— wu 1 coorBercTBenHo. Ilo-
m s
9TOMY HA OTPE3Ke —E$z$5 HauMeHbIllee W Hauboibiiee

2
T
3HaYeHMs QYHKOUH y=-2"+ i 1 paBEm 1 —% "

2
1Y
1+ E COOTBETCTBEHHO.

2 2
T b1

=1-Z £ =141
2 fmax +16

OrBerT: f

3apauga 3.19 (reoaor., 2004, ycrasnit) Haiidume mu-
HUMANbHOEe FHAYeHUe QYHKYUU
y = (arctg x)? + (arcctg x)=.
Pemenne 3anaun 3.19. Ilockonbry arctgx+arcetgx=

g», dynxmuio y = (arctg x)? + (arcctg x)? moxxkHO npH-
BECTH K BARY

TC2
y=2(arctg x)* —narctg x +—4—.
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I'nasa 3. IIpumepwv pewenur 3adayw

IIosTomMy ee MOMXHO pacCcMaTPHBATh KAK CYIEDIO3H-
2
i i
nuio GyEKnui y=22° —nz+T u z = arctg x. IIpu usme-

HEHHUH nepemennoffl X OT —© OO0 +o0 3HAYEHHA INEePEMEH-

.. T T
HOM 2 3aNoJHAKT HHTEpPBAJ [—E;—). IToaTomy
HaUMeHblIee 3HaYeHWe (GYHKnuu y(x) coBnajgaeT ¢ HaH-
2
T
MEHBIIIUM 3HAYEeHHEM (QYHKIMH y=2z2—nz+1 Ha HH-

n n}
TepBaje ze| ——;— |.
[ 2 2
TCZ
BepmmHaa napaGoJsl y=222—nz+T HMeeT KOOPAH-

T T T n
HaTBHl 2,=—¢€| ——;— |, Yy, =—. Ilosromy Ha HHTepBae
4 22 8
T T
——<z< 5 HAMMEHBIIIee 3HAYEHWE byHKIUM

2
. e e
y=22"-nz+— paBHO —.
4 8

OTMeTHM, YTO NpH X — —° (PYHKIHUA y(X) MOHOTOHHO

2

T
CTPEMUTCA K Ipenenay, DPaBHOMY 7 a mpu X - +w

¢byuknua y(x), MOHOTOHHO BO3pacTas, CTPEMHUTCA K IIpe-
2

T
Aeny, paBHOMY T Taxkum obpasom, HaubosblIEe 3HAYE-

HUe y(x) He cyuiecTByeT (He clelyeT NyTaThk ¢ HUM TOY-
2

HYI0 BEePXHIOK I'paHb 3HAYeHHI y(x), paBHYIO -5-%).

2

TT
OrBer: L= e—,
ymm 8
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3.2. 'paguru

3amaua 3.20 (9xonom., 1993, No 4) Haiidume nepu-
Memp Quzypwt, 3adannoill Ha Koopluramroll naockKocmu
ycaosuamu

2|x+2|arcsin((y—1)2)s n(x+2),
2ly-1]-x20.

Pemenne 3amaun 3.20. PackpoeM MOAYJIb B IEPBOM
HepaBeHCTBe cHCTeMbl. VMMes B BHAY COKpallleHHE Ha
o0t MHOMKHTENbL X + 2, pacCMOTPHM TPH CJyYasn:
x+2>0, x+2<0, x+2=0. B nepBoM ciayyae 3TO
HEpaBEHCTBO CBEJETCH K HEPaBEHCTBY

arcsin ((y -1)? ) < -g—,

KOTOpOe BBIMIOJIHEHO BCIOAY, Iie OnpefeseHo, T.e. U
-1 <10<y<2.

Bo BTOpOM ciy4ae 9TO HEPABEHCTBO CBEAETCA K Hepa-
BEHCTBY

arcsin((y - 1)°) < -% sy-1)=-1=.

W HakoHen, B TPETHEM CAyYae 9TO HEPABEHCTEBO CBE-
JeTCA K HEPABEHCTBY

0- arcsin((y -~ 1)2) <0,
KOTOpPOE TAKXC BRINOJHEHO BCIOAY, e olpeAesieHo, T.e.
npu 0<y<2.

Takum 00pa3omM, IEepBOE HEPABEHCTBO PABHOCHJBLHO
cucTeMe U3 ABYX HepaseHCTB 0<y<2, x>-2. Ha xoop-
JHHATHOM IIOCKOCTH OHO 3aJaeT MPaBYIO IIOJOBHHY TIo-
PHU3OHTANBHOM II0JIOCHI, OrpaHHMYEeHHOH npAMbiMu y = 0,
y=2,x=-2.
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T'naea 3. ITpumepyt pewenus 3aday

Bropoe HepaBeHCTBO CHCTEMEI pacrnagaeTcA Ha JBa
x x
HepaBeHCTBa: y>1+—, y<1-—.
2 2
IloaToMy McXomHAA CHCTeMa 3aJ4aeT HA KOOPAHHATHON
'MJIOCKOCTH MHOroyroabHuK ABCDE (¢ BHYTPeHHOCTBIO),
n300paKeHHBIH Ha puc. 3.5.

7
A 2 B
1&C
- E 0 1 D x
Puc. 3.5

ﬂJ‘[HHLl CTOPOH 3TOro MHOTOYroJlbHHEKA JIE'KO Oonpene-
JINTh:

AB =4, BC=+5, CD=+/5, DE = 4, AE = 2,
IToaTomy ero nepumerp paBeH 10+2v5.

Orser: 10+2V5.

3agaua 3.21 (moproror. orx. (BMK, ¢m3., axonom.),

1998, Ne 6) Haiidume naowadv guzypel, 3a0aHHOIL HA
KOoOpIUHAMHOL nAOCKOCMU YCLo08UAMU

(arccos(cos x))z +y* 21,
x* +2xy|+y® <dn’.

Pemenre 3agaunm 3.21. B cuuny paHee AOKa3aHHOTO
roxkaectBa (2.109) ana xe[2rn-n; 2nn+n], ne, rpa-

¢bux dbyuxmuu f(x) = arccos(cos x) coBnagaer ¢ rpadn-
KOM (QYHKIHHU Ix—21m|. COOTBETCTBEHHO, B BEePTHKAJb-
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3.2, I'pagpuxcu

HO#t monymoJioce 2nn-n<x<2nn+n NepBOe HEPABEHCTBO
CHCTeMBI PABHOCMJIBHO HepaBeHCTBY (x-2mn)*+y” >1.
9To HEepaBCHCTBO 3aJaeT BHELUIHOCTH Kpyra C LEHTPOM B
rouke (2nn; 0) m paguycom R = 1. O6bveauusaa st ¢u-
Irypel OJIA BCeX N € Z, MBI MOJYYUM ILIOCKOCTb, M3 KO-
TOPOIl BLIPE3aHBI BCEBO3MOJXKHBIE KPyru paguyca R=1 c
ueHTpamu B Touxkax BuAa (2nn; 0), n e Z.

Bropoe HepaBeHCTBO CHCTEMEI PABHOCHJILHO HEPABEH-
CTBY

(Il +Iy|)2 <4n® o |x|+|y| < 2n.

Ha KoOpAHHATHOM IJIOCKOCTH OHO 3ajJaeT KBajgpaT
(c BHyYTpeHHOCTbIO) ¢ BepmimHaMu B Toukax (0;2n),
(2r;0), (0;-2n), (-2m;0).

Ilepecekas Gurypel, 3agaBaeMble IIEPBEIM H BTODHEIM
HEPABEHCTBAMM CHCTEMEI, MBI IIOJYy4YHM KBajgpaT, M3 KO-
TOPOro BHIPE3aH €IUHMYHLIN KpPYr B IIEHTDPE M II0 YeTBep-
TH Kpyra e[MHHYHOro pajuyca cjiesa W cupasa. Jra ¢u-
rypa usobpaskeHa Ha puc. 3.6.

yn
2n

M
\V
w¥

Puc. 3.6
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I'naea 3. IIpumepu. peuwrenun zadax

Ilnomians kBajgpaTa paBHa 8n°, a IIOLIafb BbIPE3aH-
. 3n
HOH (Urypsl paBHa 2"

OrBerT: S=8n2—%ﬂi.

3.3. ¥YpaBHeHHn

3agaga 3.22 (PI'Y, 2001, urons, Né 6) Pewwume ypas-
HeHue

2
x +2x+11J o

arccos 1+cos n—;
2 x“+4x+7 3

Pemenne 3amaum 3.22. OnpejesieHue 4YuCia arccos @
03HAYaeT, YTO PaBeHCTBO X = arccos d paBHOCHJBHO CHC-
Teme

cosx=a,
0<x<m

Paapemaa HCXOAHOE€ ypaBHEHHE OTHOCHTEJbHO arccos
" NPpHUMEHAA ITO npeoﬁpasosauue, Mbl NOJIYYHUM, YTO HC-
X0oHOE YpaBHEHHE DABHOCHUJIBHO CHCTEME

o2 1 ~x2+2x+11
cos—=—+cos| T —— |,
3 2 xX+dx+7
0<2 <y,
3

HepaBeHCTBO CHMCTEMBI SABJSETCA HMCTHUHHBIM YHCJO-
BBIM HEPABEHCTBOM M MO3TOMY Jajlbllleé €ro MOXKHO He
YYHUTBIBATE.
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3.3. Ypasnenun

YpaBHeHHE CHCTEMBI NOPUBOAMTCH K BUAY (T.K.

2n 1
cos—=——):
3 2
~x? +2x+11
co8| t———— =1,
x“ +4x+7
i
2
n-—w:(2n+l)n,nez,
x"+4x+7
g

n+)x*+@n+Dx+(Tn-2)=0,neZ.

Crporo rosops, Ha NOCJeZHEM lLuare npeodpasoBaHUA
ciepoBano Obl n006aBHTE ycioBue x°+4x+7#0. Opuaxo
MUCKPDUMWHAHT TpexuJeHa x° + 4x + 7 oTpumaTeseH, Tak
YTO 3TO YCJIOBHe BBIMNOJHEHO IIPH BCeX 3HAYEHUAX X H
[HO3TOMY €ro MOXKHO ABHO He YKas3bIBaTh.

Ypasuenue

n+D)x* +@n+Dx+(Tn-2)=0,neZ (3.3)

Ha CAMOM jeje sABJIAeTCs OeCKOHEUHOH COBOKYIHOCTBIO
YPaBHEHHH OTHOCHMTENbHO OAHOW HeusBecTHOM x. Ilosa-
BHUBIIAACA B 3ajadYe HOBAA IIepeMEHHas 1 WUrpaeTr poJb
cBoe0o6pasHOre «HOMepa» YPaBHEHMS M3 3TOH COBOKYIHO-
cTH.

Ha nepsblit Baraax Bce ypaBHeHus Buaa (3.3) asxasa-
I0TCA KBaApPATHBIMHM, HO 3TO He Tak. [leJo B ToM, 4YTO
ypaBHeHHe BHAa ax® + bx + c =0 — KBajgpaTHOe, e€CIH
YjieH BTOPOIl CTENeHHU AEICTBUTEIbHO IIPUCYTCTBYET, T.€.
a #0. B HameM cayuae 3TO O3HA4YaeT, UTO YpPaBHEHHE C
«<aomepom» n = —1 — nuneitnoe: —3x — 9 = 0. Ecnu xe
«HoMep» ypaBHeHus (3.3) He paBeH —1, TO 5TO ypaBHe-
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I'nasa 3. ITpumepvt pewenun 3adayw

HUE JeHCTBHUTENBHO #ABJAAETCA KBajgpaTHeIM. [loatomy
pasobbeM GeCKOHEUHYI0 COBOKYNMHOCTH (3.3) HA COBOKy-
HOCTh M3 OJHOr0 JHWHEHHOro ypaBHeHHA —~3x ~9 =0 n
0eCKOHEYHYI0 COBOKYIHOCTH KB3JPATHHIX ypaBHEHMHH
BHJA

R+Dx* +@n+D)x+(Tn-2)=0,neZ n=-1. (3.4

JInneitnoe ypaBHeHMe —3x — 9 = 0 nMeeT eJMHCTBEH-
HBIH KOpeHb X = —3.

PaccMoTpuM Teneps NpPOM3BOJIBHOE KBaJpPATHOE YpaB-
HeHue U3 COBOKYIHOCTH (3.4). Ero AuMCKpUMHMHAHT pasen

D=-12n° -—12n+9=~12(n+g](ni%). Tpexunen —12n? -

- 12n + 9 HeOTPHIATENEH TOJBLKO AJA ABYX IEJbIX YHUCEN:
n=-1, n = 0. Ilepoe U3 HUX JO/IKHO GBLITH HCKJIIOUEHO,
T.K. MBI C CAMOrO Hayajla OTPAHUYMIINCE Claydaem n#-—1.
Takum o6pasoMm, u3 GECKOHEYHOH COBOKYMHOCTH (3.4)
TOJBKO YpaBHEHHe, OTBeuaiomiee n = (), MMeeT HemycToe
MHOXKecTBO perreHHi. IIoCKONBKY ANS OCTAJNLHBIX 3HAYe-
HUI N COOTBETCTBYIOUIHE YPaBHEHHs MMEIOT IIYCTOE MHO-
JKeCTBO peIleHuH, OHM He BHOCAT HHKAKOro BKJaza B
MHOYKECTBO pellleHHH coBokymHocTu. IHaue roBops, Gec-
KOHEYHAas COBOKYUHOCTH (3.4) paBHOCHJIbLHA OXHOMY ypasB-
HEHHIO:

2 +x-2=0<x=-2 mmu 1.

OTrBeT: x; =-3; x5 = -2; x3=1.
3apaga 3.23 (9koHoMm.(Mememkment), 1999, woas,
Ne 4) Pewume ypasHnenue

x= %arcctg(ctg 5x +cos8x).
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3.3. Vpasnenun

Pemenne 3apaun 3.23. Oupenenenme umcia arcctg a
03HAYAET, YTO PABEHCTBO X = arcctg a paBHOCHJIBLHO CHC-
TeMe

ctgx=a,
O<x<m.

Pagpemas ucxofHOe ypaBHEHHE OTHOCHTENBHO arcctg
¥ TIPUMEHSAA 9T0 NpeofpasoBaHUE, Mbl MOJYYHM, YTO WC-
XO[IHOe YPABHEHHE PABHOCHJILHO CHCTEME

ctg5x = ctg bx + cos8x,
0<dx<m,

cos8x =0,

<
0<x<£.
5

OTMeTHM, UTO IIPHBEAEHHE NOXOOHBIX WiIeHOB tg 6x B
JIeBOif M NpaBOM 4YacTAX YpPABHEHHUS CHCTEMBI, BOODIIe
rogopsi, ABJAETCA PABHOCHJBLHBIM npeo6pa3soBaHMEM
TOJABKO, €CJIHM MbI COXPAHMM YCJIOBHE CYIeCTBOBAHUSA
ctg 5x. Ho B HamueM cjy4ae HEPABEHCTBO CHCTEMBI BJIe-
yeT, yTOo ctg 5x MeCTBUTENBHO CYILECTBYET.

IIpogenannbie npeoOpasoBaHUA 03HAYaAKOT, UTO peule-
HHME MCXOAHOTO YVPABHEHHA C 0OpATHOH TPHMroHOMETpHUe-
cKo#il (yHKEIUeNl CBOAMTCA K PemeHdI0 OOBIYHOIO TPUro-
HOMETPHUECKOr0 YPaBHEHHUA

cos 8x =10 (3.95)

¢ mOCJeAYyIOMUM 0TGOPOM TONBKO TE€X €ro KOpHei, KOTo-
pbie DONAZAIOT HA OTPEe30K

s
O<x<—. 3.6
5 (3.6)
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I'naea 3. IIpumepwe. pewenun 3aday

Muo:xkecTBO pemeHHit ypaBHeHHMAa (3.5) nmaerca
dopMmyIol x = izf—g—l—), n € Z. Ycnosue (3.6) osuauaer,
Y10 IEJOYHCIEHHBIH NapamMerp n yAOBJIETBOpPSeT Hepa-
BEHCTBY

1 11

0<2n+1<E<:>——<n<—,
5 2 10

orkyaa n = 0 wim n = 1. OTUM 3HAYEHHAM N COOTBETCT-

BYIOT ABa KOpPHA ypaBHeHHd (3.5): 1 3—“—
16’ 16~
OrBerT: x _1 x2=%.
16° 16

3apaua 3.24 (BMK, ycrasiii, 2004) Pewume ypaeHe-
Hue

sin (5 arctg 3x) =
Pemenne zamaun 3.24. Wcxoanoe ypaBHeHHe DaBHO-

CHJIBHO 0ECKOHEUHOI COBOKYNHOCTH YpaBHEHHH

(4dn +1)
O H

arctg(3x) = e Z. (3.7

Ypaenenue Bupma arctg { =y nubo He HMeeT KOpHeH
(ecsm ye[ )), mb0 WMeeT eJHHCTBEHHbIM KODEHb

n(4n+1)

e Z,
10

t =1tg y (econ ye(—g;—g)}. Yucao Buga

T
JIeXKUT HA HHTEpBaJje (_E,EJ ToapkO A n =0u n = -1,

IToaTromy GeCcKOHEUYHAaA COBOKYMHOCTE ypaBHeHHUH (3.7)
PaBHOCHJBHA JABYM ypaBHEHMAM (¢ «Homepamu» n =0 u
n=-1)
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3.3. Ypasnernusn

T 3n
tg(3x)=—, arctg(3x)=-—,
arctg(3x) T g(3x) 10
) )
v -tg - 3x-tg[_%]
10’ 10)’
0 i
e O 1, 3=
3 glo’ =—:—3-t ']3
1 b4 1, 3r
OrsBeT: x,=—tg—, x=——tg—.
2 173870 3270

3anauva 3.25 (reoJor., ycrasii, 2008, moas) Peuiume
ypasHenue

sin(2|arcsin xI) =1,

Pemesne 3amaum 3.25. McxogHoe ypaBHeHHE DaBHO-
CHJIBHO GECKOHEYHOH COBOKYIHOCTH YPAaBHEHHH

. T
2|arcsin x| = §+ 2nn, neZ <

n+l (3:8)

<> |aresin x| = ;. n, nel.

Ypasuenue Buza |f| = a 160 He MMeeT KOpHe# (ecsm
a < 0), 6o umeeT ABa KopHsa (ecau a > 0), 1ubo umeer

1
onuH KopeHb (ecau a = (). BeiparkeHue T He MO-

KeT ObITh pasHO 0 (ecam n — neJjoe 4YMUCIO), a IOJIOMKHU-
TeJBHO TOTAAa M TOJBKO Torga, korma n 2> 0. Iloatomy
6eCKOHEYHAs COBOKYNHOCTh ypaBHeHHH (3.8) paBHOCHIB-
Ha COBOKYHMHOCTH

4n +1
4

arcsinx = +

m,nel,. (3.9)
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I'nasa 3. IIpumepb. peuwrenus 3adayw

YpaBHenne Buja arcsin x = y Jymbo He MMeeT KOpHeH

(ecom ye[ ]), naubo wMeeT €NUHCTBEHHBIH KOPEHb
. T 1
x = sin y (ecm ye[—E ]) Yucso Bupa + n, neZ_,

T
JIEYKHT HA OTpes’Ke [—E’E] TOrga M TOJBKO TOrA4, KOraa

n = 0. Iloaromy OeckoHeuHas COBOKYIIHOCTE YPaBHEHMH
(3.9) paBHOCHWIBHA JOBYM YypaBHEHHMAM (COOTBETCTBYIOIMM
«HOMepy» n = 0):

V2

% T
arcsinx =iZ©x=i—.

2
OTrBer: x=j:-‘/2——2-.

3agaga 3.26 (BMK, 1997, ycramiit) Pewume ypaéHe-
Hue

e . n° .
sin —Zarcsmx +cos r:+~-4—arcs1n(Ax) =

Pemernne 3agaum 3.26. [InA HOBOH HEHUIBECTHOH
2

n .
t =—4—arcmnx HCXOAHOE€ YPaBHEHHE NIPHUMET BHA!

sint~cost=0<:>tgt=1<:>tzg+rm,neZ.

ITosToMy HCXOAHOE ypaBHEHHME PaBHOCHUJIBHO Oecko-
HEYHOH COBOKYITHOCTH YPaBHEHHI

n+1
T

: 4
arcsinx =

, neZ. (3.10)
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3.3. Ypaenenus

¥YpaBHeHMe BHAA arcsin x = y aubo He HMeeT KOpHeH

T .
(ecom ye[—i;a}), 6o HMMeeT eXMHCTBEHHBIN KODEHB

}). Yucuo Buaa 4n+1, nel,
T

L.
2’2

x = gin y (ecan ye{-—

m T
JIeXKHUT Ha OTPEe3Ke l:—-'z",E] TOormza 1 TOJABKO TOrjga, Korga

LEeJI0YNCIIEHHBIH MapaMeTp /1 YI0BJETBOPAET HEPABEHCTBY
2 2
T n
-y <4n+1< - ITockoneky 3<m<3,15, MOXHO rapas-
2

T
TAPOBATh, YTO 4,5<?<5. CnenoBatensHo, n =0 waum

n = —1. IloaTomy GecKOoHeUHAS COBOKYIHOCTH YPaBHEHUMH
(3.7) paBHOCHJbHA COBOKYINHOCTH H3 JABYX YPaBHEHHIT
(c «<Homepamu» n =0 un = -1):

. 1 ) 3
arcsinx=—, arcsinx =-—,
T T

0 0

1 . 3
x=sin—, x=-sin—.
n 1

.1 .3
OrBerT: x, ==sin—; x,=-sin—.
T s
3amaga 3.27 (xum., 1967, Ne 2) Pewsume ypasrnenue
cos* (arcctg x) + sin*(arcctg x) = cosec’(arcctg x).

Pemenue 3amaum 3.27. BBeseM HOBYIO HEH3BECTHYIO
t = arcctg x. [lna Hee UCXOJHOE yDaBHEHHE IIPUMET BU[:

cos*t+sin't=

sin? ¢
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I'naea 3. Ipumepov. pewenun sadav

Ilonmxan BABOE CTENMEHH 34 CYET YABOEHHS apTyMeH-
TOB, MBIl IOJIYYHM CJEAVIOIee YPABHEHHE IJIA I = cos 2t:

V- +y+3=0W+1)y* -2y+3)=0=y=-1,

Orcropa

n(2n +1) n

cos2t=-1t = e Z.

ITosToMy HCXOJHOE ypaBHEHHE PABHOCHJIBHO Oecko-
HEYHOH COBOKYMHOCTH yDaBHEHHMH

arcctg x =l(2—’;i1—), ned.

YpaBHeHne Bufa arcctg x = y nubo He MMeeT KOpHEH
(ectu ye(0;n)), aubo wuMeeT EAUHCTBEHHBIM KOPEHL

m(2n +1)

x =ctg y (ecomm ye(0;m)). Yucno Buga eZ,

JeXUT Ha uHTepBate (0; ) Torga M TOJBKO TOrja, Korja

n = 0. Iloatomy GeckoHeuHasm COBOKYITHOCTH YDPaBHEHHIA
(3.11) paBHOCHJILHA OJHOMY VpPaBHEHHMIO (C «HOMEpOM»
n=0)

arcctgx = I
2 ?

o T
KOTOpPOE€ MMeeT efUHCTBEHHbIH KOPEeHb X = ctg—g =0.

OTrBeT: x=0.
3amaya 3.28 (Cemacromoas, 2002, mrons, Ne 2) Pe-
wiume ypasHeHue

arcctg x = arcsin x.
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3.3. Ypaenrenus

Pemenne 3amaun 3.28. ITepeviii cnocob. PyHKHUA
y = arcsin x onpexmeneHa Ha oTpe3ke —-1<x<1 u MOHO-
T
2
Ha atom MHOXecTBe ¢GyHKumaA y = arcctg x MOHOTOHHO

T
TOHHO BO3PACTaeT OT 5 npu x = -1 go npu x = 1.

yObIBaeT or 32”— npu x = -1 mo E npu x = 1. IToatomy

Hallle ypaBHEHHe MMeeT M MPUTOM POBHO OAHUH KOPEHb,
KOTOpPBII JexuT Ha uHTepBaye (0; 1).

IIpumenasa Toskaectso (2.14), MBI NONYy4YHM, YTO HC-
XOJHOE YPaBHEHHE PABHOCHJIBHO CHCTEME:

. 1 .
arcsin ————=arcsinx,
1+x

0<x<l1.

B cnuny MOHOTOHHOCTH QYHKIMM y = arcsin { nmeem:

1

V1+x?

O<x<l.

=x,

YpaBHEeHHE CUCTEMBl HMEEeT eJIWHCTBEHHBIII KOpPEHb

J5-1
2

. HeTpyaHno BHAETH, YTO OH Y/JOBJIETBOPAET U

HEPABEHCTBY CHUCTEMEI.

Bmopoii cnocof6. Hcnons3ya anrebpandeckoe omnpeje-
JeHue uHcaa arcctg x, MBI OOJIYyYHMM, 4YTO HCXOJHOE
VpaBHEHME PABHOCHMJIBHO CHCTEME

ctg arcsin x=x,
O<arcsin x<m.
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I'naea 3. [Ipumepvi pewerun 3aday

HepaBeHCTBO CHCTEMBI pPABHOCHJIBHO HEPABEHCTBY
O<x<1.

YpaBHenue CHCTEMBI C [OMOIIBIO  TOMKAECTBA
J1-x2

ctg(arcsinx)=———— cBoguTcs K anredpanyecKoMy
x

YPaBHEHHIO

. Yeaosuw 0<x<1

51
2

KOTOpOe HMMeeT ABa KOPHA x=1*

YAOBJIETBOPAET TONBKO X = :jjé_—l

OTBerT: %

3amaga 3.29 (xumM., 2000, 3a04yHBIi TYP OJXHMIHAXHI,
Nt 4) Pewume ypaernerue

arcsin(0,5 +0,5ncos x) + arccos(0,5 +0,5nsin x) = 0, 5m.
Pemenme 3agayn 3.29. C noMommpio TOMAECTBA
arcsina +arccosa = -g— Hallle, ypaBHEHME MOXHO Ipeobpa-
30BATH K BUAY:
arcsin(0,5+0,5ncosx) = arcsin(0,5+ 0,5nsin x).

B cuny wmoHOoTOHHOCTH GyHKnMu y = arcsin x aTo
ypaBHEHHEe PAaBHOCHJIBHO CHCTEMe

{0,5+O,5ncosx=0,5+0,5nsmx, (3.12)

-1<0,5+0,5nsinx <1.
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3.3. Ypaerenusn

HepaBencTBo cucremMbl ofecrnednBaeT CyIeCTBOBAHHUE
arcsin(0,5+0,5nsinx) u (BMecTe ¢ ypiBHEHHEM CHCTE-

mer) arcsin(0,5+0,5ncosx). Ero nmerko npeofpas3oBaTh K
BUAY:

<sinx < (3.13)

.. 1
T TC.

Mebr He 6yjeM pemarTh 3TO HEPABEHCTBO, & HCIIOJIB3Y-
eM ero Aia oT6opa KOpHell YPaBHEHHS CHCTEMEL,

VYpaBHenue cucreMsbl (3.12) paBHOCHJIBHO YPaBHEHUIO
tg x = 1, MHOKECTBO pellleHHIl KOTOporo gaercs Gopmy-

b (6) 7 x=%+nn, n € Z. [Insa nposepkm ycioeud (3.13) pa-

T
300b€éM OTY CEPHI0O HA JAB€ IOACEPHH: x=Z+2nk 7§

x:%n+2nk, keZ. Ina Bcex x U3 IepBOH IOACEPHH

. 2 1
sinx =——. 3TO 4YWCJA0, OYEBHAHO, OOJbIlIE, YEM —, Tak
n

YTO HH OJHO 3HAYEHHE X M3 IIEPBOH IOACEPMH He ABJIAET-
ca pemrenneMm cucteMnl (3.12). Insa Bcex x U3 BTOpPOI

. 2
OOACEPHH smx:—-?. IT0 YHCI0, OUYEBHAHO, YAOBJE-

TBOpsAeT ycaoBuio (3.13).

OrBerT: %E+2nn, neZ.

3apaga 3.30 (6moior., 2006, Ne 4) Pewume ypaene-
Hue
9esin®2) 1 log, (2aresin(3 - 2x)) - 39 4

+log, arccos(9-6x)=0.
3
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I'naea 3. ITpumeps. pewenun zaday

Pemenne 3amauu 3.30. 1A HOBEIX HepeMeHHEIX
a=2arcsin(3-2x) u b=arccos(9-6x) mcxogHOE ypaBHe-

HHE IIPHMET BHA:
3° +log,a=3" +log, b. (3.14)

Oyukunus f(t)=3' +log,t onpeaenena mpu t > 0. Ha
9TOM MHOYKECTBE OHA MOHOTOHHO BO3pacTaeT (Kak cyMma
ABYX MOHOTOHHO BoapacTraromux ¢yuxnuit). ITosromy
ypasHeHue (3.14) paBHOCHIBLHO CHCTEME

a=b,
a>0.

Bosepamaacek K OCHOBHOM HEH3BECTHOH X, MbI MOJY-
YUM CHCTEMY

{2 arcsin(8 —2x) = arccos(9 - 6x), (3.15)

arcsin(3-2x)>0.
HepasencTBo arcsin(3 — 2x) > 0 paBHOCHJILHO HeEpa-
BeHCTBY 0<3-2x<1, T.e. HepaBeHCTBY 1<x <§. Hna

9TMX 3HAYEHUI] HEHWSBECTHOH IPUMEHHMO TOXKAECTBO
(2.79):

2arcsin(3-2x) = arccos(l -2(3-2x)* ) =
= arccos(-8x” +24x - 17).
CuenoBaTeabHo, cucrema (3.15) paBHOCHJIBHA CHCTEME
arccos(—8x* + 24x —17) = arccos(9—6x),

lsx<§.
2
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3.3. Ypaenenusn

B culy MOHOTOHHOCTH APKKOCHHYCA NOCJEAHAA CHC-
TeMa PABHOCHJIBLHA CHCTEMe
-8x% +24x-17=9-6x, 5
3 4x* -15x+13=0,
1<x<—, <
2 i£x<§.
~1<9-6x<1. 3

VpagHeHHe 9TOil CHCTEMBI HMMeeT JBA KOPHA:

15-17 15++/17
x‘ = ’ x2 e

8 8

TBOPSAET TOJBKO NEePBbIA KOPEHb.
15-17
s

3amaua 3.31 (BMK, 2001, yctamit) Peuwiume ypashe-
Hue

. ¥YcuoBuio i;-s x <% yAOBJIe-

OTrBeT: x=

. X
arcsin -é- +2arccosx =T.

Pemenne 3agauu 3.31. 3anuiiemM ypaBHeHHE B BHAE

1 . X T
—arcesin 5 = ——arccosx.

HUcnoneaya Toxaectsa (2.9) u (2.86), Mbl moayuum:

J2Eg-nf2—x
2.2

49TO B CHJIY MOHOTOHHOCTH apKCHHYCa PAaBHOCHJIBHO CHC-
TeMe:

arcsin =arcsinx,

mm
N

-1<x<1.
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I'naea 3. ITpumepwvi pewenun 3aday

ITO0 ypaBHEHHE CHCTEMBbl HMEET €JHHCTBEHHBIH KO-
peHb x = 0, KOTODBIH, OYEBHIHO, YAOBJIETBODAET U Hepa-
BEHCTBY CHCTEMBEI.

OrBeT: x =0.

3amava 3.32 (BMK, 1997, ycrumiit) Pewiume ypashe-
HUue

. . n
arcsin(—-x* +8x—-1)+sinnx = =

Pemienne 3amaum 3.32. [TocKoJIBKY 38848 COXEPIKUAT
PasHOPOAHBIE YIEHbl — TPUrOHOMETPHYECKHH sinmx u

«00paTHBIH TPHUIOHOMETPHYECKUIl» arcsin(-x? +3x-1),
€CTECTBEHHO IPHMEHHTH rpaduyecKHil MeTo] HJIH MEeTOA
oneHoK. 'padryecKkuil MeTox, KOHEYHO, NPEeANOYTHTEb-
HEe B CHJIY CBOEH HarJIANHOCTH H «HU30BITOUHOCTH», UYTO
MMO3BOJISIET BEUIABJIHMBATE OIUHOKM B pEellIeHHH.

HauyneMm ¢ usydyeHHs QYHKIIHH y"--ar(:sin(—;r:2 +3x-1)
M y=sinmnx.

IlepByo GYHKOMI0O MOMKHO pPacCMATPHBATE KaK CY-
nepmosunuo GyHKIHHE y =arcsint u t=-x°+3x-1.
Oua onpegzeseHa TOrga © TONBKO TOrja, KOTAa
-1<-x>+8x-1<1. 9ro ABOifHOE HEPABEHCTBO pAaBHO-
CHJIBHO CHCTEMe M3 ABYX KBaJPATHYHBLIX HEPABEHCTB

x> -3x<0,
x*-3x+2>0,

MHOYKECTBO peUIeHHH KOTODOH ABJAeTcA 00beJHHeHUEeM
aByx orpeskos [0; 1] u [2; 3].

ITpu usamMeHenuM nepemeHHoi x or 0 go 1 KBagpaTuu-
Hafg GyHKOMA t=-x"+3x-1 MOHOTOHHO BO3pacTaeT OT
-1 go 1, a npd u3MeHeHMH nepeMeHHoili x or 2 pgo 3
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3.3. Ypasnenun

dyuknua ¢=-x°+8x-1 moHoTOHHO yOBIBaeT or 1 g0 —1.
IMockonsky hysknmus y = arcsin { MOHOTOHHO BO3PACTA-
er, nosejenue GyHKuum y=arcsin(-x’+3x-1) mosropa-
er moBejeHue QYHKIUU t=-x"+3x—1: NpM M3MeHeHHH

nepemeHHOX x oT 0 g0 1 QyHKOUA Y =arcsin(-x* +3x-1)

T T
MOHOTOHHO BO3DacTaeT OT =5 J0 i a4 IIpY M3MeHeHHH
u T
nepeMeHHON X OoT 2 A0 3 MOHOTOHHO YOBIBaeT OT 3 i (0]

T
—E. B uyacrtHOCTH, BCIOAY Ha obsacTu onpeaeJieHHudA BeEp-

HO ABOIHOE HEPABEHCTBO

—g-Sarcsin(—xz +3x-1) sg. (3.16)

OrmeTum, uro rpadmk dyHKmuM y=arcsin(-x*+3x-1)
MOKeT ObITE afCOIIOTHO TOYHO HAPHUCOBAH.
Pyuxnua y=sinnx omnpegeneHa npu Bcex xeR u

npyHUMaeT 3HayeHus Ha orpeske [—1; 1]. Ognako TOT

takT, UTO JEeBaA YACTb MCXOAHOIO yPaBHEHHA OIpejese-
Ha TonpkO aas xe[0;1]U[2;3], osmauaer, uro u dyHK-

oM y=Sinnx cleiyeT paccCMaTPMBATHL HA 3TOM MHOXKe-
cree. Hua xe[0;1]U[2;3] aprymeHT oTOoif GYHKIHHA
(umcno nx) naexkur Ha MmHOKectBe [0;w]U[2rw;3x]). Io-
aroMy sinnx mensiercs ot 0 go 1:

O<sinnx<1. (3.17)

Bosee Toro, HETPYAHO NOHATH, 4YTO Ha oTpeske [0; 1]
dyuxuua f(x)=sinnx BHauaye Bodpacraer ot [(0)=0 mo

f[%]=1, sareM yObIBaeT OT f[%}:l po f(1)=0, a Ha
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I'naea 3. Ilpumepw. pewenua 3aday

orpeske [2; 3] BHawvase Bospacraer ot f(2)=0 pno
f(%):l, saTeMm yObIBaer oT f[g]:l no f(3)=0. 3uauwur,

rpabuk pyHKOuH f(x)=sinnx Takke MOKeT OITE abco-

JIIOTHO TOYHO HAPHCOBAH.

Ecinu 661 f(x)=sinnx Bce BpeMA BO3pacTaja Ha Kax-
aoM M3 AByx orpeskoB [0; 1] u [2; 3], MmoxkHO 6B1IO Gb
YTBEPKAATE, YTO H (QYHKOUA Y= arcsin(-x% + 8x - 1) +
+ sintx Bospactaer. OJHAKO 3TO He TAK M IO3ITOMY OT-
HOCHTEJbHO IOBEJEHHsA JIEBOI YacTH HCXOAHOrO ypaBHe-
HHMA HeJNb3d CKa3aTh HUYEro onpejejleHHOro. B aroi
CHUTYal MU OCTAETCS HAAeATHCA TOJbLKO HA oneHKH (3.16),
(3.17).

"3 omenox (3.16), (3.17) ciuenyer, uTo Ha obGjaacTu
ONpeeeHnsaA HCXOAHOTO YPaBHEHUA JieBasa 4acTh Gosbiue

T
MM PaBHA . ApUYeM ecJd XOTdA Obl B OJHOM K3 Hepa-

T, ;
BEHCTB ~3 <arcsin(-x* +3x-1), 0<sinnx crouT 3HAK <,

TO JieBas YaCTh MCXOQHOTO ypaBHeHuAa OyaeT cTporo

T ., P
6osbimIe o IToaToMy paBeHCTBO MEXAY J€BOH U IIpaBOi

YACTAMH HCXOJHOT'O YPaBHEHWs BOSMOMKHO TOrJa M TOJb-
KO Torjla, KOrja JeBble HepaBeHCTBa B oueHkax (3.16),
(3.17) Ha camom pene ABAAKTCA paBeHcTBamu. HMa mpo-
BEJEeHHOI'O BHIIIe aHAJNW3a CJIeJyeT, YTO 3TO, B CBOIO Ode-
pelib, PABHOCHJIEHO CHUCTEME:
{x =0;3,

. < x=0;3
sinntx =0.

OrBerT: x,=0; x,=8.
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3.3. Ypaenenun

3anaga 3.33 (BMK, 1998, ycrusiit) Peuwwume ypaehe-
Hue

arcsin(x® + x* -2) +V6x-x* -5 =0.

Pemenne 3amaun 3.33. IlockoJbKy 3agadya COAEPIKHUT
Pa3HOPOAHBIE 4YJEeHbl — «OOpaTHBII TPHUrOHOMETpPHYE-
ckmit» arcsin(x® +x—2) u uppanuonaneHb v6x—x° -5,
eCTECTBEHHO IPUMEHUTH rpadHyecKHil METOX HIH METOZ

OEHOK.
Hauynem ¢ wusyueHusa 6ojsee mnpocTolt QyHKUHH

y=v6x—x*—-5. Ee MOXXHO paccCMaTPUBATh KaK CYepIo-
sunui0 QYHKOUA Y ~Jt wt=-x2+6x-5. Ona onpe-
felleHa TOrja M TOJBKO Torja, xorga —x’ +6x-5>0, uro
PaBHOCHJILHO ABOMHOMY HepaBeHCcTBY 1<x<5., Ilpu ms-
MeHEHMH nepeMeHHO x oT 1 a0 3 kBagpaTuuHaA DYHK-

mua ¢t = —x% + 6x — 5 MoHOTOHHO Bo3pacTraeT ot 0 10 4, a
OpH M3MEHeHMH IlepeMeHHOH X OT 3 A0 5 MOHOTOHHO

yoeiBaeT ot 4 o 0. ITockonbxy byHKnuA y:\ﬁ MOHO-
TOHHO BO3pACTAET, NMOBeJeHue GQYHKIUM y=v-x° +6x-5
IOBTOpPAET MoOBedeHHe GyHKmMM t=-x"+6x-5: npu
n3MeHeHWH IepeMeHHoO x or 1 po 3 dyHKRHUA
y=\/—x2 +6x -5 MOHOTOHHO BO3pactaer oT 0 A0 2, a npu

H3MEHEHHMH IIePEeMEeHHOM x oT 8 70 5 MOHOTOHHO yObIBaeT
or 2 go 0. B wactHocTH, BCIOAY Ha 06JIacTy OnpezeaeHus
BEPHO ABOITHOE HEPABEHCTBO

0<v-x*+6x-5<2. (3.18)

OrmeruM, uTo rpabux OGyxmum y=v-x°>+6x-5
MOKeT ObITh a6COMIOTHO TOYHO HADPHUCOBAH.
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I'naea 3. IIpumepu. pewenun 3aday

Dyuxmua y=arcsin(x’ +x—2) ropasno cioxHee mpe
Aeinyined. Jake HaiTH ee 00/1aCTh OnpeneeHUs He Impej-
crapasaeTca Bo3MokHbIM. Ho, Ha Hame cuacTbe, QYHKIHA
x® + x — 2 momoTOHHO Bo3dpacTaeT (Kak CyMMa BO3pac-
Taomux Gyuaknuit). Ha orpeske 1<x<5 (rage ompexeena

QyHKIAA y=v-x° +6x-5) QyHKIMA x°+x-2 MeHseTcs
or 0 ao 128. lna cymecrBoBanua arcsin(x®+x—2) mHyx-
HO, 4TOOBl BhIpaXkenme x° + x — 2 He npesBocxogwao 1.
Us monoroHHOCTHM GQYHKHHH x° + x — 2 ciaeayer, uto
ypasHenue x*+x-2=1 UMeeT  eAUHCTBEHHbIH
KopeHp X, €[1,21;1,22] (r.x. f(1,21) = 0,981561, (1,22) =
= 1,035848). Torma ob6xacTe oONpeAENE€HHA MCXOJLHON0

ypaBHEeHUA — BTO OTpe3ok [1; x,], mpudem Ha 9TOM MHO-
skectBe GyHKmMA y = arcsin(x® + x — 2) MOHOTOHHO BO3-

T
pactaet ot 0 m0 -2—

Kak cileayerT H3 IIPOBEAEHHOro MCCJE€OOBAaHWUA, HA

9TOM MHOJKECTBE BO3pacTaeT M QYHKuMA U =+-x° +6x-5

(ot 0 po y, =y -x; +6x,-5>0). 3BHAYUT, MOHOTOHHO BO3-
pacraer u cymma arcsin(x?® +x®-2)++6x-x*-5 (or 0 10

LY
§+ Y,)- TloatoMy HCXOAHOE ypaBHEHHME MMEeT eJHHCT-

BeHHHIHT KOpeHb x = 1.

Ocofo oTMeTHM, YTO NPHUBEJEHHOE DEllIeHUE SABJISAETCA
«U30BITOYHBIM» — B 3TOM €ro OIpefeJeHHBIA HeJOCTa-
TOK, HO OAHOBPEMEHHO U GOJIbIIIOE JOCTOMHCTBO (HE Hamo
TPATHTL CHJAbBI HA INOHMCK «PAlHMOHAJBHOIO» pELIeHH ,
OomMOKN B BEIYHCJIEHHAX WJIH pacCyXAEHUAX OOBIYHO
NPUBOAAT K HECTHIKOBKE Pa3HbIX BBIBOJOB, UTO NO3BOJSf-
eT HaxoAuTb omuOKu). Ero MoXHO COKpPATHThL, OCTABHE
TOJBKO OlEeHKH. IMEeHHO, JOCTATOYHO
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3.3. Ypaenerusn

1. HaiiTn obJsacTe onpejeeHnsa byHKIuH
y=v-x*+6x-5 — aro orpesok [1; 5];

2. YKasaTh, YTO HA 9TOM MHOYKECTBE \/—x2+6x—520;

3. yKasaThb, UTO Ha 9TOM MHOMeCTBe x° +x—-220;

4. ykasaTe npu Tex 3HaYeHuUAX xe[l;5], ana koro-
phIX onpejenena dyHkIua arcsin (x® + x — 2), sTa QyHk-
ous HeOTpuIAaTeabHa (IPM 9TOM BaXXHO NOJYEPKHYTH,
YTO TaKHe 3HAYEeHHUA I€PEMEHHOH X CYLIeCTBYIOT, Ha-
npumep, x = 1);

Ifocme saToro MoKHO caenaTh BBEIBOJA, UTO JIEBAS YAacTh
HMCXOAHOI'0O ypaBHeHHA Goabine nyuu pasHa 0, mpuuyeMm pa-
BeRCTBO () BOBMOYKHO TOrJa M TOJBKO TOrAa, KOrga OJHO-
BpeMeHHO V-x° +6x-5=0 u arcsin(x® + x — 2) = 0, uTo,
B CBOIO O4epelb, PABHOCHJILHO TOMY, UTO

ox=1

2 +x-2=0.

[-x* +6x-5=0 {x=1; 9,
=N
X +x-2=0

OTrBer: x = 1.
dagaua 3.34 (BMK, 2002, ycrueiit) Pewume ypagHenue

|x - + arctg(tg x) = 0.

Pemenue 3amauu 3.34. [lepenuuieM ypaBHEeHHE B BUJe

arctg(tgx)= —Ix - nl

# OygeM pemarb ero rpadu4ecku.
dyurnusa y=arctg(tgx) mnepuoguyHa C MEPHOAOM

n] )
T =m, HedeTHad U IpPH xe[O; T?: ) coBnajgaer ¢ ¢pyHKnueHn
y = x. IlosTomy ee rpadMk BBITIAAMT Tak, Kak IIpea-
craBieHo Ha puc. 3.7. Ha arom ke pucyHKe Mb! H300pa-
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I'naea 3. IIpumepe. pewenua 3aday

3uiM rpaduk QyHKIHH y=—|x—-rr|. Yro0b1 MOXKHO OBLITO

PA3NTHUYUTE 9TH IPAGUKH, MBI HEMHOrO CABUHYJIHW rpaduk
dyHrmun y=—|x-n| BHua.
AY

y = arctg(tg x)

Ry

Puc. 3.7

Hs pucyHka aAcHo, uTto 00a rpadmxa coBmajaroT Ha
T
IIPOMEXYTKeE E<x5n.

T
OrBerT: E<xsn.

3amava 3.35 (Ceracromons, 2003, mai, Ne7) Hs-

6eCmHO, wmo
Sarcsin® x . g
————————+2rarcsinx =m“x.
x
Haiidume

x2

arcsin® x — x aresinx

Pemrenne 3agmaum 3.35. B umciaurene u 3Hamenartene
apobu

xz

— - : (3.19)
arcsin x—xarcsinx
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3.3. Ypasnerun

CTOAT TOJABKO YJEHBI BTOPOIl CTENEHN OTHOCHTEJILHO IIe-
peMEeHHEIX x M t=arcsinx. Ilocne yMHOMXeHMa Ha X pa-
BEHCTBO
3arcsin® x
%

+2narcsinx =n’x (3.20)

NpEBPATUTCA B OJJHOPOAHOe ypaBHeHue. IToaTomy B cooT-
BETCTBHM C 00IIeil TeopHeid OJHOPOAHBIX MHOI'OYJIEHOB

npeobpasyeM o06e 3TH GQOpPMYJIBI TAK, UYTOOBI IOSABHJICA

arcsin x
5.’101{ a=—-. I.IJIH 3TOrN0O 9YMUHCJ/JIMTEJIb U 3HAMEHATENb
x

npobu (3.19) pasnenum mHa x2, a ypasmenme (3.20) —
Ha X.
Teneps 3agaua NpuMeT BUJ:

nHatidume

——, ecau 3a’+2na-n’=0.
a’-a

T

IlocnenHee ypaBHEHME MMEET JBA KOPHA: —T U 3
Cayuait a=-n o3mauyaer, 4To arcsinx=-nx. M3 rpa-
duxa ¢QyHKIMH y=arcsinx $fACHO, YTO 3TO PaBEHCTBO

BO3MOXKHO TOJBKO IpH X = 0. Ho 5Ta BO3MOXKHOCTH HC-
KJIO4YeHa, T.K. TOTJa He onpejesieHa neppas Apodb B pa-
BeHcTBe (3.20).

., T . T
Ciayyaii azg O3HA4YaeT, 4YTO arcsmx=—§x. M3 rpa-

tuka GyHKOUM y=arcsinx SACHO, YTO 3TO ypPaBHEHHE

HMEeT JABA HEHYJIEBHIX KOPHA X, T.e. dTOT CJy4ail BOS3-
mo)xkeH. Temeps JIerKO MOACYHMTATH 3HAYEHHE Jpobu
(3.19):

1 9

a®-a n*-3n

OrBer: — 1
n° -3r
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I'nasa 3. lIpumepvi pewenun 3aday

3amaua 3.36 (reosmor., 2004, ycraeiit) Pewume ypas-
HeHue

T[
arccos(J—x) + arccosx = 2

Pemenne 3amaum 3.36. dynrnus y=arccos(J§x)+

f V3

+arccosx onpeneneHa Ha OTpPeE3Ke — <x<~—— H Ha

3TOM MHOXKeCTBe yObIBaeT (Kaxk cymma ABYyX yﬁunaiomux
dyuknuit). IloaTromy Halre ypaBHeHHEe He MOXKET HUMETh
6osbiie ogHOTO KopHs. C Apyroil CTOpPOHBI, OYEBHIHO,

b 1 =
—, arccos—=— |,
6 2 3]

1 3
4TO x=—2- ABJAETCA KOPHEM arcc05—2—=

OrsBerT: x:l.
2

3amawa 3.37 (®HM, 2000, ampens, Nt 6) Pewume
ypasHeHrue

x* =arcsin(sin x) +10x.

Pemenue 3zamaum 3.37. IlpeoGpasyem ypaBHeHHE K
BURY

arcsin(sinx) = x* -10x

n OyneM pemarsb ero rpaguiecKkH.

I'paduk mpasBoit yacTHw — mnapafojia ¢ BEpPIIMHOH B
Touke (5; —25), nepecekarwmasa ocb Ox B Toukax x = 0 n
x = 10.

Yro0b! NOCTPOHUTEH rpadmk GyHKHHUH y = arcsin(sin x),
MpeXKie BCero OTMETHM, YTO 3Ta GYHKIMA HeueTHAd U Ie-
puoamueckas ¢ mepuogom T =2rn. Iloaromy mocTaTouno
NoCTPOUTE ee rpaduk aaa x €[0; ).
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3.3. Ypasenenun

T .
Ha orpeske [0;—2-J BEPHO TOXKJecTBO arcsin(sin x) = x,

TaK 4YTO HA 3TOM OTpe3ke rpadmkoM Hamed GpyHKuun 6y-
get GUCCEKTpUCA NEPBOro KOOPAWHATHOrO yIJa.

s . o
Ha orpeske [E;n] BEPHO TOXAECTBO arcsin(sinx)=

=T—Xx, TAK YTO Ha 3TOM OTpe3Ke rpaduKoM HauIei

byHkuun GyaeT npAMasn JIMHHA, KOTopasA ofpasayer yroua
45" ¢ orpuiaTtenbHBIM HanpasiaeHueMm ocu Ox u mepece-
K8eT 3Ty OCh B TOYKE X =T.

Ha puc. 3.8 usobpaxenst 00a aTux rpaduxa.

T

y = arcsin(sin x)

Puc. 3.8
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I'naea 3. IIpumepwvl pewenus 3adayw

W3 aroro pucyHka ciegyeT, 4TO HCXORHOE YPaBHEHHE
uMeeT gBa KODHA. IlepBbiit kKopeHb paseH (. 3HaveHwue
BTOPOT'0 KOPHA U3 PUCYHKA ONPENE]TUTh HENb3sA, HO ACHO,

n
UTO OH JIE}KHT HA HHTEpBaJe [31:;—?: , HA KOTOpPOM Ipa-

buxk bdyHxkoum y = arcsin(sin x) coBmajaer ¢ NPAMOHR
y=-x+3n. IloaToMy BTOPO#l KOpeHb HAIIEr0 ypaBHEHMA
MOXXHO OIpeAeJHTh Kak OoJbIIMH KOpeHb YpaBHEHHA
x*-10x=-x+3n (MeHBIIMI KODEHb COOTBETCTBYET BTO-
poit Touke nepeceueHus napabonst y=x’-10x © npaMoi
y=x+3n). Pemaa nociaegHee ypaBHeHWE, Mbl IOJYYHM:

. 9++81+12n
g T T ST e
2
9++/81+12n
OrBeT: X, = 0; e
3amaga 3.38 (xmm., 2001, mait, Ne 4) Pewume ypae-
HeHue

. 6x
arcsin =2n—-Tnx.

x._

Pemenme 3amaun 3.38. Bygem pewiaTe ypaBHeHHE
rpad@u4ecKH.

Y106B1 YIPOCTUTEL 33Ja4y IOCTPOEHUs rpacduka JeBoi

6x -
YaCTH, BBEJAEM HOBYIO HEHM3BECTHYIO t=2
x_

Torna

t-7
xX=
2t-6

¥ Hallne ypaBHEHHE IIPDHMET BHJA:

arcsint=§E+2n--——1—. (3.21)
2 1-3
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3.3. Vpaenenun

Ha ©pwuc. 3.9 wusobpakeHbl rpadHKH GYHKIHH

= arcsin t 1 —it-+2n:- t
it VSTt Ty
py ,
3n !
2 i
______________________ i
]
]
[}
]
1
1
|
|
1
1
|
s I
-1 ___ |
2 . !
: :
|
. AN
- 0 1 \2 3t
|
n i
+ —— 1
2 :
Puc. 3.9
I'padur BrOpoit ¢dyHkmMM — runepbonra ¢ BeprHu-

KaJbHOM acHMNOTOTOH ¢ = 3 M FOPHM3OHTANLHONH ACHMIITO-

TOH y=3?n. Iockonsky ypaBHenHue (3.21) onpeaeneHo

ToNBKO 1JIA te[-1;1], Mbl He u3o6pakain BTOPYIO BETBhb
aroii runepbossl (oHa coorBercTByeT t=>3). Ocoboit Tou-

KO rumepbONbl ABJAETCA TOUYKA, COOTBETCTBYIOIIAA
t =1, T.e. rpaHumne oOJACTH OIDPEJEJEHUA YPaBHEHHSA
(3.21). Iloaromy HeO6XOAWMO MOACUMTATH 3HAYEHUE BTO-
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I'nasa 3. IIpumepu. peurenus saday

o ar T
poit MQYHKIMU B 3TOH TOYKE — OHO PAaBHO — (TaKiKe ec-

TECTBEHHO OIIPEAEINTh 3HAYEHHE B TOYKe [ = —1 H TOUKH

nepece4yeHus runepboJibl ¢ OCAMH KOODAWHAT, XOTH HH-

KAKOH pOJIM 9TH 3HAYEHWA He ChIrpamT). [[ocKOIBKY

byHKREA y = arcsin ¢ Bospacrammas, a GYHKIHA
3n

=—+2m-
=7 i3

Ha mHoxcecmee [-1; 1] yOwmiBaromas,

T . .
TOYKA [1; E] 6yaeT eIMHCTBEHHOH TOUKOH IepecedyeHHsA

rpa@uKoB, Tak 4YTO ypapHeHHe (3.21) mMeeT eQUHCTBEH-

5 3
HBI KopeHb t = 1. EMy cooTBeTCTBYET x=§.

OTrBeT: —.
2

3amaga 3.39 (reorpad., 2001, Mroas, N 5) Pewume
ypaeHerue

. 2
2arcsin(3* -8)-3arccos(11* -120) = £
x
Pemienve 3amauun 3.39. Byaem pemnats ypasBHeHue
rpaduueckn. C dTOH meabio mpeJae Bcero HaiaeM 006-
JIACTE OIIpeJeIeHUsA YPAaBHEHHS.

JleBas yacTh ompejesieHa TOrAA M TONLKO TOrAa, KO-
rza BEIIIOJIHEHEI HepaBEHCTBA

-1<3*-8<1,
-1<11*-120<1.

MHOKeCcTBO pemmeHMH 3TOH CHCTEMBI HEPABEHCTB —
orpesok [xy; 2], rae x,=max(log,7;log,,119)>0 (Tounoe

3HaYeHUe X, He UTPaeT HUKAKOH poJu).
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3.3. Ypasnenusa

IOna x,<x<2 onpeleneHa M mpaBas 4acTb, TAK 4TO

HCKOMas o0yacTh onpefesleHUs UCXOJHOrO YpPaBHEHHS —
3TO OTPe3oK [xy; 2].
Ha arom muoxecTBe dyHKnusa y=2arcsin(3*-8) mo-

HOTOHHO BO3DACTAET KaK CYIIEepmo3uIlMsa MOHOTOHHBLIX
¢yHknuit y = 2 arcsin ¢, t = 3* - 8.

ITo rTo¥ ke MpWYMHC Bo3pacraeT M QYHKUUA Y = —3
arccos (11* — 120). CnenosarennHo, JieBasg 4aCTb HCXOX-
HOI'0 YypaBHEHHA -— BO3pacTammasa GYHKIHA OT X.

TIpaBas uacTe Ha MHOMecTBe [x,; 2] — yObIBarOmasn
dyuknua or x. Iloaromy uCXoaHOe ypaBHEHHE MOYKET
HMeTh He OoJibilte opHoro Kopusa. C apyroi c¢ropoHsbl, He-
TPYAHO AOTafaTbCs, YTO X = 2 — KODEHb.

Orser: 2.

3agaua 3.40 (PHM, 2005, 3a09nblit TYP OJIMMIIHAJEL,
N 2) Halidume 8ce pelieHUA YPABHEHUA

\
log, (5 - x* —4x)—3+tg[—n—J =
1-x

. . (1-x
=12 | [x? 1 2x —3.arcsin .
x+7

Pemenne 3agaumn 3.40. O6pamas BupMaHue HA GOJb-
I0€ KOJHMYECTBO BBIPAYKEHHI, KOTOPHIE OMpEeeIeHLl He
BCerna, HaiigeM obJACTEL ONpeAe/IeHHA YPABHEHUA:

(5-x% -4x >0, (-5<x<1,

" T an, nez, x¢2n_1,nez;x;t1,
1-x 2 2n+1 :
{4x+12 =0, < <x 2 -3,
xX+2x-320, x<-3;x2>1,

_ > _3.

RPE LIPS =5

L x+7 L
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T'naea 3. Ilpumepu. pewenusr zadayw

IlepeceuenneM Bcex HAWJEHHBIX MHOXKecTB Oyaer oa-
HO3JIEMEHTHOE MHOXeCTBO {—3}.

1A 3aBepmeHHs DEINEHHA AOCTATOYHO IPOCTOH IOA-
CTAHOBKOH NPOBEPUTH, NIPEBPAIEeT JH X = —3 HCXOAHOEe
YPABHEHHE B MCTHHHOE YHCJOBOE PABEHCTEO.

OTrBeT: x = -3.

3agaua 3.41 (BMK, 1983, Nt 6) Haiidume 6ce peute-
HUA YPABHEHUA

,/2—|y|-(5sin2xuﬁsinxcosx—9c082x+3\/3 33)=
12 2 5 2
=arcsin® x + arccos® x - —i°.

Pemenue 3amauu 3.41. mea B BHAY PasHOPOAHOCTH
ypaBHeHUA (B HEM NPUCYTCTBYIOT PaguKall, TPUTOHOMET-
pudyecKkne (GYHKOUM H oOpaTHbBie TPUrOHOMeTpHYeCcKHe
dyHKOHUA) ¥ HaJIUYMe JBYX HEH3BECTHBIX €CTeCTBEHHO
NPAMEHUTEL AJA €ro PelIeHHUS MEeTOJ OIEHOK.

C sToil menplo HaigeM 00J1ACTH 3HAYEHUH DYHKITHNA

fy)=y2-y,

g(x) =5sin? x — 6sin x cos x — 9cos’ x + 333,

. 5
h(x)=arcsin® x + arccos® x = s

®yuknua f(y) oupexeneHa ana ye[-2;2], npu aTom
ee 00JacTh 3BHAYEHUH — 3TO OTPE30K [0; J2 :l
®yaxnua  g(x)=5sin’ x —6sinxcosx -9cos® x + 3333

3a cyeT IMOHMIKEHHSA CTEINEeHH MOMeT ObITh IpPHBEJeHa K
BUAY g(x)=—(8sin2x+7cos2x+2)+3Y33. Ilosromy ee

06J1acTh 3HAYEHUI — OTPe30K

[--2—~/£+33/§§;~2+\@+3§/§§].
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3.3. Ypasnenun

Ynciao -2-v58+3¥33 mnonoxkurenpHo (0HO NmpHMep-
Ho pasHo 0,0058). IlosTomy 06JacTh 3HAYEHHH JIEBOH
YaCTH YPAaBHEHHH — OTPE30K

[0:Z(~2 +58 + 3433) .

Dyuknusa A(x) moxer ObiTh Npeobpa3oBaHa K BUAY:
m 5
h(x)=arcsin® x + (~2— —aresin xJ —an.

Ee MO0KHO pacCcMaTpHMBATh KaK CYNEpPHO3HINI0 GYHK-
1185954 y:2tz -nt-n* u t=arcsin x. IToaromy o61acTs
3HAYEHWI1 IpaBOil YaCTH COBNAJaeT ¢ 06JACThbIO 3HAYEHHH

byrkmun y=2t° —nt—n* Ha MHOMKecTBe —% <& % Bep-

mmEa napabonsl  y=2t° -nt-n° HMeeT KOOPAMHATEHI

T 9r? s s
t,=—, Y,=———, a2 3HAYEHHA B TOUKEX l=—-— ¥ t=—
0 0 8 2 2

paBabl 0  —n* cooTBercTBenHo. ITosTomy mckomas 06-

2
. s
JacTbk 3HAa4Y€HHH DaBHAa |:——;0:I.

ITockonbky JieBaf d9acTh OoJbiie uanm pasHa (0, a npa-
Bafd 4acTh MeHbIUe MJIH papHa 0, PABEHCTBO MEXAY HUMH
BO3MOXKHO TOrjla U TOJBKO TOTAA, KOrja OHH HNOPO3Hb
paBunl 0. Ilna JeBoH yacTH 3TO PABHOCHMJIEHO TOMY, YTO
|y|=2 (T.. g(x) > 0 npu BCex x), a Ai1A NpaBoil — ToMYy,

9T0
T . T
t=——<arcsinx=—-—< x=-1.
2 2

Oreert: (-1; 2), (-1; -2).
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T'naea 3. ITpumepbi pewernun 3aday

3.4. CucreMnl ypaBHeHHH
3amaua 3.42 (MCAA, 2002, mrons, Ne 6) Pewume

cucmemy ypaeHenuil

arccos3x + arcsin 2y =

w | A

aresin3x -arccos2y =

(20l
]

daa kaxdozo peuwenus (x; y) onpedenume, Kakoe u3
yucen 6onvwe: 3x — 2y uau {2-0,5.

Pemenne 3amauum 3.42. C noMOmBIO TOMXKOECTBA

i T
arcsina +arccosa = E CHUCTEMY MOXXHO IIDHUBECTHU K BHUAY:

: . T
arcsin3x —arcsin 2y = 1

. T . 5n
arcsin3x | — -arcsin2y [=—.
2 64

1 HOBEIX HEHM3BECTHEIX
a = arcsin 3x,

b=arcsin2y

39Ta CHCTEeMa NIPHMET BH]J
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3.4. Cucmemu. ypaenenul

Ona umeer ABa PELIEHHuA

T 5
a=—, a=—,

8 8
b=-=, p2E

8 8

CoOTBETCTBEHHO, HMCXOAHAA CHCTEMAa PacnajaeTcs Ha
JB€ CHUCTEeMbI:

arcsin 8x =g, arcsin 3x =E‘.,
arcsin2y=—— arcsin2y = h
8 » 8 .
, T T 5t =«
ITockoasry arcsindxe|-—;—|, a —>—, Bropad
2 2 8 2

cuctema He wumeer pemeHui. I[lepBas cucTema umeer
€IMHCTBEHHOE pelIeHHe

1 =
x=—sin-—,

3 8
——lsinE
y="3%y
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I'naea 3. Ifpumepv. pewienus 3adax

ITosTromy ansA HaWAEHHOro peIleHWsa 4YHucjao Jx — 2y
pPaBHO \12—J§ . CrappapTHeIMM npeoOpa3’oOBaHHUSAMH JIET-

KO NOKAas3aTh, YTO OHO OoJsibore, yem ‘\‘/5 -0,56:

V22 >42-0,5,

3
2—‘\/§>\/§_§[§+_41‘1
$
4 7
\[E >2\/—-Zs
3
JZ>8-1y2+39

16
3
1282 >177,
3
32768 >31329.

V2-V2  y2-2

6 4

OTrserT: [ ]; [IePBOE YKCJIO GOMbIIIE.

3anaua 3.43 (BMK (ora. 6akanaspos), 2005, Hrouas,
Nt 4) Haiidume 8ce peuterus cucmems. YypasHeruil

2 2
CAT— e N |
125

[ x4
arcsin
xy=-"17.
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3.4. Cucmemui ypacrenul

Pemenune 3amaum 3.43. Ucxognaa cucreMa PpaBHO-
CHJIBHaA CHCTEeMe

x+y  3(x*+y?)

5 125
xy=-1,
1<t Y 4,

Ora cucTeMa CHMMETPHYHA OTHOCHTENBHO HEHM3BECT-
HbIXx x 1 y. IloaTomy ansa ee pemreHuss BBeAeM HOBBIE He-
M3BeCTHBIE @ = X + Y, b = xy:

a_ 3(a’® - 2b)
5 125
b=-1T,
-5<a<bh.

OTa cHCTEMAa MMEeT eJHHCTBEHHOE pelleHHe

BosBpaimasach K OCHOBHLIM HEHM3BECTHBIM, Mbl HOJY-
YHM CHCTEMY

x+ =)
y 3’
xy=-"1,

KOTOpasd JIErKo pelmaeTca MeTOAOM HCKJIYEeHHA.

T {(7—J30—1 7+J§0—1] (74-\/30—1 7—\/@}}.

6 6 6 6
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I'nasa 3. ITpumepu. pewenun 3adax

3anaya 3.44 (reonor., 2004, ycrHwid) Pewume cuc-
memy YypaeHeHuil

cosx—arccosy =1,
cosmy —arcsinx =-1.

Pemenne 3agaun 3.44. Ilepenumem nepBoe ypasHe-
HHE CHCTEMBI B BHIE

arccos y =—(1-cosx).

JleBas uyactb atoro Gosbme niam pasHa 0, a npasas
menbmie wan paBHa 0. IToaToMy OHO pPaBHOCHJIBHO CHC-
TEME

arccosy = 0, - y=1,
cosx =1, x =2nn,n e Z.

Bropoe ypaBHeHHMe MOYKHO HE€ peIIaTh M He YIpo-
IIATH, 8 MCIOJIbL3OBATH AJSA IIPOBEPKU HAHJEHHBIX pelre-
HHUHA DepBOro YpaBHEHHS.

ITockoneky u3 cepuu x=2nn, neZ ToabKo x =
BXOAHT B 00JaCTs onpefesieHHsl BhIpakKeHus arcsin x,
AOCTATOYHO NPOBePATE TONLKO mapy (x; y) = (0; 1) —
OHA&, OUEeBHAHO, YAOBJETBOPAET BTOPOMY YPaBHEHHIO.

OTreerT: (0; 1).

3.5. HepaBencrna

3amagya 3.45 (mex-mar.,, 2003, maptr (TecT nepex
onummmanoit), No 5) Pewsume Hepasercmeo

arccos(4x —4) > arccos(—x).
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3.5. Hepasencmaa

Pemenne 3amaan 3.45. Ilockoapky yHKIHA
Y = arccos X MOHOTOHHO YyOBIBaeT, WMCXOAHOE HEPaBEHCTBO
Biedet, uro 4x-4<x. na o6parumocTi aToro mpeobpaso-
BAaHUA HeOOXOAMMO COXpaHuTh ycaopua -1<4x-4<],
—1<-x<1, rapaHTHDPYIOILIIHE CYILIeCTBOBaHHe arccos(4dx — 4)
u arccos(—x). Tarkum 06pasoM, HCXOJHOE HEPABEHCTBO PaB-
HOCHJIBHO CHCTEM€

4
x<—,
4x-4<-x, " 5 5 i
-1<4x-4<1, & |-<x<—&—<x<—,
L&yl 4 4 4 5
L reTEad -1<x<1.

OTrBerT: Esx<i.
4 5

3anaua 3.46 (6mouor., 2008, Ne 3) Pewume nepasen-
cmao

arccos3x < arccosv6-15x.

Pemenne 3amauym 3.46. Hauunas pemenwe Taxk xe,
KakK U pelieHue 3agadyd 3.45, Mbl MOJUYYHM CHCTEMY

3x>J6-15x,
3x<1, (3.22)

V6-15x >-1.

IlepBoe HepaBeHcTBO cucTeMbl (3.22) nerxko pemiaercs
BO3BEJJ€EHNEM B KBAaJAPAT; OHO PABHOCHJIBHO CHCTEME

9x* >6-15x,
6-15x>0, @lﬁxsg.
3x2>0,
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I'naea 3. ITpumepbi peutenua 3aday

MHO’K€eCTBO pellIeHHH BTOPOI0 HEPABEHCTBA CHCTEMBI

(3.22) — nyu xé%.

Tperbe HepaBeHCTBO cHCTeMbl (3.22) BBIIOJIHEHO AB-
TOMAaTHYECKH, €CJH TOJBbKO CYIIECTBYeT BbIPaKeHHe

V6-15x, T.e. OHO PaBHOCHJILHO HEpaBeHCTBY
6—15x20<:>x$§.

I'Iepeceqelme MHOXK€ECTB pemeHnﬁ BCEX TpeEX Hepa-

. 1
BeHCTB cucTeMHl (3.22) cocTOMT U3 OXHOH TOUKH X =§.

OTBeT: {-1-}
3

3amaga 3.47 (Mockoeckas mMaTeMaTHYECKaf OJIMM-
nuana, 1963, 11 kxacc)

IMonoxwcumenvrole wucaa x, y, 2 ob6aadaom mem
ceoiicmeom, umo arctgx+arctgy+arctgz<n. Joxaxu-
me, YMo cymma IMUx yucen 6oavlie Ux npoussederus.

Pemenne 3agaum 3.47. Ilockoaeky x,ye(0;+wx),
cymmy arctgx+arcctgy moxHO npeofpasoBaTh C NOMO-

meio ToxAecTna (2.94):

1-xy
x+y

arcctg +arctgz<m.

IIpumensasn ToxaecTso (2.10), MBI MoNy4YHM:
1-xy
x+y
1-xy
x+y

1-xy
x+y

T
2 —arctg +arctgz<m,

T
<—-—arctg z,

—arctg

—arctg <arcctg z.
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3.5. Hepasencmaa

H, HAKOHEIl,, HE4YETHOCTh APKTAHI'€HCA H TOXIECTBO
(2.18) magpyrt:

ol <arctgl.
x+y z

arctg

B CHJIY MOHOTOHHOCTH apKTaHI'€HCa, IIOCJIeAHEE HEpAa-
BEHCTBO PABHOCHJIbHO HEPDABEHCTBY

xy-1 1
x+y 2z

T10JI0KHUTENBHOCT BEJIMYWH X, Y, 2 IO3BOJHAET JIErKO
n30aBUTHCA OT Apobeil U MoJyvuTh TpeGyeMbIil pe3yJIbTAaT:

(xy-l)z<x+y<xyz<x+y+az.

3agaya 3.48 (BMK, ycramii, 2008, wons) Pewume
HepageHcmao

arcsin®(2x) > arccos*(2x).

Pemenne 3amaum 3.48, Hcooneaya  ToMAECTBO

. '
arcsina +arccosa = E , npeoﬁpaayeM HCXO0AHOE€ HEpPAaBEH-

CTBO K BHAY:

4
arcsin®(2x) > [g - arcsin(2x)] :

Ilocse BBeJ€eHMA HOBOMl HeHM3BECTHOHM ¢ = arcsin(2 x)
MBI IIOJTY4YUM ANredpamvyecKoe HePaBEHCTBO:

- 4 2
> ——t] <:>t22(1t——t ,
2 2

-~ b1e
MHOXKeCTBO peIneéHHMH KOTOpOro HMeeT BHO: tZZ.
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I'naea 3. Ilpumepui. pewenusn 3aday

Tenepr BepHEMCA K OCHOBHOH HEM3BECTHOH x:

2

arcsin(2x) >2 s1>2x>sint 122052,
4 4 2

3amaua 3.49 (¢pmnogor., 2002, urons, Ne 4) Pewnmne
HepaseHcmao

. X
logl., m-arcsin—

sin[x—%]w/;

>0. (3.23)

Pemrenne 3zamaun 3.49. C nomouiplo TOXKJECTBA
= b1
sm[x—a]:——cosx NPUBEJEM HCXOAHOE HEPABEHCTBO K

BHAY

- -
log , m-arcsin_
<0.

COSX - VX

WmMes B BUAY «CMeCh» M3 Pas/JMYHBIX QYHKIMH B Jie-
BOM YacTH HEPABEHCTBA, a4 TaKMKe TO, UTO (PAKTHIECKH B
3ajlaue pedyb MAET O 3HAKE JIEBOM YACTH, M3YYHM paclipe-
JeJleHue 3HAKOB 3THX (DYHKIIWN.

Ilpesxae Bcero HaiieM ux oburyro obaacTs Ompejese-
HUA:

x*20;1,
x

-1s=<1
2

x>0,

2

< 0<x <], 1<x<£, E<.xS2
2 2

cosx # 0.
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3.5. Hepasencmea

Ha muoxkecTse (O;I)U(l;gJU[g;Z] byHKIMH y=\/;

X .
H arcsmg MHOJIOXKHTEJIbHBI M Ha 3HaAK JIEBOHM 4YaCTH He

pausaoT. IloaToMy mCxo0JHOe HEDABEHCTBO DABHOCHJIBHO
6oJiee IpOCTOMY HEpPaBEHCTBY

log .«
_""(0_
cosXx

Hanee, na muoxkecrse (0; 1) BrIpakeHHe €OS X IIOJIO-
JKUTENbHO, 2 BelpaxkeHue log , m oTpHnAaTenbHO (T.K. OC-

HOBaHUE Jorapudma meHbme 1, a 4yMCIO, OT KOTOpPOro
6eperca Jorapudm, Goabme 1). IlosTomy ansa Bcex
x€(0;1) nepaBencTBO (3.23) BBITOSIHEHO,

1Y
Ha wmuaOMXeEcTBe (1;5] BBIDAYKEHUE COS X IOJIOMKHU-

TeabHO. Bripaxkenmne log ( m TakKe MONIOMKHUTENBHO, T.K.

M OCHOBaHHWe Jorapudma, ¥ YHCJI0, OT KoToporo Geperca
norapupm, Goaeme 1. Ilosromy nepasenctso (3.23) ne

T
BBINOJHEHO HH IJIA OOHOI'o X E(l; E]

T
Ha mHOKecTBE (5;2] BHIPDAYKEHHE COS X OTPHIATEND-
HO, a Belpa)keHue log ,n momoxxmrencHo. IloaTomy Ana

BCEX xe(§;2:| HepaBeHCTBO (3.23) BRINOJMHEHO.
T
OrBerT: (O;I)U(Eﬂ:l.

175



I'naea 3. ITpumepu. pewenun 3aday

3amaua 3.50 (BMK, 2002, nronb, Ne 2) Pewume He-
pasencmaeo

2cos(arcsin x) - sin (%arccosx] <0.

Pemenne 3agaamn 3.50, C noMoIiubo TOMXAECTB

cos(arcsin x) =v1-x2, sin[-%arccos xJ = I—Tx

HCXOAHOE HEPABEHCTBO MOXHO NEPENMUCATH B BHIE!
. [1-x
2 l—xz < ——2——.

Y1o6nl n30aBUTHCA OT PajHUKaNIOB, BO3BEJAEM 3TO He-
PaBEHCTBO B KBa/paT (BTOpOE HEPABEHCTBO CHCTEMBI Ia-
PAHTHDPYET PABHOCHJIBHOCTH 3TOro IpeoOpasoBaHHA):

1-x
4(1-x*)<—=,
(1-x%) 5
1-x%20.

. ITa cucteMa M3 ABYX KBaJAPATHYHBIX HEPABEHCTB JIET-
KO pelnaeTci.

{sz—x—TZO, x>1 nim xs——z,
(= 8 &

2
"< 1. “1<x<l.



3.5. Hepasencmea

3agava 3.51 (DPHM, 2004, 3a09HBEIH TYp OJXHM-
nuanei-2004, Ne 4) Hatidume 8ce peureHus cucmemvt He-
pasencms:

242 . x+3
arccos—s—xZarcsm 5

19-7x n 0D
>+3ctg—+3 €3,
2x-1 V3 €3

Pemenne samaum 3.51. Bropoe HepaBeHCTBO SBHO
npowxe nepsoro. Ilosromy BuHauane permrum ero. Ilpemae
BCEro NMPOM3BEJAEM YIPOUIEHUA B NPABOM 4aCTH:

19-7x
2x-1
x>0.

>1+9x,

Hepnoe N3 3THUX HEPABEHCTB JIETKO pelnaeTca MeTo-
AOM HHTEPBAaJIOB:

19-Tx

>1+9x,
2x-1
s
V10 J10
x+—— || x——
3 3 o
1 <%
x__
2
)
J10 1 J10
X< —— HIH —< X <—,
3 2 3

C ydeToM BTOPOro HEPABEHCTBA MLl IMOJY4YHUM, YTO
MHOMECTBO pEILIeHHI BTOPOro HEPABEHCTBA HCXOJHOM

J10

CHCTEMBI — 3TO HHTEpPBaJ —2- <X <—:-3-—.
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I'naea 3. IIpumepsi pewenusn 3aday

1 10
Hna xe[—z—;——é—] aprymMeHTnl 00eux oOpaTHBIX TpH-

FOHOMETPHYECKHX GYHKIUNH H3 MEepPBOr0 HEPaBEHCTBA
JIeXKAT Ha OTpe3Ke [0; 1]. IloaTomy yucJaa

x+3

2v2 ;
a= arccos-—-g— x, P=arcsin JexaT Ha OTpe3Ke

19
{O;E:I, rape CMHyC MOHOTOHHO BO3pacTaeTt. HOSTOMY ANA

[1 J10
xe —2-;——

HEPaBeHCTBY

] I1epBO€ HEPABEHCTBO CHCTEMBI PABHOCHJIBHO

. [ 2.9 J . ( . x+3)
sin| arccos—=x > sin| aresin ,
3
l_ixzzﬂ,
25 5
3

2
LI
5 25

?

)
9x% +6x-16<0.

MnuoxxecTBO pemeHMH KBaJPATHYHOIO HepaBeHCTBa

9x® +6x-16<0 — b5TO OTpE3OK [_1 —sJﬁ ] = +3J1_7].
-1+417 V10 -1-V17 1
IlockoabKy < <

’ 0 < —, MHO-
3 3 3 2
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3.5. Hepaserncmea

JEeCTBO peIlleHMH MCXOAHOH CHCTEMbl — IPOMENKYTOK
1, -1+417
2”3 ’

OTBerT: l,ﬂ]
2 3

3agaga 3.52 (BMK, 1996, uroan, Ne 4) Pewsume He-
pasencmeo

arccos(3x)+arecsin(x +1) < %‘T .

Pemenne 3zagaau 3.52. IlepenuinemM McXogHOE HEpa-
BEHCTBO B BH/jE

arccos(3x) < % —arcsin(x +1).

W3 rpaduka GyHKHUH y = arccos ¢t ACHO, 4YTO Hepa-
BEHCTBO arccost< A paBHOCHJIHGHO COBOKYIIHOCTH U3 ABYX
CHCTEM:

A>m, 0<A<m,
-1<t<1, cosA<t<l1.

B nHamem cJay4yae 3TO O3HA4YAET, YTO HCXOOHOE HeEpa-
BEHCTBO pacrnajgaeTcsa Ha JBe CHCTEMBbI

0= —76—n —arcsin(x+1) <,
7—n —arcsin(x+1)>n 7
6 ’ cos{?n —aresin(x + 1)) <3x,

-1<3x<1,
3x<l1.

L
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T'nasa 3. Ilpumepvt pewenus 3adayw

IlepBoe HepaBeHCTBO NEPBOH CHCTEMBI PABHOCHJILHO
HEPaBeHCTBY

arcsin(x +1) < %,

i
—1Sx+1<—1-,
2
i
—25x<—l.
2

MHoOKeCTBO pelmIeHHil BTOPOr0 HepaBEHCTBA IEPBOMH

1

CHCTEMEI — OTPE30K -— x<—. OH He [epecexKaeTcsa C

i’
3

1 .
INIPOMENKYTHKOM -2<x< "E, TaK YTO MHOXECTBO PEIIEHHUH

nepeoi CUCTEMbI ITYCTO.
Ilepeoe HepaBeHCTBO BTOPOH CHCTEMBLI DPABHOCHIBLHO
HEePaBeHCTBY

L <arcsin(x +1) SE,
6 6
i
sinESx+1sl,
6
g

-—<x<0.
2

1 "
s —ESxSO TpeThe HEPABEHCTBO BTOPOM CHCTEMH

(8x <1) BBIMOJHEHO ABTOMATHYECKH M IIO3TOMY €ro MOX-

HO He YYHTBhIBATH.
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3.5. Hepasencmsaa

Bropoe HepaBeHCTBO BTOPOH CHCTEMBI pPAaBHOCHJIBLHO
HEPABEHCTBY

cosz;- -cos(aresin(x +1))+sin 1611 -sin(arcsin(x +1)) < 3x,

0
_‘;g.,fl_(x+1)2 -%-(x+1)s3x,
0

V-38x-6x>-Tx-1.

ITocnegHee HepaBeHCTBO ABIAETCA CTAHAAPTHBIM HD-
paHOHAJBHBIM HepaBeHCTBOM. Ero pemenue umeer BHUA:

{_5+2\/§,0}_

26

Ilepecexasa 3TO MHOKECTBO C MHOXKECTBOM peIEHMIi

. 1
MEPBOr0 HEPABEHCTBA BTOPOHM CHUCTEMBI (—ESxSO , MBI

NOJyduM OTBET 3aJa4H.

OTserT: [—5+2\/§'0:|.

26

3amagsa 3.53 (BMK, 1997, ycrmmiit) Pewume Hepa-
6eHCcmeo

x arcsin(mx) s—l—.
12

Pemenne samauym 3.53. Bynem pemaTs HepaBeHCTBO
rpagu4ecKH.
DyHRINA f(x) = xarcsin(nx) onpejeneHa npu

xe[—-;—} U ABJAETCA YETHOI:
n T

f(-x)=(~-x)-aresin(n(-x)) = (-x)-(-arcsin(nx)) = f(x).
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I'nasa 3. IIpumepvi pewenus saday

1
IIpu xe{0;—| aTa GyHKHHUSA MOHOTOHHO BO3PACTAET OT
T

f(0)=0 no f(l):é— (KaKk npov3BefieHWe ABYX HEeOTpHIia-
T

TeNbHBIX Bo3pacTamomux GyHKUMA y = x 1 y = arcsin(nx)).

IToaromy ee rpadmk BBRIMVIAAHT TaK, KaK IOKA3aHO Ha
puc. 3.10. 13 aToro pucyHka ACHO, YTO pelIeHHe HAIIero
HepaBeHCTBa HMeeT BMA [-xy;x,], rae x, — NOJIOKH-

TeIbHBIl KOPEHb COOTBETCTBYIOIEro ypaBHeHHsa. He-
1

TPYAHO AOrajaTeCid, 4TO X, =2—.
T

wY

R I o e e L

]
I
I
I
I
'
'
'
'
1
'
|
I
I
I
I
I
I
u
I
[}
1

1
T

Pue. 3.10

3agaua 3.54 (BMK, 2003, anpens, Ne 6) Pewwume He-
pasencmao

arcsin(sin x)+2arccos(cosx) < x -5.
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3.5. Hepasencmea

Pemenne 3amaum 3.54. Byjgem pematrbs HEpaBeHCTBO
rpapuveckr. Yro6sl HApUCOBATH rpaduK QYHKIIMA

f(x)=arcsin(sin x) + 2arccos(cos x),

OTMETHM, YTO OHA ABJIAETCHA INEPUOAHYECKOM C IMEePHOAOM
T =2m.

IlosToMy [OCTATOYHO HAPHCOBATH €€ rpadHK Ipu
x €[0; 2nr].

T ..
Ecan xe[O;E:I, To arcsin(sin x) = x, arccos(cos x) = x,

TAK YTO HA 3TOM OTpPE3Ke Hallla pYyHKIHMs COBIAZAET C JIH-
HeifHo# QyHKnueit y = 3x.

n . o
Ecau xe[E;n], To arcsin(sinx)=arcsin(sin(n-x))=
n
=n—-x (T.K. 4YHCJIO n—xe[O;E}), arccos(cos x) = x, Tak

YTO HA 3TOM OTpe3Ke Hama (GYHKIMAA COBIAafaeT C Jid-
HeHHOH QyHKIMeH y=x+T.

3n e e
Ecnu xel:n;—z— , To arcsin(sinx)=arcsin(sin(n-x))=
n
=n-x (T.K. YHCIO n—xe[—E;O], arccos(cos x)=

zarccos(cos(2n~x))=2n—x (T.K. 4HcO Zn—xe[g;n]),

TAK 4YTO HAa 9TOM OTpe3Ke Hamia GYHKIMA COBHAKAET
¢ nuHelinol pyHKUed y=-3x+57.

M Baxonen, ecam xe |:_32_n, 27t], TOo arcsin(sinx)=
= arcsin(sin(x - 2n)) =x-2n (T.K. YHCJIO X—-2n€ [_%; 0]),
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I'naea 3. [Tpumeps. pewenun 3aday

arccos(cos x) = arccos(cos(21t - x)) =2n-x (T.K. 4HCJAO
T
2n—xe[0; E}), TAK YTO HA 3TOM OTPEe3Ke Hama PYyHKIUA

COBIAJAET C MUHeHHON GyHKIuen y=-x+2n.

Ha opwuc. 3.11 nsobpakensl rpadvku QyHKIHMI
f(x)=arcsin(sin x) + 2arccos(cosx) n g(x) = x — 5.

+

Puc. 3.11

ITOT PUCYHOK HENOCPEJCTBEHHO JAET MHOMKECTBO pe-
HIEHUH MCXOZHOr0 HepaBeHCTBA (B TIeoMeTpPHYECKOH
topme): oHO cocrouT u3 orpeska [x;;x,] u ay4a
[2,; +0).

Yro0el 3anucaTh 9TOT OTBET B ajrebpandyecKoM BHIE,
HYKHO HAUTHU TOYKH X, X3, X3.
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3.5. Hepagencmsa

Touka x; Moxer ObITh HallZleHAa KaK a0CIHCCA TOYKH
nepeceyeHHA NPAMBIX y=-xX+21 U y=x-5; OHa paBHa

5
x, =T +'§.
Touka x, MoXKeT ObITh HalgeHa Kak adcmucca TOYKH
mepeceyeHUs NpAMBIX Y =3(x-2n) (cABuHYyTO# Ha 2n
BOpaBo npamoit y=3x) u y=2x-15; oOHA pasBHA
5
X, = 31t--2-.
Touka x; MOxKeT ObITh HaiijleHAa Kak abCIucca TOYKH
nepecedyeHusa NpaAMBIX y=-3(x—-2m)+5n (cABHHYTOH Ha

21 BnpaBo nmpaAMoOi y=-3x+5m) M y = x — 5; oHA paBHa

11n+5
xazT.
OrBerT: {n+-5—;3n—é]U[M;+ooJ.
2 2 4

3apaga 3.55 (mex-mar. ¢-1, 1995, maii, Ne 6) ITycmeo
X, — HAUOGOAbLUWLUL OMPUYAMEenbHbLl KOPEeHb YPDAGHEHUA

Jgsinx—Scosx=2a—1,

a X; — HAUMEHLUILD NOJOMUMENbHLII KopeHb YpaeHe-
HuA

2cos? x — 2sin® x = a.
Haiidume 6ce 3naveHus a, npu xKax0om U3 KOMmMopuLx

e | S

Pemenne 3agaun 3.55. DTa 3agaua CBA3aHAa C €Ile Of-
HUM OnpejesieHueM 4Yuciaa A = arccos a. B Kiaaccunueckomn
TEOPHUM Aarccos 4 BO3HUKAET NPU PEIIeHWM YPaBHEHUs
cos x = a rpapHUYecKHM METOAOM: KODHH YpPaBHEHUH
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I'neea 3. IIpumepv. pewenun 3aday

COS X = a — 3TO mpoeKnuy Ha ock Ox TOYEK mepeceve-
HUA rpaduKoB y =cos x U Yy = a. «lleHTpanbHBIf» KO-
PeHb, T.€. KOPEHb, KOTOPBIM MOJNYy4aeTcsa OT IepecedeHus
C «IEeHTPaJbHOW» JYroM KOCHHYCOHUALI (COOTBETCTBYIO-

% T T
e xe[~5;5:|) M HaseIBaeTcs arccos a. M3 puc. 3.12

sICHO, uTO npu a¢[-1;1] ypaBHeHHWe cos x = a Boobie He
MMeeT KOpHe#, a mpu BeawumHe ac[-1;1] Beanmunna
arccos a onpefejneHa OXHO3HA4YHO. M3 aTOro >Ke pHCyHKa
BHAHO, 4T0 npu -1<a<1l uHCIO arccos a HABJIAETCH
HAUMEHBIIUM IOJOXXUTEJIbHBIM KOPHEM  YpPaBHEHMA
cos x = a. HauMeHbBIIUM MOJIO}KHUTEJbHEIM KOPDHEM ypasB-
HeHHus cos x = 1 (cayyait @ = 1) Oyaer uuciao 2rn, B TO
BpeMsA Kak arccos 1 = 0,

Ay
_ 1
— //0\ N
Jid x
n - —IA \r/

Puc. 3.12

O603HAYMM HAHMMEHBIITHH IOJIOXKHTEJNbHBIH KODEHb
ypaBHeHHsa cos x = a yepe3 ¢(a). IIpoBenerHbIE paccyx-

OEeHHUA 03HA4YaloT, 4YTO AaA (GYHKUHMHA @(a) BepHO pPaBeH-

CTBO:

arccosa,ecan-1<a<l,

o(a) ={

2m,ecana=1.

OrMmernm, uTo GYHKIUA @(a) paspbiBHA B TOUKe a = 1.

186



3.5. Hepasencmeaa

Tenepp BBeAeM HEMHOro 0oJiee CJOXKHYIO (DYHKIIHIO,
geM @(a). Hmenno, 0003HAYHM HAWMEHBIUWIH KOPEHb

YPaBHEHHA COS X = a Ha Jjyue (¢,+o) ueped ¢(a;t) (Takx
9T0, B 4acTHocTH, ¢(a)=¢(a;0)). PopmansHO 3TO OIpe-
JejleHHe MOXKHO 3aIlNCATE CJHeAyromum obpasom:
A =¢(a; 1),
g
cosA=a,
A>t,
cosx=a,x>t=>x2 A,

W3 atoro onpegesedHHs JerK0 NONYYUTh CJaeAYIOLIEe
CBOHMCTBO QYyHKOMM ¢(a;t):

o(a;t+2n)=o(a; t)+2m. (3.24)

JeiicrButensHo, nycte A=g¢(a;t). [oxaxkem, 4TO
queao A+2n yA0BAETBOPAET TPEM CBOMCTBAM, KOTOPBIE
onpexennoT yuciao A, =ola;t+2n).

1. cos(A+2m)=cosA=a.

2. TlockoabKy A > t, BEpHO HepaBeHCTBO A +2mw>1t+2m.

3. llyerb cosx=a, x>t+2n. Torma amna yucaa
x'=x-2n BBINOJHEHEI COOTHOINEHUA: COsx' =a, x'>t.
3uaunT, x'> A, aTorga x> A+2n.

Ilogo6HeIM ke 0O6pasoM MOMKHO AOKA3aTh CIIpaBeAJIH-
BOCTE €Ille OAHOr0 MHTEPECHOr0 TOXKAECTBA:

o(a;t+n)=0(-a; t)+m. (3.25)

Pagenctsa (3.24) u (3.25) 03HAYAIOT, YTO JOCTATOYHO
3HATH 38BHCHMOCTb GYHKUMHM ¢(a;t) OT t TOJBKO AIA

te[0; n).
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I'naea 3. Ilpumepv. peutenun 3aday

PaccmaTpuBas KOPDHH YPaBHEHHMA COS X = @ KakK IIpo-
ey Ha ock Ox TOYEK NepeceyeHHusl rpaduKoB I = COS X
U Yy = 4, HeTPYAHO BHJETh, 4TO AaA ¢ €[0;n) BepHO paBeH-
CTBO:

arccosa, ecau —1<a < cost,
ola;t)= (3.26)
2n—arccosa,ecnucost<a<l,

BBegem Tteneps uuciao y(a) Kaxk HAaWOONBIINH OTpH-

OaTeNbHbIH KOpEeHb YPaBHEHMA €0S X = a. PopMaJbHO
3TO OIpEeAEJIEHHEe MOJKHO 3AIIHMCATEL CIAEAYIOUIHM 06pasom:

B=y(a),
g
cosB=a,
B<0,
cosx=a,x<0=>x<B.

Paccmorpum uncnio A =-B=-y(a). Torga
1. cosA=cos(-B)=a, T.e 4MCJI0 A HABIAETCA KOpPHEM

YPABHEHUSH COS X = Q.

2. Kpome Toro, A> 0 (r.x. B <0), T.e. A — nDoJ0KM-
TeJbHBI KOPEHb 3TOI'0 yPaBHEHHUA.

3. Ecotm x > 0 — Karo#-TO ITOJIOXKHMTENLHBIH KODEHb
YPaBHEHHA COS X == a, TO —X OyAeT OTpUIATEeNBLHBIM
KOPDHEM 3Toro e ypaBHeHud. Torma -x<B (Bels
B — HauboJbIINi OTPUMLATENbHBIN KOpPEeHb), YTO paB-
HOCHJIBHO X > A,

ITO 03HAYAEeT, YTO A — HAWMEHBIIMA IOJJOMHATENb-

HBEIl KODEeHb ypaBHeHHUS coS x = a, T.e. A=¢(a). Taxkum

obpasoM, dyHKnUU Y(a) ¥ ¢(a) cBA3aHBI MPOCTHEIM COOT-

HOLIEHHEeM!:
v(a) =-¢(a). (3.27)
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3.5. Hepasencmeaa

Tenepr BBemem OyHKnmuio y(a;t), aHAJOrHUHYIO
¢(a;t). Umenno, obo3nauum uepes y(a;t) HaubGonbuimid
KOpPEHBb YPaBHEHMA COs X = @ Ha Jyde (—oo;t). B uacTHO-
CTH, v(a)=wyl(a;0). Hetpyauo BUIETD, 4To
y(a;t)=—vy(a;—-t) (bopManbHOE AOKA3ATENLCTBO HE OTJH-
4yaeTcd OT JOKAasaTeJbCTBa COOTHOmeHHA (3.27)), Tak 4TO
MO’KHO OFPaHHYMUTHCA U3yuycHHeM GYHKIMHU \y(a;t).

3aiiMeMcA Tenephb pellleHueM Hallleil 3ajaduu.

JleBaa uacThb NMEPBOr0 YPABHEHUSA ABJAETCS JUHEHHOHN
xombuHanuei sin x u cos x. IlosToMy ero MOXKHO ynpo-
CTHTh C IOMOIUBIO AOMOJHUTEILHOTO apryMeHTa:

—1-sinx ——C0SX = 201 o
2 2V3

( nj 1-2a
<> CoSs x+g = .

243

JT0 ypaBHeHHe MMEEeT KOPDHH TOrga M TOJBKO TOraa,
Korjaa

<1—2a<

e ™ 23— 1_, szﬁu_

2J3 ~ 2 2

OTpHUAaTeIbHBIM KODHAM IIEPBOr0 YPABHEHHA COOT-
BETCTBYIOT KODHHM YDaBHEHUA

1
€08z =——,
243

[onajawIme Ha ayd (—oo; —EJ IToaTomy

12a1t T
=

x,(a)= w(z\[— 'S
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I'naea 3. IIpumepu. pewenusn 3adaw

Bo BTOpOM ypaBHEHHM NOHH3MM CTEMEHH 3a CUeT yi-
BOEHHUA YIJIOB:

cos2x=2.
2

IToaTomy

1
xz(a)z'éqa[gj'

Hcnone3ys OTPULATENbLHOCTh YHMCIA X; M COOTHOLIE-
nua (3.25), (3.27), HepaBeHCTBO |X,|< X, MOMNKHO 3aIMCATE

B BHJE:

2a15n EE(l[EJ
®\ 236 ) 6 2%2)

C IIOMOII[BIO paBeHCTBa (3.26) byHKROHE
2a-1 5rrJ 51:

f(a)= (P[zf 61 6

paxeHbI Yyeped (pyHKIMIO arccos(.):

190
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3.5. Hepaasencmea

2a-1 5n  23-1

arccos , €CIIH — <a<-1,
23 6
fla)=
n 2a-1 23 +1
— —arccos——, ecnu—-1<a< 5
2J3 -]
1 a
—arccos—, ecaun—2<a <2,
gla)=42
m, ecaua=2.
O6imasa o6JacTh ONpeneeHHA 3THX QYHKOUH — 3To
2v3 -1
OTPEe30K [« Ji ;2]. Ha pucyskax 3.13 n 3.14 cxema-

THYeCKH n3obpakeHnl UX rpaduxy (Mbl OTPA3UIH TOJBKO
Boapactanue (yoniBanue)). VI3 aTHX PHUCYHKOB HEMeIJICH-
HO CJeJyeT OTBEeT 3aJavu.

Puc. 3.13

;~1]U{2}.

1-9J3
2

OTrserT: I:
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I'naea 3. IIpumepu. peuwerusn 3aday

f(a)
n

T

E
i 3
! T
S I | T
N |8
ol O 1 2 2J3+1 ¢
2 2
Puc. 3.14

3agaua 3.56 (3xomom., 2000, mioan, Ne 7) ITpo pynk-
yuw f(x) ussecmuo, umo ona onpedeneHa U MOHOMOHHA

1
HAQ MHOXcecmée {3;5 u ydoenemeopsaem HA 3moOM Om-

pe3xe cucmeme

————1—-——+10cosx[2f[ D~lg,
1 2 X X

3 —sin® f(x)

T

T
Pewume nHepasencmeo f(x)ég.

Pemenue zagaum 3.56. [{nsa perrenus Haured 3agauu
[IpeKae BCEr0 HEMHOrO0 YIPOCTHM YPABHEHHE CHCTEMEI,

192



3.5. Hepasencmea

Jlis 3TOr0 MOHU3WM CTeneHb BeIpa)keHusa sin® f(x) sa
CYeT YABOEHUS apryMeHTa:

e )6 Lc[L,
cos(zf(x))Jrscos(zf[;D_x'x€[5’5]' (3.28)

1 1
Ecmun xe 3;5 s, TO — TaKXe MEHAETCA HA 3TOM OTpe3-
x

1
ke. IToaromy B ypaBHennu (3.28) MOXKXHO 3aMEHNTDH X HA —:
x

;ﬁ-ﬁcos(Zf(x))=6x,xe[l;5:|. (3.29)
1 5
x
CootHomrenusa (3.28), (3.29) MoxHO paccMATPHBATH
KaK CHUCTEMY JABYX YPaBHEHHI C ABYMS UHCJIOBBIMH He-

usBecTHBIME A =c0s(2f(x)) u B= cos(Zf (ln, nepeMeH-
x

HA7 X B 9TOM CJy4Yae HI'PAeT pojb napaMeTrpa:

l+5B=E,
A x

l+5A=6x.
B

W3 mepBoro ypaBHEHHMS MOKHO MCKJIIOYHTL HEM3BECT-

6A4-x
HyI0 B: B= A Bropoe ypaBHeHHMe NIpPeBpATHTCA B
x
caenyioillee ypaBHEHME:
5Ax
+H5A=6x,
A-x
g
54° -6Ax+x* =0,
A# x .
6
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I'nasa 3. ITpumepu. pewenuan 3aday

IlepBoe ypaBHEHHE CHCTEMBI MOYKXHO IIEPENHCATL B
Buge (A-x)(bA-x)=0. IloaTomy cos(2f(x)) paBeH x

x
Wi —.
5

Insa xe(1;5], B cuny HepaBenctBa cos(2f(x))<1 Bos-

MOXHO TOJIBKO PABEHCTBO cos(2f(x))=-§. Orcioga, B ua-

CTHOCTH, cJieayeT, 4To Ha npomexyrtike (1; 5] dyvEHKIuA

cos(2f(x)) MoHOTOHHO Bo3pacTaer.

ITo ycnmoBHiI0O 3agauu  BEINOJHEHO HEPABEHCTBO
0<2f(x)<n. IlockonbKy Ha OTpE3Ke [0; Tt] KOCHHYC MO-

HOTOHHO y6bIBaeT, a byuxmua 2f(x) MOHOTOHHA, TO H
dyukuua cos(2f(x)) MOHOTOHHA, MpUYEM

1. ecnu dyuxrnusa f(x) MOHOTOHHO BO3PACTaeT, TO PYHK-
nuas cos(2f(x)) MOHOTOHHO YOBIBaerT;

2. ecnn bpyHKIuA f(X) MOHOTOHHO YOBIBaeT, TO QYHKIAA
cos(2f(x)) MOHOTOHHO BO3pacTaer.

HNmen B BHAY, uyTo Ha mnpomexyTre (1; 5] obyHk-
ouA COS (2f(x)) MOHOTOHHO BO3pacCTaeT, MOMHO Tra-

PaHTHPOBATL, 4YTO 3Ta (GYHKOMS BO3pACTAET HA BCEM

1
OTpe3Ke x_e{g; 5} (a2 dyurkoua f(x) yoOwiBaeT Ha 3TOM

OTpe3Ke).
Ecnnu 6wl gna x =1 O6b1JIO0 BepHO pPABEHCTBO
cos(2f(x))=x, To ana Joboro umcaa xe(1;5] Ovlno Gn

BEPHO COOTHOIUEHHE:

1=cos(2f(1)) <cos(2f(x))== <

x
6
& x> 5.
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3.5. Hepasencmea

3HaydT, gaAa x =1 O6bLI0 BEpHO pPABEHCTBO
cos(2f(x))=i;-.
Ecium 6pI x0oTs1 6Bl ANA OZHOTO 3HAYEHHA xe[—é—;l)

66110 BepHO paBeHCTBO cos(2f(x))=x, To 6bL10 GBI BEepHO

COOTHOIIEHHE:

x =cos(2f(x)) <cos(2f(1)) =

ot =

B TO BpeMs KAaxK MBI pacCMATPHBAEM CJyyalt xe[g;l}

SHaAYUT, A4 xe[é;l] BEPHO PaBEHCTBO cos(2f(x))=§.

Takum o6paszom, HCXOZHAA CHCTEMA PaBHOCHJbHA
cHcTEME

cos (2f(x)) = % IpH BCEX X € [%, 5],

0<2f(x)sm

1 x
IIpu xe{g;t') BeJIMYMHA 5 NPUHUMAET 3HAUEHUA U3

1 "
OTpE3Ka [—2—5-,1 , KOTOPBIH #ABJAETCA NOAMHOXKECTBOM

otpeska [—1; 1]. Hcnons3ya onpexeseHHe arccos &, MbI
MOJYIHUM, YTO

1 x
f(x)= —z—arccosg.
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I'nasa 3. Ipumepv. pewenun 3aday

Tenepr HCxoAHAA 3aava CBOAUTCA K pPEIeHHI0 00nIu-
HOTO HepaBeHCTBA ¢ OOpPATHOH TPUrOHOMETPHYECKOH
byHKOHeH:

X T
arccos— < —
5 4

1
HA MHOXKECTBE Est 5. 9to HepaBeHCTBO 6e3 Tpyaa pe-
maercsa rpadpudecKH, UTO AaeT OKOHYATEILHBIM OTBET 3a-
52
Jayu: TSx <5.

PasobpanHasa 3ajagya HMHTEPECHA ITOTOMY, UTO B Hei
TpeGOBAJIOCE DEUINTEL «0OBIUHYIO» 3anauy (HepaBeHCTBO),
B KoTopoi durypupyer QyHKIHA, NPO KOTOPYIO U3BECTHO
JHIIB TO, YTO OHA HABJAETCA pEMIEHWEeM HEeKOTO-
poro (GYHKLUMOHAJILHOIO YPaBHEHMS. B OTHOCHTEIBHO
MPOCTHEIX CJAY4YasaAX € MOMOINBLIDO METOJAOB, AHAJIOTHYHBIX
HCIIONB30BAHHOMY BBIIIE, MOXCHO PEIIHUTH 3TO (QYHKIMO-
HaJbHOE YpPABHEHHE M ONpeje]uTs (PYHKIUIO B SABHOM
Bujie. [locse aToro ocHOBHAA 3ajaya CBOJUTCA K OOBIY-
HOM 3ajadye Ha pellleHHe YpaBHEeHUA (HepaBeHCTBA CHC-
TEMEI).

OrMmeTuM, YTO QIS pElLIeHHUs 3aJa4Yd MOXKHO ObLIO OHI

¥ He HaxoauThk GyHkImo f(x) B aBHOM BuAe. IloCcKOIBKY
2f(x) nexut Ha orpedke [0;n], rae KOCHMHYC MOHOTOHHO

T
yObIBAET, HEPABEHCTBO f(x)s—é MOYXHO 3aMEHHTH Ha He-

B

PaBEHCTBO cos(2f(x))2 o HWcnone3ya pokasaHHOE CoO-
OTHOIIIEHHEe cos(2f(x))=§, MBI Cpa3y MoJyduM: x25—‘f.
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3.6. 3adaxu c napamempom

I'[epe,q BBINTMCBIBAHHMEM OTBE€Ta, KOHEYHO, HYXHO YYE€CTb

yCJa0BHE % <x<5.

OrBerT: %st&

3.6. 3amauu ¢ napameTpom

3agauya 3.57 (comu., 2008, N¢ 7) Haiudume Haumenv-
wee u Hauboabulee 3HAYEHUA napamempa a, npu KoOmo-
puix YypasHexue

arcsinax =3arccosx +g (3.30)

umeem xomasa Ob. 00HO peulerue.
Pemenue 3agaun 3.57. Ilo onpenenenuio, arcsin ¢ —
3TO TAKOE YMCJAO O, UTO

IHoatomy ypasuenue (3.30) paBHOCHJIBLHO CHCTEME

~,

sin[S arccosx +— |=ax,

| a

(3.31)
<

b1
_E <3arccosx +

= NI
no| A

HEpﬂBeHCTBO 3TOM CHCTEMBI MOXXHO 3allMCATH B BHE:

2n |
——<arccosx <—.
9 9
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T'naea 3. Ipumepsi pewenusn 3adaw

HUcnonssysa rpadux pyskmuu y = arccos x (puc. 3.15),
MBbl IOJYYMM, YTO MHOMECTBO €ro pPeIleHMil — OTPEe30K

T
cosa <x<1. 3To0, B 4aCTHOCTH, BJedYeT, UTO X # 0.

IIoaTomy cuctemy (3.31) MOXKHO NEepPENUCATE KaK

1 . s
a=—-sin| 3arccosx +— |,

* (3.32)

T
cos—<x<1.
9

Cama 3ajgauya He M3MEHHTCHA (TOJBKO CJOBO «ypaBHe-
HHE» 3aMEHHTCA Ha «CHCTEMa»): MBI JO/DKHBI HaWTH
HaMMeHbIllee ¥ HanboJblllee 3HAYEHUS MapaMeTpa a, INpH
KOTOpbIX cucTeMa (3.32) mMeeT X0Ta OB OXHO peILIEHUE.

Oxurako, MOCKOJBKY ypaBHeHHe cucremsl (3.32) umeer
BuA @ = f(x), HEMOCPEACTBEHHO O ONIPEJeNeHHI0 0bIacTH
3HaYeHUN GYHKOHUKM MBI MOXKeM C(HOPMYJHPOBaThH HAlIy
3ajavy caeAyonmM obpasom:

[ ]

yTC

[

i
9

T X
_2n cos—

9
Puc. 3.15
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3.6. 3adawu ¢ napamempom

Haiilume Hauboabulee U HAUMEHbULEe IHAYEHUSA
pynryuu

1 .
f(x)=—: sm[S arccosx +E) (3.33)
x 6
Ha ompe3Ke cos% <x<l1.
IIpu usMeHeHUU NepeMEHHON X HA OTpPE3Ke [cos—g—;l}

1
GyHKIUA Y =— MOJOMUTEJbHA U MOHOTOHHO yﬁmnae'r oT
X

mo 1.

cos®
9

. i3
IIpr usMeHeHMH IIEPEMEHHOR X HA OTpesKe [c,os;;l]
T
byHxnmua y=arccosx MOHOTOHHO ybwiBaeT or — mo O.
T
CooTBETCTBEHHO, NE€pPEMEHHAasA 2=3arccosx+€ MOHOTOH-
T T .
HO yObIBaeT OT 3 bifs] rt a Torga GyHKmmEA y=sinzs=
; T 1
= sin 33rccosx+g MOHOTOHHO yOBIBaeT ot 1 o B

IIpoussegenue AByx yOBIBAXOIIUX HEOMPUUAMENbHbLX
¢yHxnni rakxke Oyger yobiBaomend dpynxkmueii. Ilosromy

. T
Ipy HN3MEHEHWH IIePEeMEHHOM X HA OTpe3Ke cosg;l}

1
dyuknusa (3.33) MOHOTOHHO YOHIBAET OT no 5
T
cos—
9
1
OrseT: a,,=—; @, =
cos—
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I'nasa 3. ITpumepu. pewenusn 3adav

3anaua 3.58 (mex-mar., 2003, mroas, Ne 5) Haitdume
6ce 3HAYEHUA G, NPU KANHAOM U3 KOMOPbLX YDABHEHUE

sinarccos(5x) =a +arcsinsin(7x-3)

umeem eduHcmeeHHOe pelieHle.
Pemenne 3agaum 3.58. JleBasa 4yacTe MCXOZHOI'O ypaB-

1 1

HEeHUsd OIpejesieHa Ha OTpe3Ke —gch sg.
IIpu w3MeHeHMHM X HA 3TOM MHOJKECTBE BbIDA’KEHHE

22 8
t=7x-3 MeHseTCA HAa OTPE3Ke —?;—g . ITocroabky
_..g:—‘i, 4> —%, —§z—l, 6<—E, MOXKHO rapaHTH-
2 5 2
3n ©

poBaTh, WYTO t€ —?;—E . Ha oatom mMHOMKecTBe

arcsin(sint)=—t-n (cm. puc. 2.12 u pasencrBo (2.103)
npu n = —1). CooTBercrBenHo, arcsinsin(7x-3)=-Tx+3-n.

Takum o0paszoM, HCXOZHOE YPaBHEHHE MOYKHO Ilepe-
nucaTe B BHJE:

sinarccos(dx)=a-7Tx+3-m.

Beengem HOBYK) HEH3BECTHYIO & ¢ IIOMOIINBI COOTHO-
IEeHUA:

1
X =—cosa,
a =arccos(bx) & 5
0<a<m

11
ITockoneky Mexay ac[0;n] m xe —g;g CYILIECTBY-

€T B3aMMHO-OJHO3HAYHOE€ COOTBETCTBHE, HAaIlIa 3ajada
INIPUMET BHI:
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3.6. 3adavu c napamempom

Haumu 8ce 3HaierHus a, npu Kaxdom u3 KOmMopsLx
ypasHenue
Tcoso

sina=a—T+3—n (3.34)

umeem edurcmeeHnHoe pewseHue Ha ompedke 0<a <.
Ypasuenue (3.34) npeobpasyeM METOAOM BBEJEHHUA
IOMOJHUTENLHOrO apryMeHTa:

; Tcoso
sino=g—-—+38-m,
5
|}
Bsinoa+7cosa=5(a+3-mn),
)

J’Hsin(a +¢)=5(a +3-m),

T
roe ¢ arccosﬂ arcsmﬂ.

IHocroneky mexzy ac[0;n] u B=a+ee[g;n+o] cy-
LIeCTBYET B3AMMHO-OJHO3HAYHOE COOTBETCTBHE, HCXOLHAA
3a7a9a OPHMET BHA:

Haiidume 8ce 3navenun a, npu xKaxc0om u3 KomopuLx
ypasHeHue

sinf=A,
5(a+3-m)

Jia
ompesxke Q<B<n+q.
U3 rpajpura ¢dbyHKuum y=sinf #ACHO, YTO 3TO BHI-

20e A= umeent eQUHCMBEHHOE peuleHUe Ha

MIOJIHEHO /1A 3HAYEeHHH A, yZOBIETBOPAIIIHMX YCJIOBHAM
-sinp<A<sing um A =1 (u Tomeko Ansa Hux). Bos-
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I'naea 3. IIpumepbi. peuwenun 3aday

BpalaAchk K IIEPEeMEHHOH 4, Mbl HEeMeJAJEeHHO Inojay4yaem

OTBET.
J74

OTrBerT: n—3—15a<n—3+z, a=n—-3+——.
5 5 5

3anaua 3.59 (mex-mar., 2004, mapr, Ne 5) Haiidume
8ce 3HAYeHUA napamempa 4, npu Kaxoom U3 KOMOpPbLX
ypasHerue

arctg((3a -1)sin® x-(3a® -a® +3a-1)sinx + tg(ax - an)) -
—-ax+an=0

umeem po8HO MPU PeUleHUA.
Pemenue 3amaun 3.59. IlepenmimeM HMcxoaHOE ypas-
HEHHWE B BHE

arctg ((3& -1)sin® x - (8a® —a® +3a-1)sinx + tg(ax - an)) =

=ax—an.
ITockoneky paBeHCTBO arctg A = B paBHOCHIBHO TO-

My, 9TOo tg B=A mn |B|<—;— (3T0 TIpOCTO OmpeseseHMe

yucaa arctg A), Halle ypaBHeHHe PABHOCHJIBHO TPHUIOHO-
METDHYECKOMY YDaBHEHHIO

(8a-1)sin’*x-(3a® -a*+3a-1)sinx=0 (3.35)
¢ ycJoBueM oThopa KOpHeIt:

s n
|ax—anl<—2—. (3.36)

1
Ecnmu a+# -:-3-, TO IIOCJIeJHee YpaBHEHHE ABJIAETCHA KBaj-

pPaTHBIM OTHOCHTEJIBHO 2 = sin x u moaTOMYy OHO pacia-
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3.6. 3adavu c napamempom

faeTcA HA ABa ypaBHeHudA: sin x = 0 u sinx=a’+1 (MBI
HCIIONL3yeM pasjioskeHue MHorounena 3a’-a’+8a-1 ma
muoxkuremu (3a — 1) u (a? + 1)).

ITosromy npm a = 0 ypaBHeHue (3.35) mmeer Gecko-

. |
HEeYHO MHOTO KOpHel BHUaa: x=rmn, x=-2-+2nm, me Z.

Bce aTH KOpHH yAO0BIETBOPAOT yCJIOBHKO (3.36) (T.K. npn
= ( OHO IpeBpalllaeTCA B HCTHHHOE YHCJIOBOE HEpPaBeH-
crBo). Takum o6pasom, 3HaveHMe a =0 He JO/DKHO
BKJIIOYATHECA B OTBET.
IIpu a0 ypasHeHue (3.35) mmeer GECKOHEYHO MHO-
ro Kopuei Bupa: x=mnn, n e Z. daa aux ycaosue (3.36)
IpeBpaIaeTcsa B HEPaBEHCTBO

lh-1]<-L.
2al
Hapame’rp a4 BHKJIOYdeTCA B OTBET TOorga H TOJBKO TO-
raga, Korjga 3TO HEpaBeHCTBO HMeEeT DOBHO TPH LEJOYHC-
JIeHHBIX pelnenHsa. Hcnonbaya reoMeTpHUYeCKYH HHTEp-
TIPeTANUI0 MOAYJIA PAa3HOCTHA ABYX UHCEJ, MBI BHAHM, YTO
9TO PABHOCHJIBHO HEPABEHCTBY

<—<2<::>l <|a|<

2
1
YuuTriBas ycloBue a;t—a-, MBIl [OJIYYHM, YTO U3

1
a;tg; 0 B OTBET BKJIKIOYAKOTCA TOJBKO CHEAVIOLIME 3HAa-

1 1 1 1 1 1
YeHHs a: ——<as<-—, —<a<—-, —<a<-.
2 4 4 3 3 2

5]
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I'naea 3. [Tpumepwo. pewenus 3aday

H nakonen, B ocobomM ciayuae az% ypasHeHHe (3.356)

npespaiaercs B ypaBHeHue 0 = (, pelreHMAMHM KOTOPOTO

. 1
ABJIAKTCA BCE NEeHCTBHTEJIbHbIE YHCJIA. led a=-3- yCao-

3n
Bue (3.36) npuruMaer BHA Ix—n|<?, TAK YTO MHOMe-

CTBO pelIeHHN HMCXOJHOr0 YPaBHEHHUA — 3TO HHTEPBaJI
n 5w
——2-;—5— . TlocKONBKY 9TO MHOYECTBO GECKOHEYHO, 3HAa-

1
YeHune a =§ He JOJXKXHO BKJIOYATBCA B OTBET.

OTBerT: —l<as—l, lSa(-l—, l<a<£.

2 4 4 3 3 2
3amaua 3.60 (mex.-mat. ¢-1, 2004, mapT, (320YHBINK
Tect), Ne 3) Haitdume ace a, npu xaxdom u3 KomopbvLx

ypasHeHue
arccos(sin(x —a))-a =arcsin(cos(x +a))+a
umeem xomsa Obl 00HO pewieHue.

Pemenne 3amaum 3.60. Ilpe:xae Bcero ¢ IOMOIIBIO
TOMKAECTBa

f I
arcsin x + arccos = -—2-

npeobpadyeM VpaBHeHMe TaK, 4Ytobbl B Hero BXO-
OWJIM cCcTaHgapTHRle GYHKOHH Yy = arcsin(sin x) u
y = arccos(cos x):

arcsin (sin(x - a)) +a = arccos(cos(x +a))-a.

Temreps BBeZeM HOBYIO HemaBecTHyYI t = x — a. lo-
CKOJIbKY MeXKAy ¢ ¥ X CYIIeCTByeT B3aWMHO-OJHO3HAYHOe
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3.6. 3adayu ¢ napamempom

COOTBETCTBHE, HMCXOJHYIO 337ady MOXKHO mepedopMyiH-
POBaTh CIAeAyIONIMM 00pasoM:
Hatimu ece a, npu xax0om u3 xomopbLxX ypasHeHue

arcsin(sint) = arccns(cos(t + 2a)) -2a

umeem xoms Ovt 00HO pewrerue.
HanbHelillee ynpouieHue MOMKHO IOJYYHUTh, €CJIH OT-
METHTh, YTO

arcsin(sint) = arccos[cos[t + -g—D —-g—.

9TO TOKAECTBO OUYEBHAHO CIeAyeT 13 rpadHuKoB QyHK-
uuit y = arcsin(sin t), y = arccos(cos t) U, KpoMme TOrO,

JIEFKO MOJKeT GBITH JOKasaHO (hopMaJbHLEIMH Ipeo6paso-
BaHHUAMHU:

T n T
arccos| cos| t+— | |-—=arccos(-cost)——=
2 2 2

= —arccos(cost) ——g = % —arccos(cost) =
= arcsin(sint).
Temneps Hallle ypaBHEHHE NIDUMET BUJ:
arccos(cos [t + —;—D - % =arccos(cos(t + 2a)) - 2a

g

arccos(cosz) = arccos(cos(z + A)) -A,

T T
roe z2=t+—, A=2a——.
A 2 2
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I'nasa 3. Ilpumepoi pewenun 3aday

ITockOJMBKY COOTBETCTBHE MEXKAY ¢ ¥ 2 B3AUMHO-OIHO-
3HAYHOE, BONPOC 3aJayYM OCTAeTCS MPEeXHHM: Koraa
ypaBHEHNEe

arccas(cosz) = arccos(cos(z + A)) - A,

uMeeT x0oTA OBl OfHO perrenue?

BypeM pemate 9T0 ypaBHeHHe rpadHYecKH.

Ona A =0 rpadpuKM JeBOH M IIpaBoOi -yacTel cOBIa-
JAT, TAK YTO MHOYKECTBO DEIIEHHH 3TOro ypaBHEHHS —
BCA YHCJIOBAA OpAMad.

Bynem renepr yBenmmuuBath A. Torpa rpadmk ¢QyHK-
UM y=arccos(cos(z+A))—A OymeT moJydaTbCA M3 rpa-

¢duxa dbyHKnuM y = arccos (cos z) mapaJJeJJbHBIM IIepe-
HOCOM Ha A eJHHHI, BJIeEBO H A eIWHHL, BHH3. IJTOT
rpaduk 6yaer mepecekaTbca ¢ rpaduxkoM GYHKIUHK
y = arccos (cos z) mo Tex nop, nmoka A<w (qaa A>m oH
oKaMeTcA HUXKe rpaduka GyHKOUM Yy = arccos (cos 2)).

Ananornyso, npu ymeHbIIeHHMH A or 0 B OoTpHIATENb-
HYI0O CTOPOHY rpadmr (yHKOuUnM y = arccos(cos(z +A4)) —A
Oyzer nepeceKaTsCa ¢ rpad@uKoM QYHKLHH Y = arccos (cos 2)
0 TeX Top, MoKa A>-7 (oI A <-7 OH OKayKeTCH BBIIIE
rpaduka GyHEKOMK y = arccos (cos z2)).

Hrak, ycioBAI0 3afayd yAOBJETBOPAIOT 3HaYeHus A
rakye, 4T0 -T<A<n. WM COOTBETCTBYIOT CJEIYIOIIHE

T 3n
3HAYEHHMA OCHQBHOI'O mapaMeTpa a: 2 <a ST'
T 3n
OrBeT: ——<as<—.
4 4

3anaua 3.61 (sxomom.(mememxment), 2003, anpens,
Nt 5) Haiidume sce 3navenus napamempa b, npu xomo-
Pblx ypasHeHue
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3.6. 3adavu c napamempom

2.[n+2 J,2[2x 2)
b’sin| —-x |+s8in“| ———— |—
2 b+1 b+1
—b\}4x2+8—8x=3+arcsin|l—x|

umeem eJuHCMEEHHOE peuleHue.
Pemenue 3agaun 3.61. B ypaBHelmn ABHO yCMaTpH-
BaeTcs MOBTOpPAOLIMIcA 60K x — 1:

b? sin [E—(x —1)]+sinz [M]—
2 b

+1

~by4(x-1)* +4 =3+ arcsinlx —1|.

ITosromy BBeaeM HOBYIO HemsBecTHyIO t = x — 1, Hna
Hee MUCXOJHOe YDABHEHUE IIPHUMET BUJ:

b? cost +sin® —2L
b+1

J——Zb\/t"’ +1=3+arcsinlt|. (3.37)

ITocKoNbKy MEXJAY T M X CYIIeCTBYeT B3aMMHO-OJHO-
3HAYHOE COOTBETCTBHE, BOIPOC 3aJaYd OCTAHETCH HeMs-
MEHHBLIM: IpM KAKWX 3HAYEHUAX Iapamerpa b ypaBaeHue
(3.37) nMeeT eAMHCTBEHHELIN KOPEHB?

HewussecTHas ¢ BXOAUT B 9TO YpABHEHUE TOJIBKO uepes
yeTHble QyHKIOUHK. IJoaToMy ORO He H3MEHHTCH, eclaHm f
3aMeHHUTH Ha (—t). ITO CBOWCTBO UHEAPUAHMHOCMU YDPaB-
neansa (3.37) orHocuTenbHO mnpeobGpasoBaHua t— (—f)
BJIeYeT, UTO €CJHM KaKO0e-TO YHCJIO0 t, ABJAeTCA KOpPHEM
ypaBueHHA (3.37), To m umciao (—t;) Takxke OYAET KoOp-
neMm. IToaromy ypasHesue (3.37) uMeeT eAMHCTBEHHBIIl
KODeHb TOJILKO B Cly4yae, KOrja cpefH KOpPHeH IPHCYTCT-
ByeT uuciao f; = O (HO IpM 9TOM He HCKJIOUYEHO HAJImYue
H JPYrUuxX KOpHeH).
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I'naea 3. I[Ipumepvi pewenusn 3aday

Haiigem, mpn KaKkux aHaueHHAX napamerpa b umcio 0
ABJsAETCA KOpHeM ypaBHeHusa (3.37). na sroro moxacra-
BUM uucyo 0 Ha Mecto HeuasecTHOW. Ilocne HecIOXKHBIX
YIPOIOEHUNA MBI MOJYUHM CHUCTEMY

b2 -2b-3=0, b=3; -1,
= < b=3.
b+1=0, b=-1,

OGpaTM BHHMaHHe YHATATeJdA Ha ycaoBue b+1z20 —

. 2t
OHO obecreynBaeT CyuieCTBOBaHHE YJieHa Sll'l2 (—g——i‘
+

TEeM CaMbIM IapaHTHDPYET PaBHOCHJIBHOCTh NPOEJaHHBIX
YIpPOLIEHUH.

HUrak, ypaBrenune (3.37) MoxKeT HMeTh eJHHCTBEHHBIHA
KOpEeHb TONBKO JJsA b = 3, OIpHU 3TOM 3THM €JUHCTBEHHBIM
KOpHEM MO’KeT ObITh TOJNbKO uucio 0. Eme pas moguepk-
HEM, YTO 3TO HE HCKJIOYAET HAJHYHME W JPYTHX KOpHEeH;
BAYKHO JIMUIL TO, YTO JJIS1 3HAYEHHH mapaMerpa b, oTamy-
HbIXx OT 3, ypaBHeHue (3.37) He MOKeT HMMETH EJHHCT-
BE€HHBIH KODEHb.

[ns saBeplIeHMA peITeHHA 3aJa4YM JOCTATOYHO BRIAC-
HUTh, CKOJBKO KODHEH HMeeT Hallle ypaBHEHUE AJIA «II0o-
JO3PUTEJBHOrO» 3HA4YEeHHA l1apamMeTrpa.

Ecnu b = 3, To ypaBHenwue (3.37) npumer BUA:

t s
9cost +sin® [E] -6+t* +1=3+arcsinlt|.
ITOHU3UM CTemeHb YiIeHa sin 3 )

17cost —12vt* +1 =5+2arcsinlt|.
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3.6. 3adauu ¢ napamempom

Ha muoxkecTBe —-1<t<1 (rze ompezeleHO 3TO ypas-
HeHune) dyHKuMa f(t)=1Tcost—-12Vt*+1 (neBam uacTb

yPaBHEHMA) CHAUYa/la BO3PAacTaeT OT f(—1)=17cosl—12\/§.
mo f(0) =5, a sarem yOwniBaer ao 3HaueHud f(1) = f(-1)
(bynrnua f(t) — uernas). @ynxnua- g(t) =5+ 2arcsin|t|
(mpaBas vacTe ypaBHeHWs) Hao0oOpoT, cHauajla yObIBaeT
or g(-1)=5+n pgo g(0) =5, a 3arem Bo3pacraer A0
sHaveHud g(1l) = g(—1) (bynxkuua g(t) — qernasa). Ilo-
sroMy ypaBHeHue f(f) = g(f) mMeeT eAUHCTBEHHBIH KO-
penb t = 0.

CiemoBaTenbHO, MpOBEpAEMOe 3HAYEHHE mapamerpa b
HYXHO BKJIIOUHTBH B OTBET 3afauH.

OrBerT: 3.

3apaga 3.62 (reorpad., 2006, Nt 6) Ilpu xarux 3Ha-
YeHUAX napamempa ¢ YUucio peuleHull ypasHeHus

2xarcsin(sin x) = ¢3"%* + 3

KOHEeYHOo?

Pemenue sagaun 3.62. Bripakenme 3"°%* onpegereno
npu x > 0 ‘¥ Ha 9TOM MHO’KecTBe coBmajaer ¢ x. IloaTo-
My MCXOZAHOE YPABHEHHEe PABHOCHJILHO CHCTEME

G po ¢c 3
arcsin(sinx)=—+—,
2 2x

x>0.

Tenepr Hamy 3agady MOXXHO mnepeoOpMyJIHDPOBATh
caenyromuM obpasom:
npu KaKux 3HAYEHUAX napamempa ¢ zpauru QyHK-

yuit f(x)=arcsin(sinx) u g(x):—;-+§— umenm 8 noay-
x

naockocmu x > 0 KoHewHoe wucno moyex nepecevenua?
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I'nasa 3. IIpumepol peuwenus 3adav

I'padbur GyaKuuu f(x) MBI IIOCTDOMJIA IIDH pPEUIEHHUH
samayn 3.37. Iro mmiaoobpasHaA JMHUA, H300parKeHHAA
Ha puc. 3.8.

I'pabux dyERKmEM g(x) mpm x > 0 — 3aTo mpasasa

. o c
BeTBb runepb0oJIbl ¢ TOPM3OHTANLHOH aCHMIITOTOH Y :E u
BEePTHKAJLHOHK acHMIITOTOH x = 0.

Ecnn o06a rpadpuxa u3obpas3uTe Ha OfHOII KOODAWHAT-
HOM IIJIOCKOCTH, TO M3 pUCYHKa Oyjer fACHO, YTO OHU IIe-
peceKaloTcsa B KOHEYHOM YHCJIe TOUeK TOrAa U TOJIBKO TO-

c_mn
rpa, Korja —52-5 (B aToM cinyuyae rpadukm BooOIe He

IepeceKaloTcsA, TaK YTO YHCJ0 pelieHMi paBHO () mam

c T
—
2 2

OrBeT: c<-7, c21.

3anaga 3.63 (reoaor. (reogpmsmuxa), 1974, Nt 3) On-
pedeaume, npu KaKuXx yerblx 3naveHuax k cucmema

(arctg x)* + (arccosy)® = i’k,

T
arctgx +arccosy = 2

umeem peuleHus u Haitildume ace 3amu peuleHuA.

Pemenue 3zapmadn 3.63. BeBejeM HOBEIE HEH3BECTHEIE
u = arctg x, v = arccos y. [lJia HUX HCXOAHaA CHCTeMa
IIPpUMET BHA:

(3.38)
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3.6. 3adavu ¢ napamempom

HUcxonnas cucreMa OTHOCHTEJILHO HEH3BECTHBIX X M Y
HMeeT pelleHHe TOorga U TOJBKO TOorjga, Korjaa ata CHUCTe-
Ma OTHOCHTEJIBHO HEHM3BeCTHBIX U H UV HMeeT pellleHue,
YIOBJIETBOPAKOIIIEE YCIOBHAM

Ieu<E
2 2’ (3.39)

B atom cnyvyae x = tg u, y = cos v.

JleBaa uacTs nepBoro ypaBHeHusa cuctembl (3.38) He-
orpunarenbHa. [loatomy npu k < 0 Hamia 3agaya He UMe-
eT pemenunit. Eciu k& = 0, To mepBoe ypaBHeHHe CHCTEMEI
(3.38) umeer epuHCcTBeHHOE pemreHue (u; v) = (0; 0), xo-
TOpOE He YAOBJETBODAET BTOPOMY YypaBHEHHIO, TAK 4YTO
npu £ = 0 Hama 3a71a4a TAKYKe HE UMEEeT DelIeHMi.

Ecou k=1, 2, ..., TO MHO)XECTBO DPEIIeHHI IIEPBOTO
ypaBHeHHA cucTeMHl (3.38) ABIsAeTCA OKPYKHOCTBIO pa-
auyca R=n/k ¢ EHTPOM B Hadaje KoopauHaT (IpH
00BIYHOM HHTEepIpeTanuu napbl yucea (U; V) KaK TOYKH
Ha KOOPAHMHATHOH IIJIOCKOCTH). BTOpoe ypaBHEHME TOH
’Ke CHCTeMBI 3afaeT NPAMYI0 JUHHK, IPOXOAAILYIO Yepea

T T
TOYKM | ——;n| B | —;0|.
[ 2 J (2 ]

Ilpn aro6om k21 aTH aBe JNHHHM IIepeceKarmTcd B
ABYX TOYKax, HO npu k>2 obe TOYKH IepecedyeHHA Jie-
JKaT BHe KBaJpaTra CO CTOPOHOH 7, 3a[4aBaeMOro CHuCTe-
moit (3.39). B cayuae k=1 B 3TOT KBaApaT IONAxaeT
JIMIIb JIEBaA TOYKA InepecedyeHWs (y Hee OTpHIATENbHAS
abcupcca M moOJMOXKMTeNbHasa opamHara). Haiitm Koopau-
HaThl 9TOM TOYKH MOXKHO npaAMbIM pemeHIgeM CHCTEMBbI
(3.38) mpu & = 1.
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I'naea 3. IIpumepwl pewenun 3aday

ITocne UCKIIOYEHUA HEH3BECTHOM U MBI ITOJYUHM:
2 2
i3 3n
u? +[—2——u] =n? < 2u? —nu——Z—=O.

Iro KBaJpaTHOEe ypaBHEHHE HMeeT NJBa KOpHA:

1447 nl—\ﬁ

U =1 y Uy =

! 4 2 4

TaKk 49ro cucremMa (3.38) wumMeer JgBa  peLIeHHA

(nl-ﬂﬁ'nﬂ) % [nﬂ'nl+ﬁ

4 4 4 4

}. IlepBana mapa —

9TO mpaBas TOYKA HmepecedeHMsa OKpysHocTH u’ +v?=n’

. T
¥ IpAMOM u+v=E, a BTOpas — HHTEpeCcymollas Hac Je-

Bad.
BOGBanIaHCB K OCHOBHEIM HE€HM3BECTHBIM X U Y, MBI
HMeeM:

(l—ﬁ)n
x=tgu =tg—-—4—-—

(1+ﬁ)n'

’

Y =COsSUL=COos

OrBeT: k=1, x=tg———, y=cos
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I'VIABA 4. 3AJAYH
AJIA CAMOCTOATEJIBHOI'O PEINEHHU A

4.1. ToxxkgecTBa ¥ npeo6paszoBaHnA

1. (ITousosexn., 1999, man, N: 1) Onpepenure, uTO
Gospiie:

arccos(—-l-]rlogm [—I—J i sin-‘-i—:":’ltg3 [—%]-ctgﬂ?
2 27 6 3
OTBerT: BTOpPOE uUKCJIO OoJbLIE,
2. (BMK, 1999, moms, Ne 1) Ussectso, uto tgo=+/3.
CpaBHure

arccos(-sj—3cosa - 1) Hu lz%t

OTrBerT: arccos(—\f—Scosa—l)<129-EE.

3. (reorpad., 2001, maii, Ne 4) CpaBHuTe [Ba uyncia

3n . 4
— ™ arcsin—.
10

. 4 3=
OrBerT: arcs1n—5~<—.

4. (reoxor., 2000, ycrHbIit) Beruncanrte

22 \ ( 35n
—arcsin| cos— |.
T 11

OrseT: —-7.

5. (reomor., 2007, ycrnwiit) Haiinure 3HaueHue
arccos(cos 10).
OrseT: 10-3n.
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I'nasa 4. 3adavu AR CAMOCMOAMEALHOZ0 PEULEHUR

6. (reomor., ycrunrii, 1998) Beruuciaure

1
sin| 2arctg— |.
( gSJ
OrBerT: §
5
7. (BMK, yctasiit, 2001) Brrunciure sHaueHHE
tg(arc;tg3}

OrBeT: +v10-3.
8. (reomor., yctmemi, 2002) SsBnserca g  YwHcIO
ctg(arcsin 0,25) panmoHanbHBIM?

OTBerT: HeT (3TO YUCJIO PABHO Jig).
9. (BMK, ycruerii, 2000+2003) Brruucaure

sin (2arcctg 2) + cos (2arcctg 3).

OTrBerT: E
5"

10. (BMK, yctabiii, 2001) Brruucanre
1 1 1 1
arctg—+arctg —+arctg —+arctg—.
g 3 d 5 & 7 o 8
Orser: ~.
4
11. (BMK, ycrasrit, 1998) Briuncanre
arctg(3 + 2@) - arctg?.
Orset: ~.
4
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4.2. 'paguxu

4.2, I'pacduku

12. (BMK, ycrtmsni, 1995) Briuncianre kpaTuaiiiuee
paccTogHHe OT TOYKH ¢ KoopguHatamu (2; 3) mo rpaduka
PYHKIIUMN

y =sin(arccosx).

Orset: V13-1.

13. (BMK, 2007, ycrmbri) H3obpasure Ha KOODAH-
HATHOI IJIOCKOCTH (X, i) MHOXECTBO TOYEK, KOODAHHATHI
KOTOPBIX YAOBJIETBODAIOT YCJIOBHIO

=y sin[arctgi}\/xz +y°.
x

14. (BMK, 2007, ycrmsiit) Hsofpasure Ha KOOpAH-
HATHOM IIJIOCKOCTH (X, i) MHOXKECTBO TOYEK, KOODAMHATHI
KOTOPBIX Y/IOBJETBOPSKT YCIOBHIO

y :x-cq:;s(arctgi}\/x2 +y°.
x

15. (axonom., 2005, uionn, N 7) durypa F sapaerca
Ha KOOPJAMHATHOU IJIOCKOCTH HEepaBeHCTBOM

2 arcsin[%ﬁ) + arccos(L;x_E’] -3x

lv +1|-(]4x-5|+'4y-\/72~/§—97D

B kakux Impemenax H3MEHSAIOTCS IJIOMIAAM BCEBO3-
MOXKHBIX KDYrOB, IEJMKOM NpHHaAMexamux F?
OrBeT: 0<S<m.

<0.
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I'naea 4. 3adavu dns caMOCMOAMENbHOZO PEULEHUR

4.3. YpaBHeHHuA

16. (ME-MI'Y, 2006, ouHBII TYyp., 9KOHOM., Nt 4)
Penrnre ypaBHenue

3 x?-8x+16 T
arccos| —+cos| t-———— | |-—=0.
2 x? —Bx+7

OrBeT: x; =1; x,==; x3=3.

17. (3xosoM., 1999, mons, Ne 5) Peminte ypaBHeHME

x+ %arccos(coslt’)x +2cos4xsin 2x) =-1%.

i
— X, =—.
26 34

18. (mourosen., 2005, moxn, No 2) Pemmte ypasHe-
HUe

OrBeT: x,=-

.
?

sin(\/§ arcsin x) =1.

OTBerT: x—sinL
s 2\/5'

19. (BMK, 2007, ycrasni) Yncna 5, x, y cOpasyior B
yKasaHHOM IIOpAjgKe apudMeTHUYECKYI0O IIPOrpeccHio, a
yucJaa n—arcsin(sinx), 3 m cos(arccos y) + 2 — reomer-

puuecKyio nporpeccuo. Hafinure x, y.
OrBeT: x =3,y =1.
20. (BMK, ycrusriii, 2004) Peminrte ypaBHeHue

. 2 1 2 1
arcsin| x* + x +— |=arccos| x“ +x+— |.
V2

V2
OrBer: x;, = -1, x, = 0.
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4.4. Cucmemui ypasnenuti

21. (Cesacromoas, 2003, mait, Ne 7) UssecTHO, uTO

2
darctg” x +Trarctg x = 2n’x.

x

Haitgure
xZ

xarctg x +arctg? x

OTrBerT: 1o =
4n+n

22. (reorpad., 2001, urons, No 5) Pemuure ypasuenue
- » 6n
4arcsin(2® - 7)—arccos(b* -124)=—.
x
OrBerT: 3.

4.4. CucreMsl ypaBHEeHMIA

23. (MCAA, 2002, wurwoas, Nt 6) Pemmnre cucremy

YDaBHEHH

A

arccos2y +arcsin3x=—,

2
arcsin 2y -arccos3x = i

g w

Hna raxpgoro pemrenus (x; y) onpegenuTe, KaKoe H3

yuces Gosasuie: 2y—3x HIN 3/5—0,5.

; IepBoe Yuciao Gosblre.

OrBerT: [— '2—J§' ,‘2—\/5]
6 = 4
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I'nasa 4. 3adavu dna camMocCmMoAMenbHOZO PEWERUR

24. (BMK (ota. 6Oaxamaspos), 2005, mioas, Nt 4)

HaiiguTe Bce penieHMs CHCTEMBI YpaBHEHHIA

arccos( kil J = arccos(ﬂ],
4 24

x* +y* =18.
OTrBerT:
-13-4/481 —13+J481 13+J43 -13-/481
10 10 10 10

4.5. HepaBsencrBa

25. (BMK, ycrasrit, 2008, mons) Pelrure HepaBeHCTBO

arcsin®(2x) > arccos*(2x).

J‘

OrBerT stl.
2

26. (noronopnue nporpammsr, 2007, uwoas, N 6)
PemuTe HepaBeHCTBO

(arcsinac—-T£ lg| x* +1J>0.
6 25

OTrBerT: (—E;l)U(E;I].
5 2 5

4.6. 3agaun ¢ mapaMeTpomM

27. (axonom., 2008, N: 6) Haiinure Bce 3HaueHHA a,
IIpY KOTOPHIX YpPaBHEHHE
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4.6. 3adavu c napamempom

8 [ e
——arctg[1+ Jlogr4(x+4+\/x +8x+17)—
™

2
:a2 ‘“aSiﬂ(ﬂ'—MJ—“z

32

HMeeT eAMHCTBEeHHOEe DellleHHe, M ONpede/]uTe 3TO pelle-
HHE.

OrBer:a=1, x = —4.

28. (BMK, 1998, moas, No 5) Haiinure Bce 3HaueHHSA
mapaMerpa @, MpH KOTOPBIX CYLIECTBYIOT (X, ), yAOBIIe-
TBOPAIOIIHE CHCTEME HEPABEHCTB

max(2-3y, y+2)<5,

6 2 y ;
\/az +—-arccosv1-x* —16 —— arcsin x-(n + 2arcsin x) >
T T

>y® +2ay+ 1.

OTrBerT: a<-\[—§ a>—-

29. (PI'TI, 2006, N2 7) Haxmn're BCe 3HAYEHHA napa-
MeTpa 4, IPU KOTOPhIX CHCTeMa

{arctg(ZS’ -9+a-y)=0,

y-5%+Ja-1=0

MMeeT eJUHCTBEHHOe pelreHue (Xo; Yg), YAOBIETBOPSAIO-
mgee ycaoBuo x, <0.

OTBerT: ”;—@s

2

30. (mex-mar., 1998, maii, Nt 4) Haiigute Bce sHaue-
HusA Kk, IpU KOTOPHIX XOTdA Obl oaHa obmias Touka rpadu-
KOB (hyHKDWMIA
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I'naea 4. 3adavu Ona camoCcmMoOAMenbHOZ0 PEULENUR

y=—§—arcsinx uy =*§—2&1‘Ctgkx

HMeEeT IMOJIOHUTENBbHYIO ODAUHATY .

OTrBerT: ;<ksl.
1+cos—
3

31. (necuxoxor., 1998, mrons, Ne 6) Haiigure Bce me-
Jible 3HAYEHHUS NAapaMeTpoB @ u b, IpH KOTODbIX ypaBHe-

HHe
v bz —xz -b. zuin(ubxl _
b

arcsin

arcsin +b.27°0) = 2gb

=

uMeeT He MeHee 10 pasaJMUYHBIX PEIICHHIHA.
OrBer:a=-2,b=4,5, ...;a=-1,b=3,4,...
32. (con., 1999, moas, No 6) IIpy KaKUX 3HAYEHUAX
napaMeTpa @ HepaBeHCTBO

log |, \/lﬁarcsink‘(x+3a) >

ax? +2a%x+1

\/16 arcsin ™ (x + 3a)l

ax’+2a%x+1

2|10g

He MMeeT peuieHHi Ha orpeske [—H; 6]?
OrBeT:a=0, a<-1, a > 2.
33. (axonom., 1995, Ne 5) Haiinute Bce xe[-3;1},

JJIA KOTOPBIX HEPaBeHCTBO

x (n(x +1)-4arctg(3m® +12m +11)) >0

BBINTOJIHAETCA IIpH JIIOﬁHX oesyblx m.
OrBer: -3<x<-2, x =1.
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4.6. 3adawu ¢ napamempom

34. (axonom., 2006, Ne 6) Haiigure Bce a, IIpH KOTO-
PBIX HEPaBEHCTBO

4a® -\El——a—qrarccos(Zx —J§) +60—aarcsin(\[§ - 2x)—

T b1
-12a® +24a <12
1+2J3 343
BBIINIOJIHAETCHA AJIA JHOﬁI:IX X e 4 ;T 'y

OTrserT: as-z-, 2<a<3.
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CuGecpk — Tea (3832) 12-50-90
Ton-Moayc - Ten (3832) 44-34-44
Openbypr
Donuant - Tea (3532) 77-46-92
Mexaa
Anoreii - Ten (8412) 68-14-21
Mepms
Turp - Ten (3422) 45-24-37

Nerponannosck-Kamuarckull

Hosan kuura - Tea (4152) 11-12-60

TNpoxonsencx
Kunncnnthi 20m - Ten (38466) 2-02-95
Tcxon
Tenmnoc - Tea (8112) 44-09-89
Mataropex

Y1 NoGanosa - Ten (8793) 37-50-88
Teox knuia — Ten (8793) 39-02-53
Pocros-us-/lony
®asron-npecc - Ten (8632) 40-74-88
Maruerp - Ten (8632) 99-98-96
Paians
T Npocsewcnue - Ten (4912) 44-67-75
TH Bapc - Ten (4912) 93-29-54
Camapa
“akona - Ten (846) 231-22-33
Metuaa - Ten (846) 269-17-17
Caparos
Temepa - Tea (8452) 64-37-37
Monwurpaduct - Ten (8452) 29-67-20
Crpencun K - Ten (B452) 52-25-24
Cmonencx
Kpvrosop - Ten (4812) 65-86-65
Poauuk - Ten (4812) 55-71-05
Yuobran xrura - Ten (4812) 38-93-52

Teeps
Kuioknan naesxa - Ten (4822) 33-93-03
Tyan
Cucrema Maroc - Ten (4872) T0-00-66
Tiomens
Iuanne - Tea (3452) 25-23-72
Yam-Yao
MonuHom - Tea (3012) 44-44-74
Yéa
Damuc - Ten (3472) R2-BY-65,
XaGaposck
Mupe - Tet (4212) 26-87-30
Yennbancx
Hrrepeepeuc ITIL - Ten (3512) 47-74-13
Yepenosen
Murep Mon - Ten (8202) 28-20-08
Hura
UM Cvauw [ea (3022) 35-31-20
KOxuo-Caxanmucx
Beets  Tea (4242) 43-62-67
AxyTex

Kunrwiii wapker  Ton (4112) 49-12-69

FAkyTckun kHikHbA 20M - Ten (4112) 34-10-12

pocrasas

b |
Hom kunru - Tea (4852) 72-52-87

Mo Bonpocam Npambix oNTOBLIX 38KynoK obpawaiTecs

no ten (495) 641-00-30 (mHor

HbiR), sale(@ biz

www examen biz



NPEANPO®UIIBHAA
U NMPOOPUINIbHAA

NOArOTOBKA
L. Ganui, AN, Danuy (S

O6paTtHble Knacce!
TpUroHoMmeTpuyeckme hyHKLMM

B KHMre noapobHO M3NOXeHa Teopua 0BpaTHbIX TPWUrOHOMETPHMYECKMX |
yHKuMA. Ha npumepe 3a4av, NpeanarasiumMxcs Ha BCTYNUTENbHBIX MCMbiTa-
HHAX No matematuke B MY um. M.B. JlomoHOCOBa (Kak OCHOBHBLIX, TaK
M NpeasapuTenbHbIX) M Pa3/IMMHBIX ONMMNWMALAX, WM3NOMEHbI OCHOBHbIE
METOfbl PELEHWA 33484 Ha 0BPAaTHBIE TPUIOHOMETPHYECKHE (hyHKLMM.

Ana CamocTOATENLHOMO pelleHHs B Bpowiope cobpaHbl 3agaqm BCTYNM- |
TeNbHbIX 3K3aMEHOB Ha pasnuuHble thakyabTeTsl MY, 3agauun crpynnuposa-
Hbl MO TWMNam, YTO NO3BOMSET COCTABUTE MpeACTaBNeHue O Xapakrepe |
W CNOXKHOCTH 3IK3AMEHALMOHHBIX 3afay Ha 0BpPaTHLIE TPUIOHOMETPUHECKHE |
tyHKuMK. Ko Bcem 3agavam AaHbl OTBETHI.

Kuura 6ygeT noneaHa aburypueHTam npy NOArOTOBKE K BCTYMHTENbHbIM
3K3AMEHAM MO MATEMATHKE B BY3bl M BbINYCKHUKAM CPEAHUX WIKOA, NpeTeH-
AYIOWMM Ha BeiCOKMIA 6ann no EM3.

Mpukazom Ne 729 MuHmcTepcTBa o6pasoBaHuA W HaykM Poccuidckor
depepauum yuebHble nocobua wW3gatenbcTea «IKIAMEH» ponylieHsl
K MCNONb30BaHMIO B 061e06pa30BaTe bHbIX YHPEeKL4eHAX. {

danuH MeHHagui MBaHOBMY — [JOKTOP (hM3MKO-MaTEMATHYECKMX
Hayk, npodeccop kKadegpbl TEOpUM  BEPOATHOCTEMN
MEXaHWUKO-MaTemaTHHeckoro arkynsteta MY um. M.B. JlomoHocoBa.

DannH AHaTonMi MBaHOBMY — KaHAMAAT (hH3MKO-MATEMATHHECKMX
HayK, AOoueHT Kadegpel o6weli matemaTtvku  akynbTeTta
BMK MI'Y wm. M.B. J/lomoHocosa.

SK3AMEH"




